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In this work, a new method is presented to track discrete tracer particles in a two fluid model (TFM). This
method is particularly useful for studying features of discrete particles, such as solids mixing. Following
the implementation and verification of this method, its accuracy was studied. The results showed that the
new method fulfills the continuity equation and it can represent individual solids motion very well. This
method may suffer from false diffusion, which can be diminished by selecting a sufficiently small grid
size. In addition, it has several advantages over other techniques, like simplicity, ease of implementation,
straightforward processing and enabling the calculation of a mixing index based on the initial neighbor
distance concept. Moreover, this method can open a new way to combine the TFM with Lagrangian
approaches. After analyzing the strengths and drawbacks of our method and finding the proper simula-
tion settings, the effects of superficial gas velocity and restitution coefficient on solids mixing were inves-
tigated. The results showed that the solids mixing is enhanced by increasing the gas velocity and/or
decreasing the restitution coefficient. The observed trends can be attributed to altered bubble formation
and dynamics. These results also confirm our earlier findings on the solids temperature distribution in
fluidized beds for polyolefins production (Banaei et al., 2017).
� 2018 The Society of Powder Technology Japan. Published by Elsevier B.V. and The Society of Powder

Technology Japan. All rights reserved.
1. Introduction

Gas-solid fluidized beds have been used in various physical and
chemical processes for several decades. Due to their importance
and their wide range of applications, numerous experimental and
simulation techniques have been introduced to understand the
behavior of these contactors. Simulation techniques have become
increasingly interesting to researchers because of the enormous
improvements in the performance of computer processors during
the last several years. As a consequence, several mathematical
models have been presented and examined for the prediction of
fluidized bed reactors. These models can even give some detailed
information about the fluidized bed features that are not easily
accessible through experiments. The two fluid model (TFM) based
on the kinetic theory of granular flow (KTGF) is one of these models
that has been used for the prediction of the behavior of fluidized
beds.
The TFM is an Eulerian-Eulerian model and considers the gas
and the solids phase(s) as continuum phases. In other words, the
continuity equation and the volume-averaged Navier-Stokes equa-
tions are used in this model to describe the gas and solids motion.
This model has been validated and used by many researchers in the
field of fluidization and it has shown its strength in different
aspects [2–5]. However, this model has some drawbacks as well.
For example, it is not feasible to track individual particles with this
model. As a result, it is not straightforward to calculate the solids
mixing patterns with the TFM. In one of our earlier works, a new
method for overcoming this difficulty was introduced and the defi-
ciencies of other approaches were investigated [6]. In the earlier
proposed approach, the solids phase was divided into several col-
ored groups and the motion of each group was obtained by solving
the scalar convection equations. Even though the solids mixing
rate and the solids mixing pattern can be obtained by this tech-
nique, it is not possible to track individual particles. In this work,
another methodology for the calculation of the solids mixing is
introduced. The main advantage of this method is that individual
particles can be tracked, which opens a newwindow for combining
the TFM with Lagrangian approaches. In addition, the new method
makes quantification of the solids mixing much more straightfor-
ward. For example, there is no need to perform two different sets
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http://www.sciencedirect.com/science/journal/09218831
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Nomenclature

AR aspect ratio (–)
CFP continuity fulfillment parameter (–)
d, D diameter (m)
E particle-particle restitution coefficient (–)
ew particle-wall restitution coefficient (–)
fi solids flow at the cell face i (kg/s)
g0 radial distribution function (–)
G gravitational acceleration (m/s2)
H height (m)
L length (m)
MI mixing index (–)
MW molecular weight (g/mol)
Nt number of tracers in the whole bed (–)
Nr number of cells in the radial direction (–)
nt number of tracers in one cell (–)
Nh number of cells in the azimuthal direction (–)
Nz number of cells in the axial direction (–)
P pressure (Pa), probability (–)
qs pseudo-Fourier fluctuating kinetic energy flux (kg/s3)
rij distance between tracer i and tracer j (m)
T time (s), mixing time (s)
U velocity (m/s)
V volume (m3), velocity (m/s)
Z height (m)

Greek letters
Β interphase momentum transfer coefficient (kg/(m3 s))
C dissipation of granular energy due to inelastic particle-

particle collisions (kg/(m3 s)), normalized solids content
(–)

Dr computational grid size in the radial direction (m)
Dt computational time step (s)

Dz computational grid size in the axial direction (m)
Dh computational grid size in the azimuthal direction (–)
D a parameter that shows the direction of solids flow at

cell faces (–)
Ε volume fraction (–)
js pseudo thermal conductivity (kg/(m s))
ks solid bulk viscosity (Pa s)
Ρ density (kg/m3)
Τ stress tensor (Pa/m)
H granular temperature (m2/s2)
Μ viscosity (Pa s)

Subscripts and superscripts
0 initial
F frictional
G gas
L leaving
Nl not leaving
R radial direction
S solid
sim. simulation
Z axial direction

Greek subscripts
H azimuthal direction

Abbreviations
CFD computational fluid dynamics
DEM discrete element model
FRB freeboard
KTGF kinetic theory of granular flow
TFM two fluid model

Table 1
TFM governing equations in vector form based on the KTGF.

@
@t ðegqgÞ þ �ðegqg u

!
gÞ ¼ 0 (1)
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of simulations or solve mixing equations twice with different ini-
tial settings to obtain the solids mixing rate in the horizontal and
vertical directions.

This method has a high level of accuracy and it can be imple-
mented very easily because of its simple concept, as will be
explained in detail later. In this sections, the new method will be
demonstrated to study the solids mixing in poly-olefin fluidized
beds. In earlier work, it is showed that the solids mixing rate has
a profound effect on the probability of hot-spot formation [1].
For this reason, the results of this work complement our earlier
research. Additionally, the new method can also be used to inves-
tigate the solids mixing in other applications, especially when
other techniques like the discrete element model (DEM) would
require too much computational time.

This paper is organized as follows. After the description, imple-
mentation and verification of the method, the fulfillment of the
solids phase continuity equation by this technique is checked. Sub-
sequently, the sensitivity of the model results with respect to the
time step and computational cell size is examined. Moreover, also
deficiencies of this technique are investigated. Finally, the effect of
the superficial gas velocity and restitution coefficient on the mix-
ing rate of particles is explored and the results are analyzed and
discussed thoroughly.
@
@t ðesqsÞ þ �ðesqs u

!
sÞ ¼ 0 (2)

@
@t ðegqg u

!
gÞ þ �ðegqg u

!
g u
!

gÞ ¼ �egPg � �ðeg s
!!
gÞ � bðu!g � u

!
sÞ þ egqg g

! (3)
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!!
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!

sÞ þ esqs g
! (4)

3
2 ½ @@t ðesqshÞ þ �ðesqshu

!
sÞ� ¼ �ðPs I

!!

þess
!!

sÞ : u
!

s � �ðesqsÞ � 3bh� c
(5)
2. Governing equations

The mathematical representation of the TFM governing equa-
tions are given in Table 1 where Eqs. (1) and (2) present the mass
conservation or continuity equations for the gas and solids phases
respectively. Eqs. (3) and (4) are the volume-averaged Navier-
Stokes equations for both phases. Eq. (5) is the granular tempera-
ture equation that describes the kinetic energy associated with
the solids phase fluctuating motion.

The governing equations are closed with closures that were pre-
viously presented by Nieuwland et al. [7] and are given in Table 2.

Details about the implementation and verification of these
equations was presented by Verma et al. [12]. The finite difference
technique was used to solve the TFM equations. The interested
reader is referred to the aforementioned work for further details
about the applied numerical algorithms and verification steps.
3. Tracking of particles

The method for tracking individual particles consists of several
steps and it starts with the initialization of tracers in the bed based
on the solids content in every computational cell. After solving the



Table 2
Two-fluid model, closure equations [7].

Particulate-phase pressure:

Ps ¼ ð1þ 2ð1þ enÞesg0Þesqsh

Newtonian stress-tensor:

s
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sÞ I
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þlsððu
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Bulk viscosity:
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ffiffiffi
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Shear viscosity:
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96pqsdp

ffiffiffi
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Pseudo-Fourier fluctuating kinetic energy flux:
qs ¼ �jsh
Pseudo-thermal conductivity:

js ¼ 1:02513 75
384pqsdp

ffiffiffi
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p

q ð1þ12
5
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2 esg0Þð1þ12
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Dissipation of granular energy due to inelastic particle-particle collisions:

c ¼ 3ð1� e2nÞe2s qsg0h½ 4dp
ffiffiffi
h
p

q
� ð�u!sÞ�

Radial distribution function [8]:

g0 ¼ 1þ 4es 1þ2:5esþ4:5904e2s þ4:515439e2s
ð1�ð es

es;max
Þ3Þ0:67802

es;max ¼ 0:64356
Frictional stress model [9]:

l f
s ¼ pc

ffiffi
2

p
sin/

2es

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðDij

!!
:Dij

!!
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q ;Dij

!!

¼ ð12 ððu
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T
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3 :u
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s I
!!

Þ

pc ¼ F ðes�es;minÞ
ðes;max�esÞs es > es;min

0 es < es;min

(
[10]

F ¼ 0:05 ðN=m2Þ; r ¼ 2; s ¼ 3; es;min ¼ 0:5; / = 28� [11]
Fig. 2. Neighbor cells and leaving or staying probability distribution.
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TFM equations, for each grid cell we can calculate the solids flow
rate through each of the eight cell faces. Based on the magnitude
and the sign of all flows, the probability of a tracer leaving a cell
and the direction in which it leaves can be calculated. Fig. 1 present
the pseudo-algorithm for this method. This procedure should be
repeated until the end of the simulation.

There are some assumptions that were used in this method. We
will now explain these assumptions on the basis of a simple 2D
example. Imagine that a certain computational cell has four neigh-
bors and it contains nt,cell tracers. The neighbors of this cell are
denoted by their direction i 2 [North, South, East and West] (see
Fig. 2a). The TFM provides us with the solids flow rates fi through
each of the cell faces. A delta function is used to indicate the direc-
Fig. 1. Pseudo-algorithm of tracking particles in the TFM.
tion of the flow (e.g. di = 1 if the flow is out of the cell and di = 0 if
the flow is into the cell):

di ¼ ð1þ signðf iÞÞ
2

ð6Þ

The flows leaving the cell are used to calculate the probability
that the tracer actually leaves the grid cell, which for direction i
is given by:

Pli ¼ f idi
f nl þ

P
all neighboursf idi

¼ f idi
esqsVcell=Dt

ð7Þ

Where fnl represents the sum of the ‘‘non-leaving flows”, which
is given by:

f nl ¼ esqsVcell=Dt �
X

all neighbours

f idi ð8Þ

The associated probability is given by:

Pnl ¼ f nl
f nl þ

P
all neighboursðf idiÞ

¼ 1�
X

all neighbours

Pil ð9Þ

Based on these equations, Pli will be zero if the leaving solids
flow at a cell face is negative, or – in other words – the solids only
enter the investigated cell through that cell face. Note that by def-
inition, the summation of the probabilities of all leaving flows Pli
and the probability of not leaving is equal to one. The different
probabilities can be arranged as shown in Fig. 2b. After finding
the probability distribution for the cell, nt,cell random numbers
between zero and one are generated. Based on the values of these
random numbers, each tracer will be moved to its new cell or it
stays in the same cell. The relative position of the tracers in their
new cell is determined randomly.

The procedure for moving tracers should be done for every indi-
vidual tracer and at every time step because the solids flux and the
solids volume fraction change over time and space. Suppose that
the leaving probabilities for the cell which is shown in Fig. 2a are
calculated by Eqs. (7)–(9) at t = t0 and imagine that the final values
are as follows: leaving probability from the North cell: 10%, from
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the South cell: 20%, from the East cell: 15% and from the West cell:
0%. In other words, PlN = 10%, PlS = 20%, PlE = 15%, PlW = 0% and
Pnl = 55%. In such a case, we need to generate one random number
like ri between 0 and 1 for every existing individual tracer in that
cell. If 0 < ri � PlN = 0.1, that specific tracer will be moved to the
north cell. If PlN = 0.1 < ri � PlN + PlS = 0.30, that tracer will be moved
to the south cell. If PlN + PlS = 0.3 < ri � PlN + PlS + PlE = 0.45, then the
tracer will be moved to the east cell. If ri is larger than or equal to
0.45, then it will stay in the same cell until the next time-step. In
this specific example, the tracers will not move to the west cell
within this investigated time step because PlW is zero. This proce-
dure will be done for all the tracers in all the computational cells.
Then, the TFM equations will be solved and after that it is neces-
sary to calculate the solids fluxes and leaving probabilities for all
the cells again and the whole procedure should be repeated.
Fig. 3 shows a flowchart for this procedure.

After implementation of the new method and its verification,
several simulations were performed and some snapshots from
the simulations are presented in Fig. 4.
Fig. 3. Flowchart of moving tracers.

Fig. 4. Snapshots of the tracers’ position and solids volume fraction profile; the tracers ar
at a slice in the center of the bed.
4. Accuracy of the method

Following the implementation of all the necessary routines for
tracking the individual particles (tracers), the accuracy of this tech-
nique was assessed. The results of this analysis in addition to the
time step and grid sensitivity analysis are presented in this section.
Additionally, the sensitivity of the simulation results to the num-
ber of tracers and the number of time-averaging periods are also
discussed in this part of the work.
4.1. Sensitivity to the number of tracers

As a first step in the accuracy analysis, the sensitivity of the
solids mixing to the number of tracers was investigated. For this
purpose, several simulations with different numbers of tracers
were performed. The simulation conditions and their naming are
presented in Tables 3 and 4 respectively. After performing the sim-
ulations, the time evolution of the initial neighbor distance mixing
index [13] was calculated and the final results are presented in
Fig. 5. The mixing index is defined as:

MI ¼
PNt

i¼1rijPNt
i¼1rik

ð10Þ

where rij is the distance between tracer i and its initially nearest
neighbor j, rik is the distance between tracer i and a randomly
selected tracer k and Nt is the number of tracers in the entire bed.
This mixing index has a couple of advantages over other mixing
indices based on the average height or the Lacey index. The results
of this mixing index are reproducible, and independent of grid and
color. Also, this index considers the solids mixing in all three direc-
tions [13]. For this reason, this index is used in this work.

Based on the results shown in Fig. 5, the mixing index evolution
does not depend on the number of tracers, even if the number of
tracers is only 5% of the actual number of particles in the system.
It should be added that other mixing indices may be more sensitive
to the number of tracers. For example, the mixing index that has
been defined by Banaei et al. [6] has a much higher sensitivity to
the number of tracers compared to the initial neighbor distance
mixing index. If a mixing index is defined based on the coloring/
labeling of the particles and the concentration of colored particles,
the number of tracers should be sufficiently high in each cell to
e colored to show the solids mixing pattern and the snapshots only show the results



Table 3
Simulation conditions for sensitivity analysis to the number of tracers.

Parameter Value Unit Parameter Value Unit

Dbed 0.05 m dp 1.5 mm
Hbed 0.15 m AR 1.0 –
lg 1.83 � 10�5 Pa s MWg 28.8 g/mol
ug. 1.8 m/s qp 2526.0 kg/m3

Dt 10�5 s tsim 5.0 s
Dr 0.005 m Nr 5 –
Dh 0.3927 – Nh 16 –
Dz 0.005 m nz 30 –
ew, e 0.97 – Discretization Scheme: Superbee [14]
Gas density: Ideal gas law Drag Relation: van der Hoef et al. [15]
Number of tracers: 1650–21780 (5–65% of number of particles)
Frictional Viscosity Model: Srivastava and Sundaresan [9]
Boundary Conditions:

Wall of the cylinder: no slip for gas and partial slip for particles
Axis of the cylinder: zero gradient for both phases
Outlet: prescribed atmospheric pressure
Inlet: prescribed gas influx

Table 4
Naming of simulations for sensitivity analysis to the number of tracers.

Name of the simulation Number of tracers Nt/Np percentage

Case A 21,780 65.3
Case B 16,500 49.5
Case C 10,890 32.7
Case D 5280 15.8
Case E 3300 9.9
Case F 1650 5.0

Fig. 5. Sensitivity of the mixing index evolution to the number of tracers.

Fig. 6. Sensitivity of CFP to the number of tracers.
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obtain sufficiently accurate statistics. However, such an issue was
not observed for the initial neighbor distance mixing index in the
performed simulations.

4.2. Continuity fulfillment and its sensitivity to the number of tracers

The second accuracy analysis that was carried out is based on
the fulfillment of the solids phase continuity equation. Banaei
et al. [6] introduced a parameter for this purpose that is defined
by Eqs. (11)–(13). This parameter indicates how well the number
of tracers in each cell corresponds to the solids content of the cell.

ðnt;nÞi;j;k ¼
ðntÞi;j;kP

all cellsðntÞi;j;k
ð11Þ

ðcÞn;i;j;k ¼
ðcÞi;j;kP

all cellsðcÞi;j;k
¼ ðesVcellÞi;j;kP

all cellsðesVcellÞi;j;k
ð12Þ
CFP ¼ 1:0�
P

all cellsjðnt;nÞi;j;k � ðcÞn;i;j;kj
2:0

ð13Þ

In these equations, ðnt;nÞi;j;k and ðcÞn;i;j;k are the normalized num-
ber of tracers and normalized solids content in cell (i, j, k). The con-
tinuity fulfillment parameter (CFP) is defined such that it is always
between zero and one. In an ideal situation when the normalized
number of tracers and the normalized solids content are exactly
equal to each other, the CFP equals one. In the worst possible case,
the two aforementioned parameters have the largest possible dif-
ference with each other. As the summation of nt;n or ðcÞn;i;j;k over
all the computational cells is equal to one, the largest value ofP

all cellsjðnt;nÞi;j;k � ðcÞn;i;j;kj is equal to two. In this scenario, the CFP

will be equal to zero. This parameter has been calculated for each
of the simulations. The CFP evolution using different numbers of
tracers is presented in Fig. 6. Besides that, some snapshots of the
tracer positions in a slice through the centre from these simulation
results are already presented in Fig. 4. As these figures show, the
tracers’ motion satisfies the continuity equation very well even
when the number of tracers is only 5% of the number of particles
in the bed.

It should be noted that in this method, the CFP can never be
exactly equal to 1, because each cell can only contain an integer
number of tracers, whereas the local solids fraction can have arbi-
trary values.

4.3. Average solids mixing

As the solids mixing rate depends quite strongly on the instan-
taneously varying solids circulation patterns, the overall solids



Fig. 7. Sensitivity of the ensemble averaged solids mixing index to the number of
realizations used in the calculation.
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mixing behavior was characterized by ensemble averaging several
realizations of the MI. To this end, the evolution of the mixing
index at various moments were computed, which were subse-
quently averaged. Subsequently, the average solids mixing index
was fitted with a spline, which makes further analysis more
straightforward. The simulation conditions for this section are pre-
sented in Table 5. In these simulations, ug = 0.7 m/s was used.
Fig. 7a shows an example of averaging over the instantaneous mix-
ing index evolution. In this figure, the mixing index was obtained
every 1.5 s, while the first two seconds of the simulation were
not considered to avoid start-up effects influencing the results
[16]. Fig. 7b shows the sensitivity of the averaged solids mixing
index to the number of realizations used. Based on Fig. 7, it can
be concluded that the mixing index evolution was not very sensi-
tive to the number of realizations. Nonetheless, we averaged all
simulation results over more than four time-periods in the next
sections to avoid any inaccuracy in the representation of the
results.

4.4. Time step and grid sensitivity analysis

In this section, the sensitivity of the introduced technique to the
time step and computational cell size is investigated. For this pur-
pose, several simulations with different simulations settings were
carried out (summarized in Tables 5 and 6). For each of the simu-
lations, the mixing rate of particles based on the initial neighbor
distance method was calculated. The sensitivity of the mixing
index evolution to the time step and the radial, azimuthal and axial
cell size are presented in Figs. 8, 9a–c respectively. In these simu-
lations, superficial gas velocities of 0.7 m/s and 0.8 m/s were used
for the grid size and time step sensitivity analysis respectively.

As shown in Fig. 8, the simulation results were not sensitive to
the selected time step even when we used a relatively large time
step of 8 ∙ 10�5 s. The grid sensitivity analysis showed that the mix-
ing index evolution is more sensitive to the axial cell size than the
radial and azimuthal cell sizes. Fig. 9 shows that the mixing index
is grid independent when the cell size is smaller than 5dp and 3dp
in the radial and axial directions respectively. It also shows that the
mixing results are not dependent on the number of cells in the azi-
muthal direction, provided that the number of cells in that direc-
tion is equal to or larger than 32. The results were also quite
similar even for the case using only 16 cells in the azimuthal direc-
tion. It should be noted that the dependency of the mixing index on
the number of cells in the azimuthal direction may change if the
bed diameter changes. We expect a stronger dependency for beds
with larger diameters.
Table 5
Simulations’ conditions for time step and grid size sensitivity analysis.

Parameter Value Unit

Dbed 0.06 m
Hbed 0.18 m
lg 1.0 � 10�5 Pa s
Dt 2 ∙ 10�5 s
Dr 0.003 m
Dh 0.19635 –
Dz 0.003 m
ew, e 0.97 –
Gas density: Ideal gas law
Number of tracers: 20,000 (�10% of number of particles)
Frictional viscosity model: [9]
Boundary conditions:

Wall of the cylinder: no slip for gas and partial slip for particles
Axis of the cylinder: free slip for both phases
Outlet: prescribed atmospheric pressure
Inlet: prescribed gas influx
4.5. Strengths and drawbacks

The method to represent tracer particles presented in this work
has a couple of advantages over our previously introduced method
for the calculation of the solids mixing [6]. It is based on a very
simple and robust concept that makes it fairly accurate, while it
can be implemented much more easily compared to the previous
method. In contrast to the previous method, we are able to track
individual tracers that leads to additional advantages. For example,
Parameter Value Unit

dp 0.9875 mm
AR 1.0 –
MWg 42.08 g/mol
qp 667.0 kg/m3

nr 10 –
nh 32 –
nz 60 –
Discretization Scheme: Superbee [14]
Drag relation: van der Hoef et al. [15]



Table 6
Settings used to test the grid size dependency of the method.

Case Dr/dp nh Dz/dp Dt (s)

AG 2.53 32 3.04 2 ∙ 10�5

BG 3.04 32 3.04 2 ∙ 10�5

CG 3.80 32 3.04 2 ∙ 10�5

DG 5.06 32 3.04 2 ∙ 10�5

EG 3.04 32 2.53 2 ∙ 10�5

FG 3.04 32 4.05 2 ∙ 10�5

GG 3.04 32 5.06 2 ∙ 10�5

HG 3.04 40 3.04 2 ∙ 10�5

IG 3.04 16 3.04 2 ∙ 10�5

Fig. 8. Time step sensitivity analysis.

Fig. 9. Sensitivity of the mixing evolution to (a): the radial cell size, (b): the
azimuthal cell size and (c): the axial cell size.
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it is possible to use more accurate mixing indices like the initial
neighbor distance method for the calculation of solids mixing. In
addition, there is no necessity to perform two separate simulations
for the calculation of the solids mixing in the vertical and horizon-
tal directions.

The new method has also some drawbacks compared to the
previous procedure. In the new method, the tracers can only be
in one cell. Therefore, the CFP can never be equal to 1, whereas
in the previous method the CFP is always equal to 1. Both tech-
niques suffer from false diffusion. The false diffusion in the new
technique exists even though we do not need to discretize any con-
vection term like in the previous technique. This false diffusion can
be shown by a simple example. Imagine that there is a plug flow of
particles moving through a bed with a constant solids flux like
illustrated in Fig. 10. In reality, we expect to reach two states as
shown in Fig. 10a and b after two time-steps. However, based on
our new method we may obtain results as for example shown in
Fig. 10c and d. This false diffusion is due to the fact that we do
not have any information from the solids motion on the particles’
scale and it is only possible to obtain the solids movement pattern
on the scale of one computational cell. This false diffusion can be
reduced by considering the fact that particles which are close to
a specific cell face are more probable to leave from that cell face
than the particles that are located far from that cell face. For exam-
ple, we can assume a specific form of decrease (e.g. linear, polyno-
mial or exponential) in the leaving probability with the distance
from a cell face. It should be noted that the proposed function must
be normalized in a way that it does not cause deterioration in the
fulfillment of continuity equation.

In addition, it should be remembered that the tracers are posi-
tioned in a random way in their new cell. It might be possible to
reduce the effect of this part by considering the fact that tracers
should not move more than vtracer�Dt within one time step. In this
way, the false diffusion can be reduced to some extent, but the dif-
ficulty is related to determining the tracers’ velocity. The tracers’
velocity can be calculated based on the extent of their movement
within one time step, but this method is not very accurate, as we
do not know the tracers position accurately. We can also assume
that the tracers should not move more than vs,cell�Dt. Like the pre-
vious idea, this assumption must not cause deterioration in satisfy-
ing the continuity equation.

Moreover, the instantaneous tracers’ outflux are not exactly
proportional to the instantaneous TFM solids outflux, since we
move the tracers based on probabilities and each tracer can only
be in one cell at a time. We can also improve this part of the
methodology by setting a restriction for the ratio between the
solids flow rate and the tracers flow rate for all the cell faces. In this
way, CFP values will be closer to 1.0 as well. It is also possible to
divide the part of the algorithm which is related to the determina-
tion of the new positions of the tracers into two sections. For exam-



Fig. 10. An example of false diffusion in tracking of individual particles using the
TFM.
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ple, we first determine the leaving/staying probability distribution
for the tracers in one cell at every time step. After the generation of
random values between 0 and 1 for half of the tracers in that cell,
we can decide how many of them will leave within the next time
step and in which direction they will leave. Now, we can check
how much the movement of tracers was in accordance with the
fulfillment of the solids phase continuity equation. Then, we can
redefine the leaving/staying probability distribution for that cell
in accordance to the satisfaction of the continuity equation. Subse-
quentely, we can generate random values for the other half of the
tracers, which we did not yet decide about whether they stay in the
cell or whether they leave the cell; and if they leave in what direc-
tion. In this way, the CFP values will be much closer to one and
some part of the false diffusion will be reduced. We can also break
this part of the algorithm into more than two sections. For exam-
ple, we can move only 10% of the tracers based on their leaving/
staying probability distribution and redefine this distribution and
move the next 10% of tracers. Then, we recalculate the leaving/
staying distribution again and repeat this procedure till we decide
about all the tracers. In this way, the average CFP will be closer to
one.

Besides all the aforementioned issues, it should be noted that
the presented method and the earlier presented approach are only
applicable for monodisperse particles. If there are more than one
particle types or if the particle properties change over time, then
it is necessary to use multi-fluid models or population balances
approaches respectively. There have been already several works
for such systems and interested readers are referred to the works
by van Sint Annaland et al. [17,18], Marchisio et al. [19] and Fan
et al. [20].
Fig. 11. Effect of superficial gas velocity on the solids mixing rate; (a): the time-
averaged mixing index evolution at various superficial gas velocities, (b): the
mixing time at different superficial gas velocities.
5. Results and discussion

In this section, the simulation results investigating the effects of
the superficial gas velocity and the restitution coefficient on the
solids mixing rate are presented and discussed. These two param-
eters are influential parameters on the behavior of gas-solid flu-
idized beds. The simulation conditions are very similar to the
simulation conditions in one of our earlier works related to poly-
merization fluidized beds [1]. As was stated in that work, the solids
mixing plays a very important role on the hot-spot formation and
the results of this work are complementary to our earlier research.
5.1. Effect of superficial gas velocity on solids mixing rate

To study the effect of the superficial gas velocity on the solids
mixing rate, various simulations at different gas velocities were
performed. The simulation conditions were similar to the condi-
tions presented in Table 5 with a few changes: In the current sim-
ulations, the bed is 0.24 m tall and we used 80 cells with a size of
0.003 m in the axial direction. The superficial gas velocity was var-
ied from 0.4 to 1.1 m/s and the time step was set to 2 ∙ 10�5 s. The
rest of the simulations’ conditions are the same as reported in
Table 5. The final results of these simulations are presented in
Fig. 11. Fig. 11a shows the solids mixing evolution for various
superficial gas velocities and Fig. 11b shows the solids mixing time.
In this figure, t50%, t75%, t85% and t90% show the mixing time that is
required to reach to 50%, 75%, 85% and 90% of the solids mixing
index respectively.

As mentioned in our earlier research [1], the bubble formation
rate increases with the superficial gas velocity, leading to faster
solids circulation rates and solids mixing in the whole bed.
Fig. 11 shows this effect in a quantitative way. Based on the results
in Fig. 11, we can now quantify the changes in solids mixing with
the superficial gas velocity. The current results also show that the
solids mixing becomes less sensitive to the superficial gas velocity
beyond 0.7 m/s, as the solid particles need to travel longer dis-
tances to be mixed with each other. These observations are in com-
plete agreement with our earlier findings on the solids
temperature distribution and its relation with the superficial gas
velocity and solids mixing [1].
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5.2. Effect of restitution coefficient on solids mixing rate

Restitution coefficients can change based on the physical prop-
erties of the particles, which in turn may depend on the operating
conditions. For example, during the polymerization in gas solid flu-
idized beds, the particles’ temperature may become close to their
softening temperature. As a result, their restitution coefficient
and the mixing pattern of particles may change. In this section,
the effect of the restitution coefficient on the mixing rate of parti-
cles is presented and discussed. The simulation conditions for
these cases are similar to the conditions presented in Table 5 with
a superficial gas velocity of 0.8 m/s. In these simulations, the parti-
cle–particle restitution coefficient was varied from 0.6 to 0.99.
Fig. 12 shows the final results of these simulations. In Fig. 12a,
the time-averaged mixing index evolution for simulations with dif-
ferent restitution coefficients is presented and Fig. 12b shows the
solids mixing time for the performed simulations.

It can be observed that the effect of the restitution coefficient on
the solids mixing rate is not as pronounced as the effect of the
superficial gas velocity. The results also showed that the solids
mixing rate decreases with for cases with higher restitution coeffi-
cients. This effect is much more significant for the cases with resti-
tution coefficients larger than 0.8 in the performed simulations.
The obtained results are in complete agreement with the findings
of other studies [4,21]. As the bubble formation decreases for cases
with more ideal restitution coefficients, the solids have a lower
rate of circulation and consequently a lower mixing rate. So, if
the restitution coefficient of poly-olefin particles decreases in the
range of 0.99–0.6 with temperature as the particles becoming
softer, we can expect a better solids mixing at high bed tempera-
tures and hence a more isothermal behavior. We note that this
Fig. 12. Effect of restitution coefficient on the solids mixing rate; (a): mixing index
evolution at different restitution coefficients; (b): solids mixing time for simula-
tions with different restitution coefficients.
analysis is done assuming that the polyolefin restitution coefficient
decreases with temperature. Moreover, we did not consider the
stickiness of polyolefin particles at temperatures close to their soft-
ening temperature. As we do not know the exact dependency of
the restitution coefficient on the particle physical properties and
the collision parameters, further studies are required in this area
to shed light on these complex systems.

6. Conclusions

After successful implementation and verification of a new
method to track tracer particles in the TFM, its benefits and draw-
backs was studied. This new technique is very straightforward and
can be implemented very easily. Moreover, it enables the use of the
initial neighbor distance mixing index in the processing of the TFM
results. This mixing index has several advantages over other mix-
ing indices and its results are more accurate and reliable than
the other methods. Additionally, the new approach opens a new
window for combining the TFM with Lagrangian approaches. This
technique has also some drawbacks. This method suffers from false
diffusion, which can however be diminished by decreasing the
computational cell size. For this reason, the sensitivity of the
method to the grid size was investigated and the best settings were
identified and several suggestions for further improvement of this
algorithm were proposed. Subsequently, several simulations to
study the effect of superficial gas velocity and restitution coeffi-
cient on the solids mixing rate were performed, where the main
focus of these simulations was on quantifying the solids mixing
rates in gas fluidized beds used for polyolefin production.

We found that the solids mixing rate increases with superficial
gas velocity. This dependency is more pronounced when the gas
velocity is low. In this study, the effect of restitution coefficient
on the solids mixing rate was explored as well. It was found that
the solids mixing rate decreases with increasing restitution coeffi-
cient. However, the dependency of the solids mixing rate to the
superficial gas velocity was much more pronounced than its
dependency to the restitution coefficient. In the performed simula-
tions, the solids mixing rate did not change so much for restitution
coefficients below 0.8. On the other hand, a 19–20% increase in t90%
and t95% when increasing the restitution coefficient from 0.8 to 0.99
was observed. The changes in the solids mixing rate with the
superficial gas velocity and the restitution coefficient was caused
mainly by their effect on the bubble formation rate, bubble inter-
actions and bubble size. Further studies on these aspects of flu-
idized bed behavior and the functionality of restitution
coefficients to the physical properties of the particles are required
to further improve the predictions.
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