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A common way of carrying out LES or RANS of premixed and partially premixed turbulent

flames with tabulated combustion chemistry consists of using a presumed shape for the

probability density function (PDF) of progress variable and mixture fraction in order to

compute the reaction rates. Commonly utilized for this purpose is the b-function PDF. To

the aim of clarifying the applicability of the presumed b-PDF approach to the modeling of

methane and hydrogen turbulent premixed flames, in this paper an investigation of the

probability density distribution is performed by processing three-dimensional DNS

computational results performed with detailed chemistry. This analysis is performed by

means of a detailed comparison between the DNS data and the corresponding a priori LES

obtained with top-hat filters of various sizes. The analysis is conducted for hydrogen and

methane turbulent flames, for comparison. In particular, it is assessed whether a lean

premixed turbulent hydrogen-air flame can be well-represented in LES by a b-PDF

approach as traditionally applied for methane in literature. It is shown that the presumed

b-PDF model performs rather well for both hydrogen and methane. The total error between

the real distribution and the presumed b-PDF is of comparable amount for the two fuels.

However, the error shows a more consistent profile in methane flames. In addition, it is

shown that mean and variance are not sufficient as control parameters for an improved

modeling of hydrogen flames by means of presumed PDF, plausibly because of its strong

differentially diffusive effects.

Copyright © 2015, Hydrogen Energy Publications, LLC. Published by Elsevier Ltd. All rights

reserved.
Introduction

In industry the development of clean and efficient technolo-

gies for the combustion process is achieved by a combination

of experimental and numerical research. Physical testing is in
(A. Donini).
10
gy Publications, LLC. Publ
general extremely expensive and time consuming as well,

whereasmodern engineering trends tend towards shorter and

more efficient design cycles. A great reduction of the costs

could be made by maximizing the usage of simulations in the

design phase. These reasons, together with the persisting
ished by Elsevier Ltd. All rights reserved.
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Fig. 1 e Probability density function shapes for the b-

distribution with different parameters.
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advance in the computer technology, are sufficient to eluci-

date the phenomenal growth of interest in Computational

Fluid Dynamics (CFD) of reacting flows in the last few decades.

Nevertheless, the numerical modeling of combustion sys-

tems still represents a remarkably challenging task. The

interaction of turbulence, chemical reactions and thermody-

namics in reacting flows is of exceptional complexity. In

addition to this, modern lean-premixed highly turbulent

combustion is inherently unstable, requiring therefore addi-

tional effort in the modeling. This especially applies if

considering the combustion of alternative fuels, such as

hydrogen. This problem is overcome by the introduction of a

form of averaging in the governing equations, which reduces

the computational cost. Nonetheless, averaging involves loss

of information, with the result that the number of unknowns

always exceeds the number of equations. Appropriate models

are therefore essential in order to solve the governing physics.

Large-Eddy Simulation (LES) and Reynolds-averaged

NaviereStokes (RANS) methods reduce the computational

cost of the flow simulation by filtering the flow solution either

in space or in time. Combustion models aim to reduce the

aforementioned computational of flame simulations mainly

by a reduction of the number of equations which need to be

solved for the reaction, without significantly compromising

the quality of results. The combination of these strategies give

rise to unknown sub-filter contributions for both flow and

combustion chemistry, which need to be modeled

concurrently.

A standard way of carrying out LES or RANS with tabulated

combustion chemistry e.g. like FGM [1,2] or FPI [3] is to use a

presumed shape for the probability density function (PDF) of

progress variable and mixture fraction to compute reaction

rates in premixed and partially premixed turbulent flames. In

this method, a variable is described locally by a presumed-

shape PDF defining the probability of occurrence of a certain

state. Commonly utilized for this purpose is the b-function

PDF, which was proposed by Ref. [4] in the non-premixed

framework, and since then it has become a standard closure

technique for premixed and partially premixed flames [5e11].

Although the choice of any of this particular PDF shapes ap-

pears to be totally arbitrary as far as the inherent physics of

turbulent combustion is concerned, the presumed b-PDF

model provides a plausible (although not exact) description of

chemistry sub-grid terms [8]. The b-PDF is defined on the

continuum between 0 and 1, and it is very versatile whereas it

is determined by two parameters (the value of the first and

secondmoment, i.e.mean and variance) solely.Moreover, this

function is able to take a wide variety of different shapes

(among the symmetric, uniform and bi-modal) as shown in

Fig. 1, including integrable singularities near the end points.

Successful validation of the method has been obtained for

diffusion flames. On the other hand, to the best of the authors

knowledge, the b-function shape for the presumed PDF has

never been endorsed by basic physical arguments in the

framework of premixed turbulent combustion. Simplicity of

implementation and numerical efficiency are the main rea-

sons for its wide utilization. Despite the fact that such reasons

are of undeniable importance, the use of b-function PDF does

not seem to be a genuine approach until this is justified by

fundamental arguments or by comprehensive DNS
experimental studies. Studies analyzed the b-PDF behavior in

premixed flames by evaluating actual distributions [12],

nonetheless considering homogeneous slices of the whole

domain and therefore neglecting local effects. Local effects are

especially important in the combustion of fuel which are

characterized by a marked differential diffusion, such as

hydrogen flames, as further described in the following

sections.

To the aim of clarifying the applicability of the presumed b-

PDF approach to the modeling of methane and hydrogen

turbulent premixed flames, an investigation of the probability

density distribution is performed by processing three-

dimensional DNS computational results performed with

detailed chemistry [13,14]. To have an a priori quantitative

comparison of the effectiveness of the prediction given by this

model it is useful to compare it locallywith the real probability

distribution, calculating therefore the affinity between the

two distributions in a point to point fashion. In order to do so,

the paper is structured as follows: first in Section 2 the prop-

erties of the b-PDF are recalled, then in Section 3 the data used

for the analysis is introduced and described. Thereafter the

results of this analysis are presented and interpreted in Sec-

tion 4, finalized by the concluding remarks of Section 5.
The b-function PDF distribution

In probability theory, a probability density function (PDF) of a

variable X2ða; bÞ is a function that describes the relative

likelihood for this random variable to take on a given value.

The probability density function is non-negative

PðXÞ � 0; (1)

and it satisfies the normalization condition:

Zb
a

PðXÞdX ¼ 1: (2)

http://dx.doi.org/10.1016/j.ijhydene.2015.07.110
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The definition of the b-function PDF for the reaction prog-

ress variable Y (defined on the continuum between 0 � Y � 1)

is:

PðYÞ ¼ Gðaþ bÞ
GðaÞGðbÞY

a�1ð1�YÞb�1; (3)

where PðYÞ is the probability distribution and G is the gamma

function, which can be calculated efficiently with a fifth-order

polynomial approximation [15]. The two parameters a and b

are given by:

a ¼ Y
 
Y�1�Y�
varðYÞ � 1

!
; (4)

b ¼
�
a

Y
�
� a: (5)

This function is based on the first two moments of Y: the

mean Y and the variance varðYÞ. As mentioned earlier, this

presumed form provides a flexible range of shapes, as shown

in Fig. 1. If a and b approach zero (large variance) the PDF as-

sumes a bi-modal shape. On the contrary, when a and b are

large the PDF assumes a mono-modal shape with an internal

peak. In the case that the variance is very small the PDF be-

haves like a Gaussian instead. Nonetheless, it should be noted

that not every shapewhichmay occur in premixed flames can

be reproduced by the b-function PDF. In the case that a<1 (or

b<1) the PDF tends to infinity and resembles a Dirac delta

function at Y/0 (or respectively at Y/1). However, contrary

to the Dirac delta function, if both Y≪1 and a≪1 (large vari-

ance) the probability of finding unburned mixture vanishes.

Similarly, the probability of finding burned mixture also be-

comes zero ifY[0 and b≪1. In addition, the b-function PDF is

not capable to reproduce a double peak shape, as one would

expect in the combustion of highly diffusive fuels. These

drawbacks of the approach should be taken into account

when considering the presumed b-function PDF model.
Table 1 e Description of the analyzed cases.

Hydrogen Methane

f 0.4 0.7

L [m] 0.0164 0.0264

d0L [m] 6.82 � 10�4 6.6 � 10-4

dr [m] 1.3 � 10�5 2.28 � 10�5

Ka 47.7 12.0

Da 0.14 0.481

Kaeff 12.0 12.0

Daeff 0.481 0.481

L [m] 0.00164 0.00264

u RMS 3.948 1.570

Grid Resolution [m] 16 � 10�6 25.8 � 10�6
Description of the DNS data

The three-dimensional DNS data-sets analyzed in this paper

represent premixed turbulent flames in a statistically one-

dimensional configuration. Two different fuels are investi-

gated: hydrogen and methane. Turbulence-flame interactions

for these cases are characterized using effective Ka and Da

definitions, as described in Ref. [16]. Specifically, turbulence

intensity and length scales are normalized to the propagation

speed and thermal thickness of comparable flames in the

absence of turbulent fluctuations (i.e. freely propagating pre-

mixed flames). In that setting, the low Lewis number

hydrogen case tends to spontaneously form highly curved

cellular (nonuniform) burning patterns. Globally, such flames

tend to burn with an enhanced mean propagation speed and

with decreased thermal thickness, relative to the comparable

1D steady unstrained flame at a comparable mixture. Unity

Lewis number fuels, such as the lean methane mixture here,

are not susceptible to these instabilities, and have a local

structure that is well-approximated by the idealized model. It

was shown [16,14] that Kaeff and Daeff , based on the structure
of the freely propagating flames, lead to characterizations of

turbulenceechemistry interactions that are independent of

Lewis number.

The simulations are based on a low Mach number nu-

merical formulation of the reacting flow equations [13,17]. A

mixture-averaged model for species diffusion is used and the

transport coefficients, thermodynamic relationships and

chemical kinetics are obtained from the Gri-Mech 2.11

chemical reaction mechanism [18]. The integration algorithm

has an adaptive local grid refinement [19] and it is second

order accurate in space and time.

The configuration consists of a rectangular domain with a

square cross-section of side L, and a height of 8L, oriented

such that the flame propagates downward. The hot combus-

tion products flow freely out of the top of the domain, whereas

the bottom boundary is an adiabatic free slip wall. The lateral

boundaries are periodic. A flat freely propagating flame is

initialized at the top, while the premixed cold fuel mixture

(Tu ¼ 298 K) is specified at the square bottom boundary. The

simulations are performed on a base grid of 256 � 256 � 2048

uniform cells, with two levels of factor-of-two mesh refine-

ment that dynamically track regions of high chemical reac-

tivity and vorticity as the flame evolves in a quasi-steady

configuration. The effective grid size results in

1024 � 1024 � 8192 points. For further details on the simula-

tions and numerical methods please refer to [12,16,13,17].

The two cases subject to the analysis are specified in Table

1. Here, f is the equivalence ratio, L is the side size, d0L the

laminar flame thickness, dr the inner layer thickness, Ka the

Karlovitz number, Da the Damk€ohler number and L the in-

tegral scale.

Effective Karlovitz and Damk€ohler numbers are given for

the hydrogen case.

Representative snapshots of the solution for the hydrogen

and methane flames are shown in Figs. 2 and 3, respectively,

where temperature, density and fuel consumption rate are

plotted on a vertical slice plane at the center of the domain. It

is clearly noticeable for the hydrogen case how thermo-

diffusive instabilities (i.e. differential diffusion effects) lead

to the breakdown of the flat laminar flame sheet, resulting in a

cellular burning structure (this effect is noticeable from super-

adiabatic temperatures and non-uniform temperature at the

outlet, which are due to local variations of mixture fraction).

The effects of differential diffusion on the flame properties

may be described for instance by comparison with one-

http://dx.doi.org/10.1016/j.ijhydene.2015.07.110
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Fig. 2 e Hydrogen case: solution plots on a slice plane. (a)

Temperature, with range 298e1770 [K]. (b) Density, with

range 0.178e1.033 [kg m¡3]. (c) Hydrogen consumption

rate, with range 0e90 [kg m¡3 s¡1].

Fig. 3 e Methane case: solution plots on a slice plane. (a)

Temperature, with range 298e1870 [K]. (b) Density, with

range 0.183e1.144 [kg m¡3]. (c) Methane consumption rate,

with range 0e62 [kg m¡3 s¡1].
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dimensional simulations. To this purpose, laminar free adia-

batic premixed flames are computed with detailed chemistry

at the same conditions of the 3-D data, both with mixture

averaged transport (i.e. non-constant Lewis number) and

unity Lewis number. The flames are computed with the

specialized 1D flame code Chem1D [20]. Table 2 delineates a

list of properties evaluated on the basis of the resulting one-

dimensional flames. The influence of differential diffusion is

clearly visible on the burning velocity and mass burning rate,

particularly for hydrogen which in fact has a very low Lewis

number. This is due to the varying distribution of enthalpy

(and mixture fraction) along the flame. Note that enthalpy is

conserved in the complete domain. An analogous type of

investigation can be done observing the peaks of temperature

on the basis of the one-dimensional data and three-

dimensional results. The outcome of this comparison is

shown in Table 3. The temperature peaks of the 3D data are

considerably higher than in the 1D case, with a substantial

346 K difference for the highly diffusive hydrogen flame. The

methane flame temperature is hardly changed since Lez 1. A

similar effect can be noticed from the OH mass fraction and

heat release maximum values, which represent a valuable

indication of the strength of the reaction. This displays once

more a difference for the methane case and an extensive

difference for the hydrogen case. Considering the presence of
the above mentioned strong differential diffusion effects, it is

of great significance to observe how the presumed b-shaped

PDF behaves in such conditions.
The a priori subgrid analysis

Aim of this analysis is to have a local sub-grid scale assess-

ment of the analogy between b-PDF and the computed real

probability distribution. To this aim, an a priori quantitative

comparison is performed on the DNS data described in Sec-

tion 3, in a point to point fashion. The numerical procedure to

achieve such a comparison proceeds as follows.

� For every grid point in the domain a ”sub-box” of sur-

rounding points is built to emulate a LES filter sub-boxwith

predefined dimension.

� The probability density distribution of the progress vari-

able is evaluated inside the sub-box.

� The mean and variance of the progress variable are eval-

uated inside the sub-box. This operation is equivalent to

using a top-hat filter with size of the sub-box. These two

values are then used to calculate the b-distribution inside

the local sub-volume.

http://dx.doi.org/10.1016/j.ijhydene.2015.07.110
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Table 2 e One dimensional flat flame results. Differential diffusion effects on a series of flame parameters.

H2 H2 Le ¼ 1 CH4 CH4 Le ¼ 1

Enthalpy @ inlet/outlet [J kg�1] �135.9 �135.9 �1.827 � 105 �1.827 � 105

Maximum Enthalpy [J kg�1] 932.7 �135.9 �1.167 � 105 �1.827 � 105

Minimum Enthalpy [J kg�1] �5.439 � 104 �135.9 �1.988 � 105 �1.827 � 105

Mass Burning Rate [kg m�2 s�1] 0.163 0.351 0.211 0.216

Burning Velocity [m s�1] 0.159 0.344 0.185 0.189

i n t e r n a t i o n a l j o u r n a l o f h y d r o g e n en e r g y 4 0 ( 2 0 1 5 ) 1 2 8 1 1e1 2 8 2 3 12815
� The two distributions are compared by calculating an error

between them.

� This procedure is repeated for every point in the domain.

The progress variable represents the evolution of the

combustion process from unburned to burned, and it is

defined by the fuel mass fraction (i.e. hydrogen or methane

according to the case under consideration). The real distri-

bution inside every sub-volume is computed through a

discrete binning procedure. The number of bins in which the

local progress variable range is divided is equal to three times

the number of points of the side of the sub-box N. Therefore, a

box of N � N � N grid points makes use of 3N bins in the Y
space. This choice is made in order to have a minimum

number of empty bins. This procedure allows to effectively

perform a detailed comparison between the DNS data and the

corresponding a priori LES obtained with a top-hat filter.

Figs. 4 and 5 show examples of distributions collected on

randomly chosen sub-boxes that span the flame surface for

the hydrogen and methane cases, respectively, for a range of

sub-box sizes. For each point a surrounding sub-volume is

defined, and the real and the calculated b-distribution are

shown together. These examples are quite important in order

to capture qualitatively the accordance of the two distribu-

tions. In this figure the size of the cubic sub-volume is

expressed by its side length. The size of the box increases from

top to bottom figure, while the averaged progress variable

increases from left to right figure.

As previously pointed out, the b-function is calculatedwith

mean and variance of the progress variable of the local sub-

volume. In the same manner, the minimum and maximum

values of progress variable (fuel mass fraction) are set locally

in each sub-volume. However, differential diffusion effects

lead to a varying distribution of heat and mixture fraction

along the flame, generating zones in which the local enthalpy

and equivalence ratio differ from the inlet conditions (this

effect is shown for the same configuration in the JPDFs of [21]).

Therefore, the definition of a global progress variable must

take into account these extended limits, which are not known

a priori. Choosing to define the progress variable on the basis of

the local extents means excluding the issue of defining it
Table 3 e One-dimensional flat flame results compared with th
maximum flame temperature and OH mass fractions.

H2 1-D

Max. Temperature [K] 1426.2

Maximum YOH 9.25 � 10�4

Max. Heat Release [W m�3] 4.46 � 108
globally. It is to note that this choice introduces some limita-

tions on the investigation here presented, as discussed in the

concluding remarks of this section.

In order to define the disagreement between the assumed

and real PDF quantitatively, a representativemeasuremust be

taken into account. A normalized error between b-PDF and the

real probability distribution inside a single sub-volume can be

defined as follows:

e ¼

Z 1

0

������PðYÞb � PðYÞDNS

������dY
enn;max

; (6)

where the subscript DNS indicates the real values of the PDF,

while b is the presumed b-PDF calculated from the actual

mean and variance evaluated in the sub-box. This error is

normalized in order to have it ranging between 0 (perfect

agreement between the two PDFs) and 1 (the two PDFs are

completely non correlated). The coefficient enn;max is the

maximum non-normalized error. The value of enn;max is easily

calculated given the normalization condition of Equation (2).

The error as defined in Equation (6) is merely an area sub-

traction, as shown schematically in Fig. 6a. The maximum

error is given by two completely uncorrelated PDFs, e.g. in the

case of Fig. 6b. Taking into account Equation (2), for this last

case it results enn;max ¼ 2.

Since the DNS PDF is calculated in a discrete form, the error

needs to be written in a discrete form as well. The domain of

the PDF, going from 0 to 1, is therefore divided into a discrete

number of elements (bins). Supposing that the b-PDF is dis-

cretized on the same elements as the DNS sub-grid PDF, the

error inside a single sub-volume is given by

e ¼
PNbins

1

���PðYÞi;b � PðYÞi;DNS

���DY
enn;max

(7)

whereNbins is the number of bins of the real distribution and Pi

is the value of the probability of bin i.

Another important factor to take into consideration in the

analysis is the impact that such an error would lead to the

representation of the modeled source terms.
ree-dimensional data. Differential diffusion effects on the

H2 3-D CH4 1-D CH4 3-D

1772.3 1842.1 1863.4

64.01 � 10�4 2.43 � 10�3 2.89 � 10�3

6.28 � 109 1.35 � 109 1.94 � 109

http://dx.doi.org/10.1016/j.ijhydene.2015.07.110
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Fig. 4 e Hydrogen case. Comparison of the real probability distribution and corresponding b-distribution in randomly

chosen sub-volumes. Equal sub-volume sizes (Dbox) are shown on the same row of figures, while columns are for similar

mean value of the fuel mass fraction inside the sub-volume (YH2). The number of grid points on the cubic sub-volume side

are: (a,b,c) 21, (d,e,f) 31, (g,h,i) 42, (j,k,l) 62.

i n t e rn a t i o n a l j o u r n a l o f h y d r o g e n en e r g y 4 0 ( 2 0 1 5 ) 1 2 8 1 1e1 2 8 2 312816
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Fig. 5 eMethane case. Comparison of the real probability distribution and corresponding b-distribution in randomly chosen

sub-volumes. Equal sub-volume sizes (Dbox) are shown on the same row of figures, while columns are for similar mean

value of the fuel mass fraction inside the sub-volume (YCH4). The number of grid points on the cubic sub-volume side are:

(a,b,c) 21, (d,e,f) 31, (g,h,i) 42, (j,k,l) 62.

i n t e r n a t i o n a l j o u r n a l o f h y d r o g e n en e r g y 4 0 ( 2 0 1 5 ) 1 2 8 1 1e1 2 8 2 3 12817

http://dx.doi.org/10.1016/j.ijhydene.2015.07.110
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Fig. 6 e Schematical representation of the mutual area of two PDFs. (a) The blue area is common between the two PDFs. (b)

Completely uncorrelated PDFs. (For interpretation of the references to color in this figure legend, the reader is referred to the

web version of this article.)
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As a result of this procedure an error value is obtained for

each point in the domain. Joint PDF of the error between the

real distribution and the corresponding b-PDF as a function of

the (normalized) fuel mass fraction are shown for different

sub-volume sizes in Figs. 7 and 8, for hydrogen and methane.

The colors range from blue (zero error probability) to red

(maximum error probability). A large clustering of points is

present at the edges of the domain, where the fresh and

exhaust mixture is located. This feature is due to the fact that

the active flame region occupies a minor volume in the

domain.

As a general observation, the presumed b-PDF gives rather

good results, in terms of overall error. This is valid for both

fuels, which is somewhat different from what previously

observed in literature. The largest part of the error between

real and presumed distribution is observed close to the burned

and unburned regions. A distinction of zones of interest can be

made along the flame region, e.g. by dividing the progress

variable (i.e. the fuel mass fraction) interval in three sections:

the region close to the burned mixture 0 � Yfuel;norm <0:4, the

central flame zone 0:4 � Yfuel;norm <0:6 and the region close to

the fresh mixture 0:6 � Yfuel;norm � 1. A general distinction be-

tween the error distribution in these three regions can be

observed. Rather scattered error values are found close to the

unburned side, especially in the hydrogen case which shows a

very low coherency. Dissimilarly, in the proximity of zero fuel

mass fraction the error shows a more compact and marked

trend, and this feature is especially notable for the methane

case. Such a type of behavior can be interpreted as a sys-

tematic error. In this sense, this leads to the conclusion that

the presumed b-PDF model could be improved for methane

combustion e.g. by adopting a different PDF shape (or intro-

ducing an ad hoc empirical tuning of the b-PDF shape),

whereas still keeping the advantage of being simply deter-

mined by the two parameters mean and variance. The central

flame regions are the ones in which the presumed b-PDF

model performs best. This is a positive feature, in fact an ac-

curate modeling of this region of the flame is of great
importance in premixed flames, since it typically features

highly non-linear variations of source terms.

As a general observation, the error distribution for the

hydrogen case is rather scattered, and does not present any

dominant coherence. Such evidence effectively demonstrates

that mean and variance are not sufficient as control parame-

ters for an accurate modeling of hydrogen flames bymeans of

presumed PDF. This fact is opposed to what is formerly

determined for methane, for which the first two moments

seem to deliver fairly coherent results. Differential diffusion

(leading to varying distribution of enthalpy and mixture

fraction along the flame) is the plausible cause for this dif-

ference, and a legitimate presumed PDF for hydrogen simu-

lations should include extra controlling parameters to

describe such phenomena.

This can be considered by visualizing the source term

distribution along the flame. This is given in Fig. 9, inwhich 1D

premixed flames computation results are shown (at the same

conditions of the 3D turbulent flame under investigation). The

figure represents the fuel consumption term versus its mass

fraction, for the two different fuels, normalized by their

extreme values. From this figure it is clear how the source

term distribution is quite different for the two different fuels.

Methane source term is more spread along the flame, making

this type of flame more sensitive to an incorrect modeling of

the initial and central part of the flame.

The results of error distribution as shown in Figs. 7 and 8

give interesting insights on the presumed b-PDF perfor-

mance. However these do not give sufficient quantitative

indications on the error. For this purpose, it is useful to

calculate the overall error, and assess the character of its

dependence on the sub-grid size in order to compare the

overall value and trends. Fig. 10a and b display the averaged

(over the whole domain) values of the normalized error as a

function of the sub-volume size, respectively for the

hydrogen and methane case. For both cases the error level is

rather similar, which is somewhat different from what

observed in Ref. [12]. Nonetheless, local effects are neglected
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Fig. 7 e Hydrogen case. Joint PDF of the error (between the real and b-distribution) and the normalized mean fuel mass

fraction for different sub-volume sizes. The colors range from blue to red, which are respectively the minimum and

maximum error probability of each figure. The number of grid points on the cubic sub-volume side are: (a) 11, (b) 21, (c) 25,

(d) 42, (e) 62. (For interpretation of the references to color in this figure legend, the reader is referred to the web version of this

article.)
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in Ref. [12] where homogeneous slices of the whole domain

are considered, which is a very different approach with

respect to the one adopted in the present work. It is inter-

esting to note that for both fuels the error increases for

increasing volume size. This is typically expected, since a

bigger sub-volume implies more non-linearities to be

modeled. However, it is very interesting to note that the error
slope is linear (i.e. linearly increasing with the sub-volume

side length, not the volume). This is due to the fact that the

turbulent flame is an aggregate of thin locally one-

dimensional flamelet structures, and therefore the error is

locally distributed one-dimensionally. Furthermore, a mini-

mum appears to exist for both cases. However for hydrogen

itself this shows a more pronounced nature. This is most
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Fig. 8 e Methane case. Joint PDF of the error (between the real and b-distribution) and the normalized mean fuel mass

fraction for different sub-volume sizes. The colors range from blue to red, which are respectively the minimum and

maximum error probability of each figure. The number of grid points on the cubic sub-volume side are: (a) 11, (b) 21, (c) 25,

(d) 42, (e) 62. (For interpretation of the references to color in this figure legend, the reader is referred to the web version of this

article.)

i n t e rn a t i o n a l j o u r n a l o f h y d r o g e n en e r g y 4 0 ( 2 0 1 5 ) 1 2 8 1 1e1 2 8 2 312820
likely due to a combination of two separate effects: the

smallest sub-volume sizes considered here are comparable

with the inner layer thickness, and the fact that for small

sub-volumes the discretization (binning) error might be on

the same order as the model error (because a small amount

of points is actually present in the sub-volume). Additionally,

for the methane case two different (linear) error slopes can
be clearly distinguished, and a switch between the two is

present at the volume size of approximately 1 mm. This is

possibly due to the crossing of the flame thermal thickness.

In this sense hydrogen presents a rather dissimilar error

slope, possibly due to the uneven distribution of mixture

fraction (i.e. local equivalence ratio) along the flame given by

differential diffusion effects, which leads to a broad

http://dx.doi.org/10.1016/j.ijhydene.2015.07.110
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Fig. 9 e Fuel consumption term versus its mass fraction for

methane and hydrogen, from 1D premixed flame

computations. The conditions adopted for these 1D flames

are the same for the 3D computations under analysis in

this paper.

Fig. 10 e Averaged values of the normalized error over the who

Hydrogen. (b) Methane. (c) Comparison of methane and hydrog

i n t e r n a t i o n a l j o u r n a l o f h y d r o g e n en e r g y 4 0 ( 2 0 1 5 ) 1 2 8 1 1e1 2 8 2 3 12821
spectrum of local flame thicknesses in the domain (in lean

premixed hydrogen combustion the flame thickness is

extremely sensitive to the equivalence ratio). Fig. 10c dis-

plays a direct comparison of the averaged normalized error

as a function of the sub-volume size, between the two fuels.

This representation shows how the error for the two fuels

presents different slopes for equivalent volume size. In

addition, it is interesting to notice that for the hydrogen case

a decrease of the sub-volume size does not give an appre-

ciable reduction of the error, remarking the lower prediction

quality of the presumed b-PDF for hydrogen combustion

modeling.

In Section 2 it is explained that the b-function is not able to

assume shapes with more than a singular internal peak. To

this point, Fig. 11 displays instances of single observations for

the hydrogen case in which the b-PDF simply fails (relevant is

also the sample of Fig. 4h). This type of b-PDF failures are as a

matter of fact rather common among the observations of the

hydrogen case, and presumably a source of a large part of the

model error.

Summarizing, the a priori analysis presented here gives an

extended overview of the modeling performance of the pre-

sumed b-function, with the peculiarity of a direct confronta-

tion between methane and hydrogen cases. Nonetheless, it
le domain as a function of the sub-volume size (Dbox). (a)

en results.
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Fig. 11 e Examples of presumed b-PDF failures for hydrogen as a fuel. Comparison of real probability distribution and

corresponding b-distribution.
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should be carefully kept in mind that the current analysis is

not totally exhaustive given that the b-function is evaluated

on the local sub-volume extents. In order to complete and

improve this investigation, future works should examine the

b-function behavior by calculating it considering the overall

extents. Such task demands extra care on the choice of the

extents, since differential diffusion induces the formation of

local super adiabatic values.

A final note must be made in regards to the progress vari-

able definition. In the present paper the progress variable is

defined as the fuel mass fraction. Typically, any scalar field

can potentially serve as a valid progress variable, with the only

restriction of ensuring a monotonic profile of Y in the whole

interval between the unburned mixture and the chemical

equilibrium [1,22,23]. This means that the identification of a

scalar field that can serve as an unambiguous progress vari-

able is not unique. As a matter of fact, in current combustion

models the progress variable is often user defined (based on

the experience and intuition). In addition to this, different

progress variable definitions lead to different shape of the

data in the thermo-chemical space. The behavior of the b-PDF

scheme is therefore impacted by how the reaction progress is

defined in the present cases. Therefore, it must be noted that

the results presented in this paper might be slightly different

in the case of a different progress variable choice.
Conclusions

In this paper an investigation of the sub-grid probability

density distribution is performed by processing three-

dimensional DNS computational results performed with

detailed chemistry. This analysis is conducted for hydrogen

and methane turbulent flames, with the aim of clarifying the

applicability of the b-shaped presumed PDF approach to the

modeling of methane and hydrogen turbulent premixed

flames. The b-PDF is commonly adopted in combustion

because of its capability of modeling Gaussian like distribu-

tions as well as a bi-modal behavior which is typical of

reacting flows. In particular, it is assessed whether a lean

premixed turbulent hydrogen-air flame can be well-

represented by a b-PDF approach as traditionally applied for

methane in literature. This is done by processing 3D detailed

chemistry DNS, for which an a priori quantitative comparison

between the two distributions is performed in a point to point

fashion. The results show that the presumed b-PDF gives a

rather good outcome in terms of overall error. Interestingly, it

is shown that the total error between the real distribution and

the presumed b-PDF is of comparable amount for the two

fuels. However, the joint-pdf of the error and progress variable

shows a rather defined profile in methane flames (high

http://dx.doi.org/10.1016/j.ijhydene.2015.07.110
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probability is distributed on a thin 1D region), whereas for

hydrogen the error is more spread throughout a wide region.

This leads to the conclusion that the presumed b-PDF model

could be improved for methane combustion by empirically

adjusting its shape, whereas still keeping the advantage of

being simply determined by two parameters (mean and vari-

ance). Conversely, it is shown that mean and variance are not

sufficient as control parameters for an improved modeling of

hydrogen flames by means of presumed PDF, plausibly

because of its strong differentially diffusive effects. In addi-

tion, it is observed that for both fuels the error of the b-PDF

increases for increasing volume size linearly with the sub-

volume side length, indicating that the error is locally

distributed one-dimensionally.
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