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Chapter 1

Introduction

“Start writing, no matter what. The
water does not flow until the faucet
is turned on.”

Louis L’Amour

1.1 Motivation
We all are very much familiar with air, water, sound and land pollution, but did
you ever think that light can also be a pollutant? The unwanted illumination by use
of artificial indoor or outdoor light creates light pollution. There are many factors
involved in light pollution such as light trespass:-unwanted light enters where it is not
intended, glare:-excessive brightness that causes discomfort, over-illumination, ... etc.
A simple classification of the different components of light pollution is schematically
shown in Figure 1.1.

Light pollution is not only affecting the environment, wildlife, human health and
our climate but also impacting the world economy. A study found that about 30%
of outdoor lighting in United States is wasted due to poor design of optics [1]. The
data are much more impressive if we consider the total global worldwide electricity
consumption, which was more than 21, 000 terawatt hours (TWh) in 2016 [2], and ac-
cording to the U.S. Energy Information Administration (EIA) 273 TWh of electricity
was used for lighting in residential and the commercial sector in 2017 in the United
States only, which is approximately 10% of the total electricity consumption [3]. If we
consider global worldwide light waste, it is about 22 TWh per year. In other words
the light waste is equivalent to about 3.6 millon tons of coal per year or 12.9 millon
barrels of oil per year.

The wasted illumination can also be seen from space, see Figure 1.2. The figure is
the Satellite view of the earth at night taken by NASA [4]. Light pollution makes it
that we can easily identify most of the countries, more precisely the pollution centres.

Light pollution and consumption of energy can be reduced by improving illumin-
ation optics design without sacrificing our comfort and safety. Improving optics will
not only allow us to direct the light to the specific area that we want to be lit but also
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Figure 1.1: The image illustrating different components of light pollution. Courtesy
Anezka Gocova, in The Night Issue, Alternatives Journal 39:5 (2013) [5].

gives us control over the efficiency of the device. For example, consider the street light
shown in Figure 1.1. The lamp should be designed in such a way that it illuminates
only the area that we want to be lit. Another example is the design of low beam car
headlights, see Figure 1.3. The headlights should be designed such that they project
a powerful asymmetrical pattern of light that provides adequate forward and lateral
illumination while avoiding uncomfortable glare for the oncoming traffic.

Nowadays, incandescent and fluorescent lighting devices are being replaced by
solid-state lighting, i.e., light-emitting diodes (LEDs) in order to achieve high lumin-
ous efficacy. LED bulbs can currently reach a luminous efficacy up to 160 lm/W.
On the other hand, a traditional incandescent bulb has a luminous efficacy about 15

Figure 1.2: Satellite of view of the earth at night showing light pollution. Image
courtesy NASA [4].
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Figure 1.3: Illustration of a low beam
car headlight illumination pattern for the
right-hand side traffic [9].

Figure 1.4: Structure of a typical res-
idential LED bulb. Image courtesy
[10].

lm/W and a fluorescent lamp has an efficacy of around 60 lm/W [6, 7, 8].
Another important benefit of LEDs is the actual lifetime of the bulb. An LED

has a lifetime up to 50, 000 hours or 25 years of typical usage, whereas incandescent
light bulbs and fluorescent lamps have a lifetime up to 2, 500 hours and 15, 000 hours,
respectively.

These properties of LEDs attract many optical industries and provide new chal-
lenging opportunities to design engineers. An optical device formed by LEDs has
several components, a schematic drawing of an LED bulb is shown Figure 1.4. Light
emitted from the LED propagates through the optical system consisting of different
optical components such as reflectors, lenses, diffusers and absorbers.

Illumination optics deals with the design of optical systems for illumination pur-
poses. The goal in illumination optics is to design freeform reflective or refractive
surfaces of an optical system that converts a given light distribution into a desired
light distribution [11, 12].

1.2 Inverse Methods in Freeform Optics
There are basically two different techniques that deal with design of freeform optical
systems, viz. forward and inverse methods. In forward methods we compute the
target light distribution from a given light source distribution and optical system
consisting of freeform surfaces. The prototypical solution method for this case is
Monte-Carlo ray tracing. The method is easy to implement, but is slow since a large
collection of rays is needed to trace through an optical system to achieve an accurate
distribution at the target. The ray tracing procedure is based on a trial-and-error
process and it becomes increasingly slower if higher precision is required, since the
error decreases proportional to the reciprocal of the square root of the number of rays
traced [13]. Consequently, ray tracing has to be embedded in an iterative procedure
to update the optical system. Thus, optical design by ray tracing is a slow process,
all the more since the resulting light output is most likely not equal to the desired
output.

On the other hand, inverse methods directly compute the optical system for a
given light source distribution and a desired light distribution at the target. Inverse
methods can significantly speed up the design process, and even provide designs that
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could realistically never be achieved without these methods. Recent trends in LED
lighting devices make inverse methods more interesting. For example LEDs function
at lower temperatures than traditional light sources [14], which provides possibilities
to use transparent plastic instead of glass or metal. Using inverse methods it is much
easier to design the complex shape of freeform plastic surfaces.

The mathematical formulation of inverse problems can be derived using principles
of geometrical optics and the energy conservation law. An expression for the optical
map which connects the coordinates of rays on the source to rays on the target, can
be derived from the principles of geometrical optics. Substituting the optical map
in the energy conservation law gives rise to a Monge-Ampère type equation for the
location of a freeform surface of an optical system. This equation is a fully nonlinear
second order partial differential equation but linear in the Hessian.

The inverse problem of optical design can be cast in the framework of optimal
mass transport: "given a pile of sand and a hole, find a transfer plan, i.e., a map
to transport the sand into the hole while minimizing the total transport cost and
satisfying the mass balance condition" [15]. Recently, Wang [16], and Glimm and
Oliker [17] have shown that the single reflector design problem with point light source
is identical to an optimal transport problem on the sphere. It has also been shown in
Glimm and Oliker’s article [18] that the optical design of two-reflector systems for a
light source emitting parallel light rays is equivalent to the Monge-Kantorovich mass
transfer problem with a quadratic cost function. More precisely, the optical design
problem can be formulated as a transport problem for several optical systems if we
restrict ourselves to (a) c-convex or c-concave freeform surface(s).

In this thesis, we present several optical systems consisting of one or two freeform
surfaces, viz. parallel in and far-field out containing a single freeform reflector or
a lens surface, parallel in and parallel out with double freeform reflectors or lens
surfaces, point source in and far-field out having one single freeform reflector or a
lens surface, and finally, point source in and point target out with double freeform
reflectors. The Monge-Ampère equation for single surface optical systems is standard
and corresponds to a quadratic cost function. On the other hand, for other optical
systems the equation is more complex and the cost function is no longer quadratic.

We present a least squares method to compute freeform surfaces of an optical
system by solving the Monge-Ampère equation. The method was recently developed
by Prins et al. [19] for a system containing a single freeform surface for parallel to
far-field, i.e., for a quadratic cost function.

The least-squares algorithm is an iterative two-stage minimization procedure.
First the optical map is computed in three steps: two of these are nonlinear min-
imization steps, which can be performed pointwise, and the third step requires the
solution of two Poisson problems. In the second stage, the freeform surface is com-
puted, also in a least-squares sense.

We apply a variant of the algorithm to compute freeform surfaces of a two-reflector
system for parallel-to-parallel mapping. Next, we extend the algorithm for more
complicated systems, i.e. for a lens with double freeform surfaces for parallel-to-
parallel mapping, which is a case of a non-quadratic cost function. For this system, we
need to deal with two coupled elliptic PDEs instead of two separate Poisson problems.
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1.3 Synopsis of the Thesis
With this motivational introduction and outline of inverse methods in freeform optics,
we conclude the first chapter of this thesis. The rest of the work is organized in the
following way.

• In Chapter 2 we introduce the basics of geometrical optics in the context of
illumination optics, which is important in the mathematical formulation of an
optical system. We start from Maxwell’s equations to derive the basic governing
equations of geometrical optics. We present two different approaches to go from
wave optics to ray optics, viz. the short wavelength approach where we apply the
infinitely short wavelength limit to Maxwell’s equations, and the discontinuity
approach. Discontinuities often play an important role in electromagnetic wave
theory, e.g., when a light wave hits a lens surface. Subsequently, we introduce
the principles of geometrical optics, starting from energy transport and the ray
equation, continue with the Lagrange invariant, the principle of Fermat, the
theorem of Malus and Dupin, and the laws of refraction and reflection. Finally,
we describe the characteristic functions of Hamilton that provide the measure
for the optical path length.

• In Chapter 3 we derive a generic mathematical formulation for several freeform
optical systems consisting either of reflector(s) or lens(es) together with an ex-
pression for the optical map and the energy balance condition. We describe the
following four classes of optical systems according to source and target distri-
butions: first, parallel in and far-field out, second, parallel in and parallel out,
third, point source in and far-field out, and finally, point source in and point
target out.

• In Chapter 4 we provide an introduction on the connection between optimal
mass transport problems and freeform optical designs. We start with intro-
ducing basic properties of c-concave and c-convex functions. Next, we intro-
duce the basics of mass transport theory and make the connection with optical
design problems. Subsequently, we elaborate the optical design models of sev-
eral systems discussed in Chapter 3 using properties of optimal mass transport
theory and derive a Monge-Ampère type equation for some systems. Finally,
we provide a literature overview on inverse methods which are relevant to the
freeform design problems.

• Chapter 5 introduces numerical methods to compute freeform surfaces of an
optical system by solving the Monge-Ampère equations derived in Chapter 4.
First, we present the least-squares method for the quadratic cost function to
compute freeform surfaces of a two-reflector system for the parallel-to-parallel
mapping. The method was originally proposed by Prins et al. [14, 19] for a single
freeform surface, either a mirror or a lens, for a parallel to far-field. Next, we
extend the least-squares method to a problem with non-quadratic cost function
to compute double freeform surfaces of a lens system for the parallel-to-parallel
mapping.

• In Chapter 6 we apply the least-squares algorithms to several challenging test
problems to compute freeform surfaces for three optical systems, viz. two-
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reflector, single lens with double freeform surfaces and two lenses with two
freeform surfaces, to map a parallel beam into another parallel beam. The
two-reflector design problem corresponds to a quadratic cost function, and we
compute the freeform reflectors using the basic least-squares algorithm. The
lens problems involves a non-quadratic cost function and for these problems we
employ the extended least-squares algorithm.

• Finally, the thesis concludes with Chapter 7, which discusses our findings by
concluding remarks and provides recommendations for future research.

• Two appendices are added at the end of the thesis. The first one gives technical
details of the ray tracing algorithm based on Monte Carlo simulation, which is
used to verify the numerical results obtained by the least-squares algorithms.
The second appendix provides some basic identities and theorems from vector
calculus.
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Chapter 2

From Wave Optics to
Geometrical Optics

“Music is the arithmetic of sounds
as optics is the geometry of light.”

Claude Debussy

The mathematical formulation of the propagation of light is based on two theories
of optics: the ray theory of light (Ray or Geometrical Optics) and the theory of
waves (Wave or Physical Optics). In geometrical optics, light is considered to travel
along lines, whereas in physical optics, light is considered an electromagnetic wave.
Geometrical optics can be viewed as an approximation of wave optics that applies
when the wavelength of the light is much smaller than the size of optical elements in
the system being modelled.

Illumination optics is a subdiscipline of optics, which itself is a branch of electro-
dynamics [20, 21, 22], concerned with the study of light for illumination purposes.
In this work, we restrict ourselves to illumination optics. In illumination optics the
typical sizes of luminares are much larger than the wavelength of visible light, there-
fore we adopt the geometrical approach. However, we will derive the basic governing
equations of geometrical optics from the fundamental equations of electrodynamics.

2.1 The Electromagnetic Field
In this section, we derive the basic governing equations of geometrical optics from
the fundamental equations of electrodynamics that were introduced by James Clerk
Maxwell around 1862 [23].

An electromagnetic field can be described by two vectors: the electric field E =
E(x, t) and the magnetic field H = H(x, t), where x represents the spatial coordin-
ate and t the time. The properties of an isotropic medium can be characterized
by two quantities: ε = ε(x) and µ = µ(x) the permittivity and permeability, re-
spectively, [20]. The quantities ε and µ do not depend on time t, and might be
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discontinuous across optical surfaces depending on the properties of the optical sys-
tem being modeled, but are elsewhere smooth functions of the spatial coordinate
x. The electromagnetic vectors E and H satisfy Maxwell’s equations, given by

J. Clerk Maxwell.

∇×H − ε∂E
∂t

= 0, (2.1a)

∇×E + µ
∂H

∂t
= 0, (2.1b)

∇ · (εE) = 0, (2.1c)
∇ · (µH) = 0. (2.1d)

This system of equations is actually a special
case of Maxwell’s equations, valid in the ab-
sence of free space charges (electric charge dens-
ity ρ = 0) and currents (electric current density
j = 0), which is the case for illumination ap-
plications. The last two equations in (2.1) state
that the electromagnetic field does not have a
source of electric or magnetic field. However,
these equations are not independent of the first
two. Indeed, applying the vector identity ∇ · (∇ ×A) = 0 for a sufficiently smooth
vector field A, the divergence operator applied to the first two equations of (2.1),
gives

∂

∂t

(
∇ · (εE)

)
= 0, ∂

∂t

(
∇ · (µH)

)
= 0,

i.e., ∇ · (εE) = 0 and ∇ · (µH) = 0, provided that these equalities hold at the initial
time t = 0.

Next, we derive wave equations for E and H from Maxwell’s equations. For
simplicity, we assume that the material parameters ε and µ are constant. Taking the
curl of equations (2.1a) and (2.1b), we obtain the following

∇× (∇×H) = ε
∂

∂t

(
∇×E

)
= −εµ∂

2H

∂t2
, (2.2a)

∇× (∇×E) = −µ ∂
∂t

(
∇×H

)
= −εµ∂

2E

∂t2
. (2.2b)

Applying the vector identity (B.6) defined in Appendix B, together with the zero-
divergence conditions (2.1c)-(2.1d), we obtain the wave equation for both E and H,
i.e.,

∂2E

∂t2
− 1
εµ
∇2E = 0, (2.3a)

∂2H

∂t2
− 1
εµ
∇2H = 0. (2.3b)

These equations state that the electric and magnetic field vectors E and H are
propagating as waves with speed v = 1√

εµ , which is the speed of light in a material
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other than vacuum (like glass). In vacuum the speed of light is c = 1√
ε0µ0

≈ 3.00 ×
108 m/s, where ε0 and µ0 are the vacuum permittivity and permeability, respectively.
Note that c is constant whereas v might depend on x. Another important parameter
is the refractive index n of a material, defined as the ratio of the speed of light c in
vacuum and the speed of light v in the material, i.e.,

n = c

v
.

As we know, the speed of light in vacuum is the fastest possible speed, therefore
n = n(x) ≥ 1 for any material.

To conclude, we introduce two important variables: the energy density u and the
Poynting vector S. The energy density u carried by an electromagnetic wave and the
corresponding Poynting vector S are defined as

u = 1
2
(
ε|E|2 + µ|H|2

)
, (2.4a)

S = E ×H. (2.4b)

From the Maxwell equations we can derive a conservation law for the energy density
u as follows. We take the inner product of E with equation (2.1a) and of H with
(2.1b), and subtract both results, obtaining

E ·
(
∇×H

)
−H ·

(
∇×E

)
−
(
εE · ∂E

∂t
+ µH · ∂H

∂t

)
= 0.

Using the vector product identity (B.7), the above equation becomes

∇ ·
(
E ×H

)
+ 1

2
∂

∂t

(
ε|E|2 + µ|H|2

)
= 0.

Hence, the energy conservation law is given by

∂u

∂t
+∇ · S = 0. (2.5)

This relation states that the energy carried by an electromagnetic wave is propagating
in the direction of the Poynting vector S [20, 21].

2.2 Foundations of Geometrical Optics
Geometrical optics describes the propagation of light along rays. A light ray is a line
or a curve that is perpendicular to a wavefront with the following properties. Light
rays:

• propagate in straight lines in a homogeneous medium,

• can bend or may be split in two, at the interface between two different media,

• follow curved paths in a medium in which the refractive index n varies with
position,

9
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• may be absorbed, reflected or refracted.

Geometrical optics is often defined as the infinitely short wavelength limit of Maxwell’s
equations [20, 24]. This makes sense in illumination optics, as the size of luminares
are much larger than the wavelength of light. Also, in electromagnetic wave theory,
discontinuities play an important role, for example when a light wave hits a lens
surface. Therefore, in this section we will explain both approaches. The logical
structure is as follows:

2.2.1 Short wavelength approach
For small wavelength λ, the wave nature of light (e.g. interference and diffraction)
would no longer be observable and the laws of refraction and reflection are established
by neglecting any diffraction effects.

Here, we start with the wave model of light as we intend to go from wave optics
to ray optics. The spatial dependence of the phase of a wavefront can be determined
by a single function ϕ [20]. We consider a general time-harmonic field

E(x, t) = e(x)eι̇κ(ϕ(x)−ct), (2.6a)
H(x, t) = h(x)eι̇κ(ϕ(x)−ct), (2.6b)

where κ = ω/c the vacuum wave number, ω the angular frequency, and e and h are
spatial field vectors which need to be determined. The wave number κ is also related
to the wavelength λ by the relation κ = 2π/nλ. Substituting (2.6) into Maxwell’s
equations (2.1), and applying the product rules of curl and divergence, gives

∇ϕ× h + εce = − 1
ι̇κ
∇× h, (2.7a)

∇ϕ× e− µch = − 1
ι̇κ
∇× e, (2.7b)

∇ϕ · e = − 1
ι̇κε
∇ · (εe), (2.7c)

∇ϕ · h = − 1
ι̇κµ
∇ · (µh). (2.7d)

We are only interested in the solution for infinitely short wavelengths λ, i.e., infinitely
large values of wave number κ. Hence as κ→∞, we can neglect the right hand side

10
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terms in above equations, resulting in the following set of equations

∇ϕ× h + εce = 0, (2.8a)
∇ϕ× e− µch = 0, (2.8b)

∇ϕ · e = 0, (2.8c)
∇ϕ · h = 0. (2.8d)

Equations (2.8c) and (2.8d) tell us that light is a transverse electromagnetic wave
with E and H perpendicular to ∇ϕ. Alternatively, these equations can be obtained
by scalar multiplication of equations (2.8a) and (2.8b) with ∇ϕ, respectively. Thus
we restrict ourseves to equations (2.8a) and (2.8b) only. These equations represent
a system of six homogeneous, linear PDE for the components of the vectors e and
h. This system of equations has non-trivial solutions if a consistency condition is
satisfied [20]. The consistency condition can be obtained by eliminating e or h from
(2.8a) and (2.8b). First, substituting h from (2.8b), in (2.8a), we obtain

∇ϕ× (∇ϕ× e) + εµc2e = 0.

Using the vector product identity (B.8), we obtain

(e ·∇ϕ)∇ϕ− e(∇ϕ ·∇ϕ) + εµc2e = 0.

Since e ·∇ϕ = 0, the above equation reduces to

(|∇ϕ|2 − εµc2)e = 0. (2.9)

Similarly, substituting e from (2.8a) into (2.8b), we obtain

(|∇ϕ|2 − εµc2)h = 0. (2.10)

Since the vectors e and h are not vanishing everywhere, the function ϕ must satisfy
the following equation

|∇ϕ|2 = εµc2 = n2, (2.11a)

or, expanded explicitly,
ϕ2
x + ϕ2

y + ϕ2
z = n2. (2.11b)

This equation is known as the eikonal equation or the equation of wavefronts, and
the function ϕ is called the eikonal function. It is the basic equation of geometrical
optics. The surface ϕ(x) = constant is defined as a wavefront.

2.2.2 Discontinuity approach
We are interested to go from wave optics to ray optics, and our main interest is
in optical design problems, i.e., optical systems containing freeform lenses and/or
mirrors. When a light wave hits a lens or mirror surface a discontinuity in the material
properties ε, µ occurs. Therefore, we will derive so-called jump conditions for E and
H on a surface of discontinuity, i.e., a surface ψ(x, t) = 0 moving in space across
which E and H are discontinuous. Discontinuities generally occur at an optical
surface, where the material parameters ε and µ are discontinuous, or at a wavefront.

11
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To elaborate the jump conditions, we rewrite the Maxwell’s differential equations (2.1)
as integral equations. The integral equations are more generic as they apply equally
well to discontinuous functions ε, µ, E and H, and for this case we can derive the
eikonal equation without taking the limit of infinitely short wavelength. Note that
the following derivations are based on the book of Luneburg [25].

Figure 2.1: The domain Ω bounded by the hypersurface Γ.

Let us consider a bounded and moving time-dependent domain Ω(t) with boundary
Γ(t) = ∂Ω(t), as shown in Figure 2.1. If we integrate (2.1a) over the domain Ω(t), we
obtain ∫

Ω(t)
∇×HdV =

∫
Ω(t)

ε
∂E

∂t
dV. (2.12)

For the integral in the left hand side of the above equation, the following relation
holds ∫

Ω(t)
∇×HdV =

∮
Γ(t)

n̂×HdS, (2.13)

where n̂ is the outward unit normal vector on Γ(t). Throughout this chapter, we use
the convention that a hat denotes a unit vector. This relation is a variant of Gauss’s
divergence theorem (B.9). An alternative expression for the integral in the right hand
side can be obtained by invoking Reynolds’ transport theorem, i.e.,

d
dt

∫
Ω(t)

FdV =
∫

Ω(t)

∂F

∂t
dV +

∮
Γ(t)

Fvb · n̂dS, (2.14)

where vb is the velocity of the boundary Γ(t), stating that the total rate of change of
the integral in the left hand side is due to the rate of change of the variable F (x, t)
in Ω(t) and due to movement of the boundary Γ(t). Next, we apply the integral rule
(2.14) to all three components of εE in the right hand side of (2.12). Combining the
resulting expression with (2.13) we find the integral balance∮

Γ(t)
n̂×HdS = d

dt

∫
Ω(t)

εEdV −
∮

Γ(t)
εEvb · n̂dS. (2.15)

12
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Figure 2.2: The partitioned domain Ω(t).

Finally, we integrate this equation over an arbitrary time interval [t1, t2], which results
in

∫ t2

t1

∮
Γ(t)

n̂×HdSdt =
∫

Ω(t2)
εE(x, t2)dV −

∫
Ω(t1)

εE(x, t1)dV−∫ t2

t1

∮
Γ(t)

εEvb · n̂dSdt.
(2.16)

Next, we assume that the domain Ω(t) is split in two parts by a moving surface of
discontinuity defined by ψ(x, t) = 0. Every point moving with the surface, stays on it
for all t, i.e., ψ(x(t), t) = 0. The differential form of this relation gives the kinematic
condition

∂ψ

∂t
+ ẋ ·∇ψ = 0, (2.17)

where ẋ denotes the time derivative of a point x moving with the boundary Γ(t),
which only holds for ψ(x, t) = 0. Let us say that Ω+(t) and Ω−(t) are the two parts
of the domain Ω(t), separated by the surface ψ(x, t) = 0, as shown in Figure 2.2, and
defined as follows

Ω+(t) = Ω(t) ∩ {x
∣∣ψ(x, t) ≥ 0}, Ω−(t) = Ω(t) ∩ {x

∣∣ψ(x, t) ≤ 0},
Γ+(t) = Γ(t) ∩ {x

∣∣ψ(x, t) > 0}, Γ−(t) = Γ(t) ∩ {x
∣∣ψ(x, t) < 0},

Γ0(t) = Γ(t) ∩ {x
∣∣ψ(x, t) = 0}.

(2.18)

Note that ∂Ω+(t) = Γ+(t) ∪ Γ0(t) and ∂Ω−(t) = Γ−(t) ∪ Γ0(t), thus the intersection
of Ω(t) with the surface ψ(x, t) = 0 introduces an extra boundary Γ0(t) ⊂ Ω(t). To
derive the jump conditions, we successively apply the integral balance condition (2.16)
to both domains Ω+(t) and Ω−(t) and combine the resulting relations with (2.16).
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Thus, applying the integral balance (2.16) to Ω+(t), we obtain∫ t2

t1

[ ∫
Γ+(t)

n̂×HdS +
∫

Γ0(t)
(n̂×H)+dS

]
dt =∫

Ω+(t2)
εE(x, t2)dV −

∫
Ω+(t1)

εE(x, t1)dV−∫ t2

t1

[ ∫
Γ+(t)

εEvb · n̂dS +
∫

Γ0(t)
(εE)+vb · n̂dS

]
dt,

(2.19)

where the superscript + denotes that we have to evaluate the corresponding variable
from the side of Ω+(t). Note that the surface integrals contain a contribution over
the interface Γ0(t) separating the two parts Ω+(t) and Ω−(t). First, we consider the
integral contribution in the left hand side. Since, the normal on the surface ψ(x, t) = 0
points towards Ω−(t), so for the surface Γ0(t), n̂ = −∇ψ/|∇ψ|, andH = H+ (values
on Γ0(t) on the side of Ω+(t)), this integral can be written as∫

Γ0(t)
(n̂×H)+dS = −

∫
Γ0(t)

1
|∇ψ|

(∇ψ ×H+)dS. (2.20)

The integral contribution in the right hand side can be simplified by use of the kin-
ematic condition (2.17), i.e, vb ·n̂ = −x̂·∇ψ/|∇ψ| = (∂ψ/∂t)/|∇ψ| and εE = (εE)+.
Consequently, we obtain∫

Γ0(t)
(εE)+vb · n̂dS =

∫
Γ0(t)

1
|∇ψ|

∂ψ

∂t
(εE)+dS. (2.21)

Combining the relations (2.19), (2.20) and (2.21), we get∫ t2

t1

[ ∫
Γ+(t)

n̂×HdS −
∫

Γ0(t)

1
|∇ψ|

(∇ψ ×H+)dS
]
dt =∫

Ω+(t2)
εE(x, t2)dV −

∫
Ω+(t1)

εE(x, t1)dV−∫ t2

t1

[ ∫
Γ+(t)

εEvb · n̂dS +
∫

Γ0(t)

1
|∇ψ|

∂ψ

∂t
(εE)+dS

]
dt.

(2.22)

Similarly, we can obtain the following integral balance condition for Ω−(t):∫ t2

t1

[ ∫
Γ−(t)

n̂×HdS +
∫

Γ0(t)

1
|∇ψ|

(∇ψ ×H−)dS
]
dt =∫

Ω−(t2)
εE(x, t2)dV −

∫
Ω−(t1)

εE(x, t1)dV−∫ t2

t1

[ ∫
Γ−(t)

εEvb · n̂dS −
∫

Γ0(t)

1
|∇ψ|

∂ψ

∂t
(εE)−dS

]
dt,

(2.23)

where the superscript − indicates that we have to approach the corresponding variable
from the side of Ω−(t). Note that the integrals over Γ0(t) have a sign opposite to the
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corresponding integral in (2.22), which is a consequence of the opposite direction of
the surface normal n̂, i.e., n̂ = ∇ψ/|∇ψ| directed towards Ω+(t). Moreover,H = H−

and εE = (εE)− (values on Γ0(t) on the side of Ω−(t)). Finally, we subtract integral
relation (2.22) and (2.23) from the relation (2.16), which results in∫ t2

t1

∫
Γ0(t)

1
|∇ψ|

(
∇ψ × [H]

)
dSdt =

∫ t2

t1

∫
Γ0(t)

1
|∇ψ|

∂ψ

∂t
[εE]dSdt, (2.24)

containing integrals over Γ0(t) of the jumps [H] = H+ −H− and [εE] = (εE)+ −
(εE)−. This relation should hold for arbitrary integrals over Γ0(t) and time intervals
[t1, t2]. Consequently, the following jump condition should hold

∇ψ × [H] = ∂ψ

∂t
[εE]. (2.25)

A similar jump condition can be obtained by applying the same procedure to equation
(2.1b).

Next, analogous to the previous derivation, we derive a jump condition from equa-
tion (2.1c). There is no time derivative involved, so integration over a time interval
is not needed. Integrating equation (2.1c) over Ω(t) and applying Gauss’s divergence
theorem, we obtain ∫

Ω(t)
∇ · (εE)dV =

∮
Γ(t)

εE · n̂dS = 0. (2.26)

Similar to the previous derivation, we repeat the procedure for Ω+(t) and Ω−(t).
Thus, integration over Ω+(t) gives∫

Γ+(t)
εE · n̂dS +

∫
Γ0(t)

(εE)+ · n̂dS = 0, (2.27)

introducing an additional integral over Γ0(t). Using the surface normal as previously
defined, i.e., n̂ = −∇ψ/|∇ψ|, the integral relation becomes∫

Γ+(t)
εE · n̂dS −

∫
Γ0(t)

1
|∇ψ|

(εE)+ ·∇ψdS = 0. (2.28)

Similarly, we find for the integral over Ω−(t), the relation∫
Γ−(t)

εE · n̂dS +
∫

Γ0(t)

1
|∇ψ|

(εE)− ·∇ψdS = 0. (2.29)

Finally, subtracting integral relations (2.28) and (2.29) from (2.26), we conclude that∫
Γ0(t)

1
|∇ψ|

[εE] ·∇ψdS = 0, (2.30)

where [εE] = (εE)+ − (εE)−. Since Γ0(t) is an arbitrary interface, the following
jump condition should hold

[εE] ·∇ψ = 0. (2.31)
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Obviously, a similar jump condition can be obtained for equation (2.1d). Finally,
putting everything together, we have the following jump conditions:

∇ψ × [H]− ∂ψ

∂t
[εE] = 0, (2.32a)

∇ψ × [E] + ∂ψ

∂t
[µH] = 0, (2.32b)

∇ψ · [εE] = 0, (2.32c)
∇ψ · [µH] = 0. (2.32d)

Here, we would like to emphasize that the last two jump conditions are implied by
the first two, simply by taking the scalar product with ∇ψ, provided ψt 6= 0. This
system of equations replaces Maxwell’s equations (2.1) at surfaces of discontinuity.

Next, we elaborate the jump conditions at a wavefront. The surface of discon-
tinuity ψ(x, t) = 0 in the jump relations (2.32) is typically a wavefront separating
the region penetrated by an electromagnetic wave and the unperturbed region. We
assume that ε and µ are continuous across the surface ψ(x, t) = 0, and introduce the
following short hand notation

U = [E] = E+ −E−, V = [H] = H+ −H−.

The jump conditions (2.32) then become

∇ψ × V − εψtU = 0, (2.33a)
∇ψ ×U + µψtV = 0, (2.33b)

∇ψ ·U = 0, (2.33c)
∇ψ · V = 0. (2.33d)

Note that the last two jump relations are implied by the first two, simply by taking the
scalar product with ∇ψ, under the condition ψt 6= 0. Thus we restrict ourselves again
to the first two jump relations. The first two jump relations represent a system of six
linear homogeneous PDEs for the components of U and V . Analogous to the system
(2.8a)-(2.8b), this system of equations has non-trivial solutions only if a consistency
condition is satisfied. The condition can be obtained by eliminating U or V from the
jump relations (2.33a) and (2.33b). First, we substitute V from (2.33b) in (2.33a)
with the condition ψt 6= 0, giving

∇ψ × (∇ψ ×U) + εµψ2
tU = 0. (2.34)

By applying the vector product identity (B.8), we obtain

(∇ψ ·U)∇ψ − (∇ψ ·∇ψ)U + εµψ2
tU = 0. (2.35)

Since, ∇ψ ·U = 0, the above expression reduces to(
|∇ψ|2 − εµψ2

t

)
U = 0. (2.36)

In a similar way, by inserting U from (2.33a) in (2.33b), we obtain(
|∇ψ|2 − εµψ2

t

)
V = 0. (2.37)
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From equations (2.36) and (2.37), we conclude that if U ,V 6= 0 across the surface
ψ(x, t) = 0, then ψ, must satisfy the following equation

|∇ψ|2 − εµψ2
t = 0. (2.38)

This is the so-called characteristic equation of Maxwell’s equation. Every function
ψ(x, t) = 0 which satisfies this equation represents a hypersurface which is known as
characteristic surface of the Maxwell’s equations.

Without loss of generality, we assume that the characteristic surface is defined by
the relation ψ(x, t) = ϕ(x)− ct = 0, with c the speed of light in vacuum. In this case
∇ψ = ∇ϕ and ψt = −c, and the characteristic equation (2.38) reduces to

|∇ϕ|2 = εµc2 = n2(x), (2.39)

the so-called eikonal equation. Thus, if E and H are discontinuous across the wave-
front ϕ(x) = ct then ϕ(x) must be a solution of the eikonal equation (2.39) in the
entire spatial domain. This gives an alternative derivation of the eikonal equation
and rigorously describes the propagation of discontinuities. Furthermore, this will
help the reader for better understanding of the Characteristic Function of Hamilton
in Section 2.4.

Equation (2.39) is the basic equation of geometrical optics and most of the prop-
erties of geometrical optics are derived or related to this equation. Next, we will
establish some fundamental properties of geometrical optics.

2.3 Principles of Geometrical Optics
Using the relations established in the previous section, we can derive a number of
results of (ray) geometrical optics.

2.3.1 Energy transport and ray equation
Let us consider the energy density function u and the corresponding Poynting vector
S as defined in Section 2.1, i.e,

u = 1
2
(
ε|E|2 + µ|H|2

)
,

S = E ×H.

If we assume that E = H = 0 at one side of the wavefront ϕ(x) = ct, then we have
U = E and V = H. In this case the Poynting vector is given by

S(x, t) = U × V , (2.40)

and from equation (2.33a) with the wavefront ψ(x, t) = ϕ(x) − ct = 0, we conclude
that

U × V = 1
cε

[
V × (∇ϕ× V )

]
.
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By applying the vector product identity (B.8) and using the fact that ∇ϕ ·V = 0, an
alternative representation of the Poynting vector is given by

S(x, t) = 1
cε
|V |2∇ϕ, (2.41)

implying that energy transport is along the normal of the wavefront, and this property
of energy propagation motivates to define light rays as orthogonal trajectories of the
wavefronts, see Figure 2.3.

Figure 2.3: Light rays are orthogonal trajectories of the geometrical wavefronts.

The eikonal equation (2.39) is an example of a first order nonlinear partial dif-
ferential equation. In general, these equations are equivalent to a set of ordinary
differential equations, the so-called characteristic equations. Let us consider a generic
nonlinear partial differential equation for a unknown function u = u(x), as follows

F (x, u,p) = 0, p = ∇u. (2.42)

This equation is equivalent to the following ODE system

dx
ds = ∂F

∂p
,

du
ds = p · ∂F

∂p
,

dp
ds = −p∂F

∂u
− ∂F

∂x
, (2.43)

where ∂F/∂x and ∂F/∂p denote the gradient of F with respect to x and p, respect-
ively [26]. The curve x = x(s) with parameter s is called a characteristic. Applying
(2.43) to the eikonal equation

F (x, ϕ,p) = |p| − n(x) = 0, p = ∇ϕ, (2.44)

the characteristic equations reduce to

dx
ds = 1

n
p,

dϕ
ds = n,

dp
ds = ∇n. (2.45)

From the first equation we conclude that dx/ds is parallel to ∇ϕ which shows that
characteristic represents light rays, and

∣∣dx/ds∣∣ = 1 giving that s is the arc length.
Further, using the relation p = ∇ϕ we find

n
dx
ds = ∇ϕ. (2.46)
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We derive a differential equation from (2.46) in terms of the refractive index n(x).
Differentiating equation (2.46) with respect to s and using relation (2.44) and (2.45),
we obtain

d
ds

(
n

dx
ds

)
= dp

ds = ∇n. (2.47)

This is the so-called ray equation. In general, the direct solution of the equation
is often tedious, however this ODE system can be easily recognized as the Euler-
Lagrange equations of the following minimization problem

minimize V =
∫
C
n(x)ds, (2.48)

where C is a continuous curve connecting two points P1 and P2. The variable V is
referred to as the optical path length.

We are interested in the design of optical systems where the optical medium is
sectionally homogeneous. So, for a homogeneous medium the refractive index n(x) =
constant, and equation (2.47) then reduces to

d2x

ds2 = 0,

and this gives
x(s) = as+ b, (2.49)

where a and b are constant vectors. The above equation represents a vector equation
of a straight line. Thus, we conclude that in a homogeneous medium light rays travel
in straight lines. Furthermore, we can say that for a sectionally homogeneous medium
light rays form sectionally straight lines. The points at which the light rays are not
differentiable can be seen as refraction or reflection points of the rays.

2.3.2 Lagrange invariant
The Lagrange invariant is a property of light propagation through an optical sys-
tem. We assume that the refractive index n is a continuous function of the spatial
coordinate x. From the eikonal equation, we can define the unit vector

ŝ = 1
n
∇ϕ.

This vector ŝ is in the direction of the Poynting vector, as the Poynting vector is
in the direction of the normal to the wavefront, see relation (2.41). The Lagrange
integral invariant is given by ∮

C
nŝ · dx = 0, (2.50)

for any closed contour C.

The Lagrange integral invariant implies that the integral∫ P2

P1

nŝ · dx

connecting any two points P1 and P2 is independent of the path of integration.
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2.3.3 The principle of Fermat
The principle of Fermat or principle of shortest optical path length states:

A light ray traveling between two points in space follows a path such that the
total optical path length is stationary.

From the ray equation (2.47), we can conclude that the optical path length of a
curve which joins two points P1 and P2 given by the integral

V =
∫ P2

P1

nds, (2.51)

is a stationary point. Fermat’s original principle, stated as the principle of least time,
is equivalent to the shortest optical path length [20]. If we interpret the index of
refraction as the ratio c/v of the velocity of light in vacuum to the velocity of light in
the medium, the optical path

V =
∫ P2

P1

n(x)ds = c

∫ P2

P1

ds
v(x) = c

∫ t2

t1

dt, (2.52)

represents the time light needs to travel from P1 to P2. This is the original formulation
of the principle of Fermat, which states that the light ray is a curve on which the travel
time is minimal or at least a stationary point.

2.3.4 The theorem of Malus and Dupin
The theorem of Malus and Dupin (the principle of equal optical path) states that the
total optical path length between any two wavefronts orthogonal to rays is the same
for all rays [20, p.130].

To explain the theorem of Malus and Dupin, let us consider a point light source S in
a homogeneous medium, emitting light rays towards the optical surface R, see Figure
2.4. The light rays are emitted form a point source and make a normal congruence,
i.e., every ray orthogonally cuts the wavefronts. Malus in 1808 showed that, these
light rays form a normal congruence as well after refraction or reflection at any surface
R. Further, Malus’s results were investigated by Dupin (1816), Quetelet (1825), and
Gergonne (1825), and they formulated the following theorem:

The theorem of Malus and Dupin: A normal rectilinear congruence remains
normal after any number of refractions or reflections [20, p.130].

Here, we establish the theorem for a single refraction. Let us consider a light ray
emitted from the source S and traveling through the point A1 on the wavefront S1 in
a homogeneous medium of refractive index n1. The light ray intersects the refrective
surface R at point P , and is refracted in another homogeneous medium of refractive
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Figure 2.4: Representation of the theorem of Malus and Dupin.

index n2. Let A2 be a point on the refracted ray. If we move the point A1 to another
location B1 on the wavefront S1 then the point P will be displaced to another location
Q on the refractive surface R, as shown in Figure 2.4. Now we take a point B2 on the
refracted ray, such that the optical path length from B1 to B2 is equal to the optical
path length from A1 to A2, i.e.,

[A1PA2] = [B1QB2]. (2.53)

For all possible positions of B1 on the wavefront S1, the point B2 describes a surface
S2. In order to prove the Malus and Dupin theorem, we need to prove that the
refracted ray QB2 is perpendicular to the surface S2. If we apply the Lagrange’s
integral invariant to the closed path A1PA2B2QB1A1, we obtain∫

A1PA2

nds+
∫
A2B2

n2ŝ · dx+
∫
B2QB1

nds+
∫
B1A1

n1ŝ · dx = 0. (2.54)

From relation (2.53), we conclude∫
A1PA2

nds+
∫
B2QB1

nds = 0. (2.55)

The unit vector ŝ is in the direction of the Poynting vector, therefore ŝ will be
orthogonal to the wavefront S1, and thus∫

B1A1

n1ŝ · dx = 0. (2.56)

Taking into account equations (2.55) and (2.56), equation (2.54) reduces to∫
A2B2

n2ŝ · dx = 0. (2.57)

This relation must hold for every segment on surface S2, and this is only possible if
ŝ · dx = 0, i.e., if the refracted rays are orthogonal to the surface S2. This proves the
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theorem of Malus and Dupin. A similar result can be obtained for reflection, or for
optical systems with more refractive or reflective surfaces.

From relation (2.53), it follows that the optical path length between any two
wavefronts orthogonal to rays is the same for all rays. This result holds true for
several successive refractions or reflections as well.

2.3.5 The laws of refraction and reflection
As we have mentioned earlier, optical systems with reflectors or refractors are sec-
tionally homogeneous thus the index n = n(x) of a medium is piece-wise continuous
or constant. We now discuss the behaviour of light rays when they hit a surface sep-
arating two homogeneous media, i.e., when a light ray hits the boundary between two
homogeneous media with different indexes, it is divided into a reflected or a refracted
ray or both. The properties of reflection and refraction are described by the law of
reflection and Snell’s law of refraction, respectively [21, 13].

The Law of Reflection

If a light ray observed as approaching and reflecting off at a surface, then the behavior
of the propagation of the light would follow a predictable law known as the law of
reflection. Figure 2.5 illustrates the geometry of the law of reflection. In the figure,
the light ray approaching the reflective surface is known as the incident ray and the
direction is given by the unit vector ŝ. The incident ray strikes the reflective surface
and is reflected off in the direction r̂. At the point of incidence where the ray strikes
the reflective surface, a line can be drawn perpendicular to the reflective surface. This
is known as the normal of the surface and denoted by the unit vector n̂, towards the
light source, i.e., ŝ · n̂ < 0.

Figure 2.5: Reflection and refraction of a light ray at a plane surface.
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The reflected light ray satisfies the following principles:

• The incident ray, the reflected ray, and the normal to the reflective sur-
face all lie in the same plane.

• The angle of incidence is equal to the angle of reflection, i.e., θi = θr.

Now, applying the physical laws of reflection, we will get an expression for r̂ [1,3].
The reflected ray can be written as a linear combination of the incident ray and the
normal, i.e.,

r̂ = αŝ+ βn̂, (2.58)

for some real constants α, β. Assume θi is the angle of incidence and θr the angle of
reflection (0 ≤ θi, θr ≤ π/2) and from the Figure 2.5, we see

cos(θi) = −ŝ · n̂, cos(θr) = r̂ · n̂.

This implies
− ŝ · n̂ = r̂ · n̂. (2.59)

If we project equation (2.58) on n̂, i.e., we take the scalar product with n̂ and use of
relation (2.59), we obtain

β = −(1 + α)(ŝ · n̂). (2.60)

Hence, the direction of the reflected ray is given by

r̂ = αŝ− (1 + α)(ŝ · n̂)n̂. (2.61)

We require r̂ to be a unit vector, i.e., r̂ · r̂ = 1 for all incident rays, which gives

(1− α2)
(
(ŝ · n̂)2 − 1

)
= 0. (2.62)

This implies that α = ±1, but α = −1 would give β = 0 and r̂ = −ŝ, which is clearly
not correct, unless θi = π/2. Thus we have to choose α = 1, and this yields the
following expression for the direction of the reflected rays

r̂ = ŝ− 2(ŝ · n̂)n̂, (2.63)

which is a vectorial version of the law of reflection.
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Snell’s Law of Refraction

Refraction represents the change in the direction of a light ray when it passes from
one homogeneous medium to another homogeneous medium with different refractive
indexes.

Figure 2.5 illustrates the geometry of refraction. The direction of the refracted
ray is given by the vector t̂. Let ni be the refractive index of the incident medium and
nt is the refractive index of the other medium. The direction of a light ray changes
according to Snell’s law

• The incident ray, the refracted ray and the surface normal all lie in the
same plane.

• The ratio of the sines of the angles of incidence and refraction is equi-
valent to the reciprocal of the ratio of the indexes of refraction.

Let us define θi and θt (0 ≤ θi, θt ≤ π/2) as the angle of incidence and angle of
refraction, respectively. The relation between incidence and transmitted ray is given
by Snell’s Law [13, 14]. Mathematically, we can write

t̂ = αŝ+ βn̂, (2.64a)
ni sin(θi) = nt sin(θt),

(
Snell’s law

)
(2.64b)

for some real constants α, β, and from Figure 2.5 we conclude that

cos(θi) = −ŝ · n̂, cos(θt) = −t̂ · n̂. (2.65)

By projecting equation (2.64a) on the unit vector n̂, we find

β = α cos(θi)− cos(θt). (2.66)

The vector t̂ is a linear combination of the unit vectors ŝ and n̂, and we require it to
be a unit vector. Which gives the following condition

1 = t̂ · t̂ = α2 − 2αβ cos(θi) + β2. (2.67)

Next, we invoke Snell’s law. Snell’s law can be written as ηit sin(θi) = sin(θt), with
ηit = ni/nt. Moreover, since 0 < θi, θt ≤ π/2 the following holds

sin(θi) =
√

1− cos2(θi), sin(θt) =
√

1− cos2(θt).

Combining these relations, we conclude that

η2
it
(
1− cos2(θi)

)
= 1− cos2(θt). (2.68)

Thus for the three unknowns α, β and θt, we have three relations, i.e., (2.66), (2.67)
and (2.68). Inserting (2.66) in (2.67), we find

1− cos2(θt) = α2(1− cos2(θi)
)
. (2.69)
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Comparing relations (2.68) and (2.69) we conclude α = ±ηit. From (2.66) and (2.68),
we obtain

β = α cos(θi)±
√

1− η2
it
(
1− cos2(θi)

)
.

Therefor, we have the following four values of α and β that gives an expression for
vector t̂, i.e.,

α = ηit, β = ηit cos(θi) +
√

1− η2
it
(
1− cos2(θi)

)
, (2.70a)

α = ηit, β = ηit cos(θi)−
√

1− η2
it
(
1− cos2(θi)

)
, (2.70b)

α = −ηit, β = −ηit cos(θi) +
√

1− η2
it
(
1− cos2(θi)

)
, (2.70c)

α = −ηit, β = −ηit cos(θi)−
√

1− η2
it
(
1− cos2(θi)

)
. (2.70d)

Equation (2.70b) for the α and β values, gives the required vector t̂, the others
equations represent reflections of the vector ŝ into the other three quadrants formed
by the normal and the surface tangent [13, p. 134]. Using the relation cos(θi) = −ŝ·n̂,
the final expression for the refracted direction t̂ reads

t̂ = ηitŝ−
(
ηit(ŝ · n̂) +

√
1− η2

it

(
1− (ŝ · n̂)2

))
n̂. (2.71)

This is referred as the vectorial version of the law of refraction.
The vectorial law of reflection (2.71) contains a square root. When the expression

under the square root becomes negative, the refracted ray direction becomes complex,
which is physically meaningless. Substituting ŝ · n̂ = − cos(θi), in relation (2.71), we
find that this occurs if,

1− η2
it sin2(θi) < 0.

Since 0 ≤ θi ≤ π/2 and thus sin(θi) ≥ 0, we have

sin(θi) >
nt

ni
,

and in this case no refraction occurs, but the ray is reflected instead. This phenomenon
is called total internal reflection(TIR) [21]. If sin(θi) = nt

ni
, then the square root equals

zero. Thus by taking the inner product of equation (2.71) with n̂ we get t̂ · n̂ = 0,
which shows that the refracted ray is emitted parallel to the refracting surface.

2.4 The Characteristic Functions of Hamilton
As we have shown in Section 2.2, the field of geometrical optics can be characterized by
one single scalar (eikonal) function ϕ(x). In this section, we show that this function is
closely related to the characteristic function, introduced into optics byW.R. Hamilton,
early in the 18th century.

The characteristic function measures the optical path length for a ray between
a source plane and a target plane [20, 25]. There are three types of characteristic
functions, see Figure 2.6 :
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• Point characteristic V : It depends upon a point on the source plane and a point
on the target plane, and gives an expression for the optical path length between
these two points.

• Mixed characteristics W,W ∗: These depend upon a point on the source plane
and on the direction of the ray at the target plane, or vice versa.

• Angle characteristic T : It depends upon the direction of the ray at both planes.

Figure 2.6: Geometrical interpretation of characteristic functions in a homogeneous
medium: V (x, y) = [P1P2], W (x, q) = [P1Q2], W ∗(p, y) = [Q1P2], T (p, q) =
[Q1Q2].

2.4.1 The point characteristic
Let us define the following parameterization: x = x(z) = (x1(z), x2(z), z). Next
consider a points P1 with position vector x = (x1, x2) ∈ R2 on the source plane
z = z1 and a point P2 with position vector y = (y1, y2) ∈ R2 on the target plane
z = z2. The point characteristic function V is defined as the optical path length
[P1P2] of the ray between the points P1 and P2, and is given by

V (x, y) =
∫
C
n(x)ds, (2.72)

where C is a curve connecting the points P1 and P2, and from the second equation in
(2.45) and Fermat’s principle, it follows that

V (x, y) ≡ ϕ(y, z2)− ϕ(x, z1) = c(t2 − t1), (2.73)

where t2 − t1 is the time needed for the ray to travel the distance [P1P2] through the
optical system.

To elaborate the properties of the point characteristic, we substitute the paramet-
rization x = x(z), z1 ≤ z ≤ z2, and from Fermat’s principle the light rays can be
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Figure 2.7: Geometry of point characteristic V.

expressed as the solution of the variational problem

find the stationary point of V =
∫ z2

z1

n
√

1 + |ẋ|2dz. (2.74)

We use the notation ẋ = dx/dz throughout this section. The Euler-Lagrange equa-
tions of the characteristic function V are given by

d
dz

( nẋ√
1 + |ẋ|2

)
−
√

1 + |ẋ|2∇n = 0. (2.75)

The directional vector p = (p1, p2) of a ray can be expressed as

p = nẋ√
1 + |ẋ|2

. (2.76)

From the above equation, we deduce that

n2 − |p|2 = n2

1 + |ẋ|2 . (2.77)

The derivative of the vector x can be expressed in terms of the vector p. From
equations (2.76) and (2.77) it follows that

ẋ = p√
n2 − |p|2

= − ∂

∂p
(√

n2 − |p|2
)
. (2.78)

With the help of equations (2.76) and (2.77), the Euler-Lagrange equations (2.75)
simplify to

ṗ = n√
n2 − |p|2

∇n = ∇
(√

n2 − |p|2
)
. (2.79)
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Let us introduce the Hamiltonian function H(x, p) equal to the negative optical dir-
ection cosine of the ray with respect to the z-axis, and defined as

H(x, p) = −
√
n2 − |p|2. (2.80)

Then, the vector functions x(z) and p(z) in the above equations (2.78) and (2.79)
satisfy the following system of canonical equations

ẋ = ∂H

∂p
, ṗ = −∂H

∂x
. (2.81)

Thus, the point characteristic or optical path length V can be expressed as function
of the vectors x and p substituting (2.78) in (2.74). We obtain

V =
∫ z2

z1

n2√
n2 − |p|2

dz =
∫ z2

z1

(√
n2 − |p|2 + |p|2√

n2 − |p|2
)

dz, (2.82)

and, with the aid of equation (2.78) and relation (2.80), the above equation simplifies
to

V (x, y) =
∫ z2

z1

(ẋ · p−H)dz. (2.83)

The dependence of the point characteristic V on the directional variables can be
eliminated by taking the Legendre transformation of H [25].

2.4.2 The mixed characteristics
There are two types of Hamilton’s mixed characteristics. Let us first consider the
mixed characteristic W (x, q) depending upon a point in the source plane and on the
direction q = (q1, q2) of the ray at the target plane.

Thus consider a light ray emitted form the point P1 given by position vector x on
the source plan z = z1, and propagating towards the target plane z = z2 through the
optical system. The light ray intersects the target plane at P2 with position vector
y, and the direction of the ray at intersection point P2 is given by the vector q. The
refractive indexes of the source and target plane are n1(x) and n2(x), respectively.

We draw the tangent on the ray at the intersection point P2 and drop a per-
pendicular O2Q2 from the origin of the target plane onto this tangent. The mixed
characteristic W is the optical path length of the light ray between points P1 and Q2.
We know that the optical path length of the light ray from its starting point P1 to
the intersection point P2 is given by the point characteristic function V . The optical
path length P2Q2 with the refractive index n2 is given by

n2|P2Q2| = −y · q, (2.84)

as y is the vector connecting to points O2 and P2, and q is directional vector in
direction of P2Q2. The mixed characteristic W is given by

W (x, q) = V (x, y)− y · q. (2.85)

In the above relation, the dependence of y in the right hand side can be removed by
taking the Legendre transformation [25].
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Figure 2.8: Geometry of mixed characteristic W .

Similarly, we can define the mixed characteristic W ∗ which depends on the dir-
ection of the ray at the source plane and a point at the target plane, and is given
by

W ∗(p, y) = V (x, y) + x · p, (2.86)

where p represents the direction of the ray at point P1.

2.4.3 The angle characteristic
The angle characteristic provides the optical path length between the source and tar-
get planes in the form of directional components. To explain the angle characteristic
T (p, q) depending on directions of the light ray at both source and target planes, let
us consider the optical system as shown in Figure 2.9.

We construct the tangents of the light rays at points P1 and P2, in the source and
target planes, respectively. We drop the perpendiculars from the origin of the source
and target planes to these tangents at point Q1 and Q2, respectively. Then the angle
characteristic is given by

T (p, q) = V (x, y) + n1|Q1P1|+ n2|P2Q2|, (2.87)

which is the optical path length between Q1 and Q2. Similar to the previous section,
the distances |Q1P1| and |P2Q2| are given by

n1|Q1P1| = x · p, and n2|P2Q2| = −y · q.

Substituting these expressions in equation (2.87), the angle characteristic is given by

T (p, q) = V (x, y) + x · p− y · q. (2.88)
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Figure 2.9: Geometry of angle characteristic T.

Remark 2.4.1.
We use these characteristic functions in the next chapter to derive a mathematical
formulation of several optical systems.

2.5 Illumination Optics
Illumination optics is a branch of optics, where we study properties of light distribu-
tions for the purpose of illumination, which is a part of the wider field of nonimaging
optics [11, 27]. Illumination optics is concerned with the design of optical systems
which redistribute the light from a source to a desired output at the target. In this
section, we introduce illumination terminology which is needed in this thesis.

As we discussed in the preceding sections, light rays can be described as elec-
tromagnetic waves and the energy stored in the electromagnetic field is transported
along rays. To measure the energy through any optical system we need measuring
units. There are originally two types of units/quantities to measure the energy in the
field of illumination optics

• Photometric quantities: These quantities are based on the human vision sys-
tem, i.e., photometry science measures light in terms of its perceived brightness
to the human eye. These units are typically used in visual or optical systems.

• Radiometric quantities: These quantities are based on the physical nature
of light and measure light waves in the visible portion of the electromagnetic
spectrum. These type of units are typically used in nonvisual systems.

The energy per unit time is known as radiant flux, as interpreted in the form
of electromagnetic vectors in relation (2.4). Let us denote the radiant flux by ΦR,
measured in Watt [W = J/s]. In photometric quantities the flux is specifically called
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luminous flux or luminous power (luminous energy per unit time) ΦL, and measured
in lumen [lm].

For illumination systems the energy output is generally expressed as the impression
of the light on the human eye in lumen [lm]. The luminous intensity I [lm/sr] is defined
as the luminous flux per solid angle, i.e.,

I = dΦL
dΩ . (2.89)

The solid angle dΩ represents a fraction of the surface on the unit sphere. The unit of
luminous intensity [lm/sr] is identical to the traditional unit candela [cd] of intensity.
Basically, the unit candela is defined to measure the intensity of the light emitted by
a standardized candle.

The total luminous flux incident on a surface, per unit area is known as illumin-
ance. The illuminance L [lm/m2] is the measure of light that is incident to a surface,
and is defined as

E = dΦE

dA , (2.90)

where dA represents the surface area which is illuminated by the light. Similarly, when
the light is emitted from a surface instead of incident on a surface, the luminous flux
per unit area is known as emittance. In radiometric units, the counter parts are known
as irradiance and radiant exitance. We present an overview of all radiometric and
photometric variables which are used in this thesis in Tables 2.1 and 2.2, respectively.

Table 2.1: Radiometric quantities

Name Symbol Unit Definition

Radiant flux ΦR W Radiant energy per unit time

Radiant intensity IR W/sr Radiant flux per solid angle

Irradiance/radiant exitance P W/m2 Radiant flux per unit area

Table 2.2: Photometric quantities

Name Symbol Unit Definition

Luminous flux ΦL lm Luminous energy per unit time

Luminous intensity I lm/sr Luminous flux per solid angle

Illuminance/emittance E lm/m2 Luminous flux per unit area
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Chapter 3

Mathematical Formulation of
Some Freeform Optical
Systems

“The formulation of a problem is
often more essential than its
solution, which may be merely a
matter of mathematical or
experimental skill.”

Albert Einstein

In this chapter, we present a mathematical model of some freeform optical sys-
tems. A possible classification of optical systems, according to source and target
distributions, is: first, parallel in and far-field out, second, parallel in and parallel
out, third, point source in and far-field out, and finally, point source in and point
target out. For the cases, parallel to far-field and point to far-field, a single freeform
surface is enough, either a reflector or a lens, but for the other cases, i.e., parallel to
parallel, and point to point, two freeform surfaces are required to have good control
over the energy distribution [28, 29, 30, 18, 31, 32]. We present a detailed formulation
of these possible systems using properties of geometrical optics, such as the theory of
characteristic functions or the principle of Fermat. We derive the following generic
relation for each system, i.e.,

u1(x) + u2(y) = c(x, y) with y = m(x), (3.1)

describing the geometry of the system, where u1(x), (x ∈ S) and u2(y), (y ∈ T )
define the location and shape of the freeform surface(s), c(x, y) is a cost function
[28, 33], andm(x) is the optical map from source to target. Also, for several systems
we obtain an expression for the map m(x).

The global energy conservation constraint states that the total energy of the source

33



Mathematical Formulation of Some Freeform Optical Systems

must be equal to the total energy of the target, and it can be expressed as∫∫
S
f(x)dS(x) =

∫∫
T
g(y)dS(y), (3.2)

where dS(x) and dS(y) are surface elements of the respective domains, and f(x) and
g(y) are the energy density functions of the source and the target, respectively. We
specify the energy balance condition (3.2) according to the coordinate systems used for
each optical system. We assume that the optical systems consist of perfect reflective
or refractive surfaces, i.e., no energy is lost in the light transmission process.

We derive the mathematical relation (3.1) and an expression for the energy balance
condition for the all described systems. Moreover, for some systems, we also obtain an
expression for the optical map y = m(x). We conclude the chapter with a summary
in Section 3.5.

3.1 Parallel in, Far-Field out
In this section, we consider systems that transform a given parallel beam of light
rays into a specified output distribution in the far-field, consisting of a single freeform
surface. There are two possible systems for this case, viz. a freeform reflector and a
single freeform lens surface. For both systems, we derive the mathematical formula-
tion (3.1), representing the shape of the freeform surface, the expression for the ray
map m(x) and the energy balance.

3.1.1 Single freeform reflector
Let us consider the single freeform reflector system shown in Figure 3.1. We assume
that a light source is located in the coordinate plane z = 0. The light source emits
a parallel beam of light rays in the direction of the positive z-axis, i.e., ŝ = êz
with emittance f = f(x) [lm/m2]. Here, the coordinates x = (x1, x2) are Cartesian
coordinates in S ⊂ R2, and x = (x, z) are the coordinates in three-dimensional space.
The incoming light rays are intercepted by the reflectorR, and reflected off in different
directions. The reflector surface is given by the height function z = u(x) for x ∈ S.
After reflection, the reflected bundle of light is required to have intensity g(θ, φ) [lm/sr]
in the far-field, where θ and φ are the zenith and azimuth angles, respectively, of the
spherical coordinate system.

Let us consider an incident ray which is emitted from the position x ∈ S and
intercepts the reflector R at a point P and reflects off in the direction t̂. The unit
surface normal of the reflector R, directed towards the light source, is given by

n̂ = n/|n|, n =


ux1

ux2

−1

 . (3.3)

We derive a relation for the shape of the reflector surface using the point characteristic
function V , see Chapter 2. The point characteristic function measures the optical path
length of a ray between the source and target plane. We assume a virtual target plane
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T for the far-field approximation at x1 = L. Let us assume, the reflected light ray
intersects the target plane at a point Q with position vector x′ = (L, x′2, z′)T ∈ R3.
The point characteristic (optical path length between a point on the source and its
image on the virtual target) is given by

V (x;x′2, z′) = u(x) + |PQ|. (3.4)

An expression for the unit direction vector t̂ can be obtained by connecting the points
P and Q, i.e.,

t̂ =


t1

t2

t3

 = 1√
(L− x1)2 + (x′2 − x2)2 + (z′ − u(x))2


L− x1

x′2 − x2

z′ − u(x)

 . (3.5)

The mixed characteristic W is given by the relation

W (x; t2, t3) = V (x;x′2, z′)− x′2t2 − z′t3. (3.6)

Substituting the point characteristic V from (3.4) and the expression for the distance
|PQ|, the above expression becomes

W (x; t2, t3) = u(x) +
√

(L− x1)2 + (x′2 − x2)2 + (z′ − u(x))2 − x′2t2 − z′t3. (3.7)

Figure 3.1: Single freeform reflector for parallel to far-field.
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Using (3.5), expression (3.7) can be rewritten as

W (x; t2, t3) = u(x) + (L− x1)2 − x2(x′2 − x2)− u(x)(z′ − u(x))√
(L− x1)2 + (x′2 − x2)2 + (z′ − u(x))2

= u(x) + (L− x1)t1 − x2t2 − u(x)t3
= (1− t3)u(x) + Lt1 − x1t1 − x2t2.

(3.8)

We can rewrite the above expression as

u(x)− W (x; t2, t3)− Lt1
1− t3

= x1t1 + x2t2
1− t3

. (3.9)

The reflected direction t̂ can be interpreted as a mapping from the source to the unit
sphere S2. The relation (projection) between the coordinates t̂ = (t1, t2, t3)T and the
stereographic coordinates y = (y1, y2)T and its inverse are given by [34, p.44]

y =

y1

y2

 = 1
1− t3

t1
t2

 , t̂ = 1
|y|2 + 1


2y1

2y2

|y|2 − 1

 , (3.10)

see Figure 3.2. Note that for a one-to-one correspondence between x and y, and so
between y and t̂, we can introduce h(y) = (W (x; t2, t3) − Lt1)/(1 − t3), and from
relation (3.9) and (3.10), we find

u(x) = x · y + h(y).

If we split the scalar product x · y as

x · y = 1
2
(
|x|2 + |y|2 − |x− y|2

)
, (3.11)

and introduce the auxiliary functions

u1(x) = 1
2 |x|

2 − u(x), u2(y) = h(y) + 1
2 |y|

2, (3.12)

we obtain
u1(x) + u2(y) = 1

2 |x− y|2 = c(x, y). (3.13)

This is the relation for the location and shape of the reflector surface. The function
c(x, y) is known as the cost function in optimal transport. We will discuss properties
of the cost function in Chapter 4.

Next, we derive an expression for the optical map m by tracing a typical ray
through the optical system. The direction t̂ of the reflected ray can be obtained from
the law of reflection (2.63) and expression (3.3) of the surface normal, and we find

t̂ = 2
|∇u|2 + 1


ux1

ux2

|∇u|2 − 1

 . (3.14)
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Figure 3.2: Stereographic projection of the unit sphere from the north pole N(0, 0, 1)
onto the equator plane z = 0.

The image of the point x ∈ S in the far-field is given by the ray map m, i.e., the
stereographic coordinate y = m(x), x ∈ S. This map can be obtained using the
stereographic projection defined in (3.10). By substituting the components of the
vector t̂ from relation (3.14) in (3.10), we find

y = m(x) = ∇u(x). (3.15)

The energy conservation relation (3.2) for this system, i.e., for parallel in to far-
field target, requires a coordinate transformation as the source and the target domains
are defined in different coordinate systems. Let us introduce ψ = (θ, φ) as short hand
notation for the angular coordinates. For an arbitrary set A ⊂ S and its image set
t̂(A) ⊂ S2, energy conservation can be expressed as∫∫

A
f(x)dA(x) =

∫∫
t̂(A)

g(ψ)dS(t̂). (3.16)

Note that if we choose A = S then the above relation represents global energy conser-
vation. Using the stereographic coordinate transformation t̂ = t̂(y) given by relation
(3.10), we can rewrite the integral balance (3.16) as follows∫∫

A
f(x)dA(x) =

∫∫
A
g(ψ)J(m(x))|det(Dm)|dA(x), (3.17)

where y = m(x) is the optical mapping as defined in (3.15), Dm is the Jacobi matrix
of the map, and J(y) is the Jacobian of t̂ with respect to y. Using relation (3.10), we
obtain

J(y) =
∣∣∣∣ ∂t̂∂y1

× ∂t̂

∂y2

∣∣∣∣ = 4
(|y|2 + 1)2 . (3.18)

Combining the integral balance (3.17) with (3.18), we obtain the following equation

|det(Dm(x))| = (|m(x)|2 + 1)2 f(x)
4g̃(m(x)) , (3.19)
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where g̃(y) = g(ψ). To conclude, we have derived a mathematical formulation (3.13)
representing the shape of the reflector surface, an expression for the optical mapm(x)
given by (3.15), and relation (3.19) for energy conservation.

3.1.2 Lens with single freeform surface
Similar to the reflector case, let us consider an optical system of a lens with the first
surface flat and perpendicular to the direction of the incident rays, and the second
freeform, as shown in Figure 3.3. The first surface does not influence the direction
of the parallel beam of light, so it can be ignored. The mathematical formulation of
the freeform lens is obtained by following similar steps as for the reflector case. Let
us consider a parallel beam of light rays emitted from the source S, propagating in
positive z-direction, and refracted by the freeform lens in different directions. The
freeform surface L of the lens is defined by the distance function z = u(x). We
assume a virtual target plane T at distance L from the source plane. Let us consider
an incident ray which is emitted from position x ∈ S and intercepts the freeform
surface L at a point P and refracts off in the direction t̂. The refracted ray intersects
the target plane at a point Q with position vector x′ = (x′1, x′2, L)T ∈ R3. Then the
point characteristic is given by

V (x, x′) = nu(x) + |PQ|

= nu(x) +
√

(x′1 − x1)2 + (x′2 − x2)2 + (L− u(x))2,
(3.20)

where n is the refractive index of the lens. Since the first surface does not make an
impact on the direction of the light rays, in the above expression we assumed that
it extends till the source S. The expression for the unit vector t̂ can be obtained by
connecting the points P and Q, i.e.,

t̂ =


t1

t2

t3

 = 1√
(x′1 − x1)2 + (x′2 − x2)2 + (L− u(x))2


x′1 − x1

x′2 − x2

L− u(x)

 . (3.21)

The mixed characteristic W reads

W (x; t1, t2) = V (x, x′)− x′1t1 − x′2t2. (3.22)

Similar to the reflector case, using the expressions above, we find

u(x)− W (x; t1, t2)− Lt3
n− t3

= x1t1 + x2t2
n− t3

. (3.23)

Next, we need to modify the stereographic projection (3.10). We define a modi-
fication of the stereographic projection (3.10) from the point N(0, 0, n), n > 1 above
the north pole onto the plane through the equator, see Figure 3.4. For any point p′
on this plane, there are at most two possible inverse projections, p1 and p2, on the
sphere. Let us consider a point p(t1, t2, t3) on the sphere, i.e., t21 + t22 + t23 = 1 and
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Figure 3.3: Single freeform lens for parallel to far-field.

Figure 3.4: Generalized stereographic projection.

its projection point p′(y1, y2) on the equator plane. The points N, p and p′ must be
colinear, i.e.,

(t1, t2, t3 − n) = λ(y1, y2,−n),

which gives

y =

y1

y2

 = n

n− t3

t1
t2

 . (3.24)

To calculate the inverse of the projection, we substitute (t1, t2) from (3.24) in the
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relation t21 + t22 + t23 = 1, and after solving it for t3, we obtain

t3 =
n|y|2 ± n

√
n2 + (1− n2)|y|2

n2 + |y|2 , (3.25)

which shows there are at most two inverse projections on the sphere for a point on the
equator plane. To determine the sign before the square root in the above expression,
we choose the limiting case as follows, i.e., whenever t1, t2 → 0 we have t3 → 1 and
in this case expression (3.24) implies y→ 0. Substituting y = 0 in expression (3.25),
we obtain t3 = ±1. Thus, we have to choose the plus sign before the square root in
(3.25). Note that n2 + (1−n2)|y|2 ≤ 0 gives total internal reflection (TIR) instead of
reflection. The inverse of the stereographic projection (3.24) is then given by

t̂ =


t1

t2

t3

 = 1
n2 + |y|2


n2 +

√
n2 + (1− n2)|y|2 y1

n2 +
√
n2 + (1− n2)|y|2 y2

n|y|2 − n
√
n2 + (1− n2)|y|2

 . (3.26)

Now, using the generalized stereographic projection (3.24), expression (3.23) for the
lens becomes

u(x) = 1
n

x · y + h(y), (3.27)

where h(y) = (W (x; t1, t2) − Lt3)/(n − t3) for a one-to-one correspondence between
the source and target. Introducing the auxiliary functions u1 and u2 as

u1(x) = 1
2 |x|

2 − nu(x), u2(y) = nh(y) + 1
2 |y|

2, (3.28)

we obtain
u1(x) + u2(y) = 1

2 |x− y|2 = c(x, y). (3.29)

This is a relation for the location of the freeform surface of the lens.
Next, we derive an expression for the optical map m which converts a given

emittance of the source into a desired intensity distribution in the far-field, i.e., y =
m(x) : S → T . The direction of the refracted ray t̂ given by the vectorial law of
refraction (2.71), can be expressed as

t̂ = nŝ+ F (|∇u|;n)n̂1, (3.30a)

F (z;n) = 1√
z2 + 1

[
n−

√
1 + (1− n2)z2

]
. (3.30b)

Here, we have

ŝ = êz, and n̂ = 1√
|∇u|2 + 1


ux1

ux2

−1

 ,
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and by substituting in (3.30a), we obtain

t̂ = nêz + F (|∇u|;n)√
|∇u|2 + 1


ux1

ux2

−1

 . (3.31)

Next, substituting t̂ from (3.31) into the stereographic projection (3.24), we find the
following expression for the optical map

y = m(x) = n∇u(x). (3.32)

Similar to the reflector case, the energy conservation relation (3.2), is given by

|det(Dm(x))| = (|m(x)|2 + 1)2 f(x)
4g̃(m(x)) . (3.33)

Summarizing the derivations, we obtained a mathematical formulation (3.29) rep-
resenting the shape of the freeform surface of the lens, expressions for the optical map
m(x) and the energy conservation relation given by (3.32) and (3.33), respectively.

3.2 Parallel in, Parallel out
In this section, we discuss optical systems consisting of double freeform surfaces either
reflectors or lens surfaces for a parallel-to-parallel mapping. First, we elaborate the
reflectors system, and second, the lens system. The lens system has two layouts,
viz. one single lens with double freeform surfaces and two separate lenses with two
freeform surfaces.

3.2.1 Two freeform reflectors
Let us consider the two freeform reflectors as shown schematically in Figure 3.5. Let
(x1, x2, z) ∈ R3 denote the Cartesian coordinates, with z the vertical coordinate and
x = (x1, x2) ∈ R2 the coordinates in the plane z = 0, denoted by α1, and let S be a
bounded domain in the plane α1. Consider a beam B1 of parallel light rays emitted
from the source S, which is propagating in the positive z-direction. The emittance of
the light at the plane α1 is given by f(x) [lm/m2], x ∈ S, where f is a non-negative
integrable function on the domain S.

The incoming beam B1 is intercepted by the first reflectorR1, defined as the graph
of a function z = u1(x) for x ∈ S. The beam B1 is reflected off R1 and forms a new
beam B2. The beam B2 is intercepted by reflector R2, which transforms it into the
output beam B3, that is required to have parallel light rays again. The reflector R2 is
defined as the graph of a function w = `− z = u2(y) for y ∈ T , where y = (y1, y2) are
the Cartesian coordinates of the target plane α2 : z = `, and obtained by a mapping
m : S → T . The beam B3 consists of parallel light rays propagating in the same
direction as B1. The target at a distance ` > 0 from the plane α1 is denoted by T .

Let us consider a ray emitted from a position x ∈ S on the source and propagating
in the positive z-direction and let ŝ = êz be the unit direction vector of the incident
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Figure 3.5: A two-reflector optical system for parallel to parallel mapping.

ray. The ray strikes the first reflector R1, reflects off in the direction t̂, strikes the
second reflector R2, and reflects off, again in the direction ŝ. The downward unit
normal vector n̂1 on R1 is given by

n̂1 = 1√
|∇u1|2 + 1


u1,x1

u1,x2

−1

 . (3.34)

According to the law of reflection, the direction t̂ of the reflected ray is given by

t̂ = ŝ− 2(ŝ · n̂1)n̂1 = ŝ+ 2
|∇u1|2 + 1


u1,x1

u1,x2

−1

 , (3.35)

stating that the normal component of the incident ray is reversed. Note that t̂ = t̂(x).
Let us denote by d(x) the distance from reflector R1 to reflector R2 along the ray

reflected in the direction t̂(x). The total optical path length or point characteristic
V (x, y) corresponding to the ray associated with a point x ∈ S, is given by

V (x, y) = u1(x) + d(x) + u2(y).
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The theorem of Malus and Dupin (the principle of equal optical path) states that
the total optical path length between any two wavefronts, orthogonal to the rays, is
the same for all rays [20, p.130], see also Chapter 2. As we deal with parallel beams
of light rays, the wavefronts coincide with the source and target planes, so the total
optical path length will be independent of the position vector x and can be written
as

V = u1(x) + d(x) + u2(y). (3.36)

First we derive the mathematical expressions for the reflector surfaces. The optical
distance d between the reflectors can be expressed as

d2 =
(
u1(x) + u2(y)− `

)2 + |x− y|2. (3.37)

Thus, from equations (3.36) and (3.37) we obtain(
V − u1(x)− u2(y)

)2 =
(
u1(x) + u2(y)− `

)2 + |x− y|2,

which can be rewritten as

u1(x) + u2(y) = β2 + 2β`− |x− y|2

2β . (3.38)

This is a mathematical expression for the location and shape of the reflectors, where
β = V − ` is the "reduced" optical path length [18].

Next, we derive an expression for the optical map m. The vertical distance
between source and target planes is given by

` = u1(x)− (−ŝ · t̂)d(x) + u2(y), (3.39)

where the second term is the projection of d(x)t̂ on −ŝ, which is counted twice in the
sum u1(x) + u2(y). Subtracting (3.39) from (3.36) and using the relation ŝ · t̂ = t3,
we obtain the following expression for the distance between the reflectors

V − ` = (1− t3)d(x). (3.40)

The image on the target of the point x ∈ S is the point (y, `) with y ∈ T under
the ray trace mapping m, i.e., y = m(x) for x ∈ S. This mapping can be obtained
by the projection of t̂ on the plane α1, i.e.,

m(x) = x +

t1
t2

 d(x). (3.41)

Using the expression for t̂ in equation (3.35) we can rewrite (3.41) as follows

m(x) = x + (1− t3)d(x)∇u1. (3.42)

Combining (3.40) and (3.42), we find the relation

m(x) = x + β∇u1(x). (3.43)
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The energy conservation relation (3.2) for this case becomes

f(x) = g(m(x))
∣∣det(Dm(x))

∣∣, ∀x ∈ S, (3.44)

where Dm is the Jacobian of the mapping m : S → T , which measures the expan-
sion/contraction of a tube of rays due to the two reflections.

To summarize, we derived a mathematical formulation (3.38) representing the
shape of the reflectors, expressions for the optical map m(x) and the energy conser-
vation relation given by (3.43) and (3.44), respectively.

3.2.2 Lens system with two-freeform surfaces

The optical system for freeform lens design or collimated beam shaping has two dif-
ferent layouts: one single lens with two freeform surfaces, or two separate lenses with
altogether two freeform surfaces. The geometrical structure of both optical systems
is shown schematically in Figure 3.6. The source and target are situated in a medium
of refractive index of no, and the refractive index between the freeform surfaces is
ni. If we choose no = 1 and ni > 1 then Figure 3.6 represents a single lens optical
system with two-freeform surfaces, and for the choices ni = 1 and no > 1 it represents
an optical system of two separate lenses with altogether two freeform surfaces. Let
(x1, x2, z) ∈ R3 denote the Cartesian coordinates with z the horizontal coordinate
and x = (x1, x2) ∈ R2 the coordinates in the source plane z = 0, denoted by α1, and
let S be a bounded source domain in the plane α1. The source S emits parallel light
rays which propagate in the positive z-direction. The emittance of the source is given
by f(x) [lm/m2], x ∈ S. The target at a distance ` > 0 from the plane α1 is denoted
by T .

The incoming light rays, starting in the medium of refractive index no, are in-
tercepted by the first lens surface L1, defined as the graph of a function z ≡ u1(x),
x ∈ S. The light rays are refracted off by L1, and intercepted by the second freeform
surface L2, which transforms it into the output wavefront, which is required to have
parallel light rays in the positive z-direction. The second lens surface L2 is defined
as the graph of a function w ≡ ` − z = u2(y), y ∈ T , where y ≡ (y1, y2) ∈ R2 are
the Cartesian coordinates of the target plane α2. After refraction at L2 the rays are
again in the medium of refractive index no.

Here, the goal is to achieve the desired illuminance g(y) [lm/m2] at the target
plane α2 : z = ` corresponding to a given emittance f(x), with a desired phase profile
of the output beam, i.e., after two refractions the refracted rays must form a parallel
beam. It has been assumed that both freeform surfaces L1 and L2 are perfect lens
surfaces and no energy is lost in the refraction.

The mappingm can be derived by tracing a typical ray through the optical system.
Let us consider a ray emitted from a position x ∈ S on the source and propagating
in the positive z-direction and let ŝ be the unit direction vector of the incident ray.
The ray strikes the first freeform surface L1, refracts off in the direction t̂, strikes the
second freeform surface L2, and reflects off, again in the direction ŝ = êz. The unit
surface normal of the first freeform surface L1, directed towards the light source, is
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Figure 3.6: Freeform lens optical system for parallel to parallel mapping.

given by

n̂1 = 1√
|∇u1|2 + 1


u1,x1

u1,x2

−1

 . (3.45)

According to Snell’s law [14, 13], the direction t̂ = t̂(x) of the refracted ray can be
expressed as

t̂ = ηŝ+ F (|∇u1|; η)n̂1, (3.46)

where η = no/ni is the ratio of the corresponding refractive indexes and function F
is defined in (3.30b). If we write t̂ = (t1, t2, t3)T then the first two components of the
vector t̂ can be written as a function of the third component:t1

t2

 = (η − t3)∇u1. (3.47)

The total optical path length or point characteristic V (x, y) corresponding to the ray
associated with a point x ∈ S, is given by

V (x, y) = nou1(x) + nid(x) + nou2(y), (3.48)

where d(x) is the distance between the freeform surfaces L1 and L2 along the ray
refracted in the direction t̂(x). The theorem of Malus and Dupin (the principle of equal
optical path) states that the total optical path length between any two wavefronts,
orthogonal to the rays, is the same for all rays. As we deal with two parallel beams
of light rays, the wavefronts coincide with planes α1 and α2. Therefore, the total
optical path length will be independent of the position vector x, i.e., V (x, y) = V .
The horizontal distance ` between the source and the target plane is given by

` = u1(x) + (ŝ · t̂)d(x) + u2(y). (3.49)
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Using equations (3.46), (3.48) and (3.49), we obtain the following expression

d(x) = β

ni − not3
, (3.50)

where β = V − no` is a constant.
Next, we derive a mathematical expression for the location of the freeform surfaces.

An alternative expression for the distance d reads

d2 =
(
`− u1(x)− u2(y)

)2 + |x− y|2. (3.51)

Combining equations (3.48) with V (x, y) = V = constant and (3.51), we obtain

n2
i
(
`− u1(x)− u2(y)

)2 + n2
i |x− y|2 =

(
V − nou1(x)− nou2(y)

)2
,

which can be rewritten as[
u1(x) + u2(y)− noV − n2

i `

n2
o − n2

i

]2
= n2

i β
2

(n2
o − n2

i )2 + n2
i

n2
o − n2

i
|x− y|2,

and after elementary algebraic derivations, we obtain

u1(x) + u2(y) = c(x, y), (3.52a)

where c(x, y) is the cost function, given by

c(x, y) = `+ noβ

n2
o − n2

i
± ni

n2
o − n2

i

√
β2 + (n2

o − n2
i )|x− y|2. (3.52b)

This is a mathematical expression for the location of the freeform surfaces but the
sign in front of the square root is unknown yet. To determine this we proceed as
follows. Using equations (3.48) (with V (x, y) = V ) and (3.51), we show that the term
under the square root in equation (3.52) can be expressed as

β2 + (n2
o − n2

i )|x− y|2 = 1
n2

o

(
niβ + d(n2

o − n2
i )
)2 ≥ 0.

Substituting this expression in (3.52), we obtain

u1(x) + u2(y) = `+ noβ

n2
o − n2

i
± ni

n2
o − n2

i

1
no

∣∣niβ + d(n2
o − n2

i )
∣∣. (3.53)

Here, we need to check the sign of the expression niβ + d(n2
o − n2

i ). Substituting d
from equation (3.50), the expression becomes

niβ + d(n2
o − n2

i ) = noβ
no − nit3
ni − not3

. (3.54)

Substituting t3 from (3.46) and (3.46), the above relation can be written as

niβ + d(n2
o − n2

i ) = − ninoβ√
n2

i + (n2
i − n2

o)|∇u1|2
. (3.55)
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As we are dealing with two different layouts or two different optical systems, we
address both optical systems in the above relation one by one. First, we consider the
single lens system, for which no = 1 and ni > 1. The constant β = V − ` > 0 is called
"reduced optical path length" [35]. Thus, the above expression shows that we have
to choose the minus sign for the absolute value in expression (3.53), consequently, we
obtain

u1(x) + u2(x) = `+ noβ

n2
o − n2

i
± nid(1− n2

i )− n2
i β

1− n2
i

.

Substituting d from relation (3.48), the above expression becomes

u1(x) + u2(y) = `+ noβ

n2
o − n2

i
±
(
V − (u1 + u2)− n2

i
1− n2

i
β
)
. (3.56)

In the above equation, the right hand side equals the left hand side for the plus sign,
therefore we have to choose plus sign in (3.52). Thus the mathematical expression for
the lens surfaces becomes

u1(x) + u2(y) = `+ β

1− n2
i

+ ni

1− n2
i

√
β2 + (1− n2

i )|x− y|2 = c1(x, y). (3.57)

We call the right hand side function c1(x, y) the cost function for the first layout:
the single-lens problem. Next, we check signs in the expression (3.52) for the second
layout, i.e., for the optical system with two different lenses consisting two freeform
surfaces. For this case, no > 1 and ni = 1, and the constant β = V − no` < 0. Thus
(3.55) shows that we have to choose the plus sign for the absolute value in expression
(3.53), which results in

u1(x) + u2(y) = `+ noβ

n2
o − 1 ±

β + (n2
o − 1)d

no(n2
o − 1) . (3.58)

Now, we substitute d from relation (3.48) in the above expression, which gives

u1(x) + u2(y) = `+ noβ

n2
o − 1 ±

(
`+ noβ

n2
o − 1 − (u1(x) + u2(y))

)
. (3.59)

In the above equation, the right hand side equals the left hand side for the minus sign,
therefore we have to choose minus sign in (3.52). Thus the mathematical expression
for the lens surfaces becomes

u1(x) + u2(y) = `+ noβ

n2
o − 1 −

1
n2

o − 1
√
β2 + (n2

o − 1)|x− y|2 = c2(x, y). (3.60)

Here, the right hand side function c2(x, y) is the cost function for the second layout:
the two-lens problem. In other words we can say that we have to choose the plus
sign in relation (3.52) for the single-lens problem with no = 1, and minus sign for the
two-lens problem with ni = 1.

Next, the derivation of the optical map follows: the image on the target screen of
the point x ∈ S is the point y ∈ T under the ray trace map m, i.e., y = m(x). This
map can be obtained by the projection of t̂ on the plane α1, i.e.,

m(x) = x +

t1
t2

 d(x). (3.61)
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Substituting (3.47) and (3.50) in (3.61), we have

m(x) = x + β

ni

no − nit3
ni − not3

∇u1. (3.62)

Now, substituting t3 in the above equation from (3.46), the mapping m is given by
the relation

m(x) = x− β∇u1(x)√
n2

i + (n2
i − n2

o)|∇u1|2
. (3.63)

Similar to the two-reflector case, the energy conservation relation (3.2) for this
case is given by

f(x) = g(m(x))
∣∣det(Dm(x))

∣∣, ∀x ∈ S, (3.64)

where Dm is the Jacobian of the mapping m : S → T , which measures the expan-
sion/contraction of a tube of rays due to the two refractions.

To conclude, we have derived a mathematical formulation representing freeform
lens surfaces which are given by expressions (3.57) and (3.60) for the single-lens system
and two-lens system, respectively. Also, we obtained an expression for the ray-trace
mapping m given in (3.63), and equation (3.64) for energy conservation.

3.3 Point Source in, Far-Field out
In this section, we consider an optical system consisting of a single freeform reflector or
lens, with a point light source and a far-field target. First, we elaborate the properties
of the freeform reflector and second, the freeform lens. For both optical systems, we
derive a mathematical formulation representing the shape of the freeform surface, and
an expression for energy conservation.

3.3.1 Single freeform reflector
Let us consider a point source S, situated at the origin O of the Cartesian coordinate
system, as shown in Figure 3.7. We will derive a mathematical expression for a
single reflector system. The intensity distributions are given in spherical coordinates,
let f = f(θ, φ) [lm/sr] be the intensity of the source and g = g(θ′, φ′) [lm/sr] the
intensity of the target in the far field, where θ and φ are the zenith and azimuth angles,
respectively. Similarly the angles θ′ and φ′ are defined for the far-field approximation,
considering the reflector itself a point source.

Let us consider an incident ray propagating in the direction ŝ = (s1, s2, s3)T ,
which intercepts the reflector R at point P , and reflects off in the direction t̂. The
reflector surface is given by the radial coordinate r = u(ŝ). We assume that a virtual
target screen is placed at z = L. The reflected light ray intersects this target screen at
a point Q with position vector x′ = (x′1, x′2, L) ∈ R3. Then the mixed characteristic
W ∗ is given by

W ∗(ŝ,x′) = u(ŝ) + |PQ|

= u(ŝ) +
√

(x′1 − us1)2 + (x′2 − us2)2 + (L− us3)2.
(3.65)
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Figure 3.7: A freeform reflector for a point light source.

Note that, with a slight abuse of notation we write W ∗(ŝ,x′). However, recall that
two components of ŝ and x′ are independent, and the third component is fixed. The
vector PQ connecting the points P and Q is parallel to the reflected direction t̂, thus
we can write

t̂ =


t1

t2

t3

 = 1√
(x′1 − us1)2 + (x′2 − us2)2 + (L− us3)2


x′1 − us1

x′2 − us2

L− us3

 . (3.66)

The angular characteristic is given by

T (ŝ, t̂) = W ∗(ŝ,x′)− x′1t1 − x′2t2. (3.67)

Note that two components of ŝ and t̂ are independent, and the third component is
fixed, so for ease of notation we write T (ŝ, t̂). Substituting the expression for the
mixed characteristic W ∗ from equation (3.65), the expression above becomes

T (ŝ, t̂) = u(ŝ) +
√

(x′1 − us1)2 + (x′2 − us2)2 + (L− us3)2 − x′1t1 − x′2t2. (3.68)

By inserting components (t1, t2) of the vector t̂ from relation (3.66), we obtain

T (ŝ, t̂) = u(ŝ) + (x′1 − us1)(−us1) + (x′2 − us2)(−us2) + (L− us3)2√
(x′1 − us1)2 + (x′2 − us2)2 + (L− us3)2

= u(ŝ) + Lt3 − u(ŝ)(ŝ · t̂)
= u(ŝ)(1− ŝ · t̂) + Lt3.

(3.69)
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Taking the logarithm of expression (3.69) gives

log u(ŝ)− log
(
T (ŝ, t̂)− Lt3

)
= − log(1− ŝ · t̂). (3.70)

Next, we employ the stereographic projection for both the incident and reflected
directions. We denote the stereographic coordinates of the incident direction ŝ by x,
and are defined analogously to (3.10). Using relation (3.11), we find

1− ŝ · t̂ = 2|x− y|2

(|x|2 + 1)(|y|2 + 1) . (3.71)

Let us define the auxiliary functions u1(ŝ) and u2(t̂) as

u1(x) = 1
2 log

(
u(ŝ)
|x|2 + 1)

)
,

u2(y) = −1
2 log

((
T (ŝ, t̂)− Lt3

)(
|y|2 + 1

)
2

)
.

For a one-to-one correspondence between ŝ and t̂. Substituting expression (3.71) in
relation (3.70), and using the above defined auxiliary functions u1 and u2, eventually
we end up with the following relation

u1(x) + u2(y) = − log (|x− y|) = c(x, y). (3.72)

This is the mathematical expression governing the shape and the location of the
freeform reflector in the corresponding stereographic coordinate systems.

The derivation of the optical map using the ray-trace approach via the law of
reflection results in a complicated process. A simpler derivation for the map m can
be obtained from relation (3.72) using mass transport theory instead of ray tracing.
We will explain this in Chapter 4.

Applying the coordinate transformation for both distributions viz. the source
intensity f(ψ ≡ (θ, φ)) and the target intensity distribution g(ψ′ ≡ (θ′, φ′)) as ex-
plained in Section 3.1, we obtain the following equation for the energy conservation
relation (3.2), i.e.,∫∫

A
f̃(x) 4

(|x|2 + 1)2 dx =
∫∫

m(A)
g̃(y) 4

(|y|2 + 1)2 dy, (3.73)

and after a change of variables this becomes

|det(Dm(x))| =
(

(|m(x)|2 + 1)
(|x|2 + 1)

)2
f̃(x)

g̃(m(x)) , (3.74)

where f̃(x) = f(ψ) and g̃(y) = f(ψ′).
In summary, we have derived a mathematical relation (3.72) representing the shape

of the reflector and also obtained an expression (3.74) for the energy conservation.
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3.3.2 Lens with single freeform surface
Let us consider the same coordinate system as described in the reflector case, a point
light source S, situated at the origin O, as shown in Figure 3.8. In this case we derive
a mathematical expression for a single freeform lens surface which redistributes a
given intensity f = f(θ, φ) [lm/sr] of the source into the desired intensity distribution
g = g(θ′, φ′) [lm/sr] at the far-field target. We consider a lens of refractive index n
with a spherical surface closest to S and a freeform surface L, as sketched in Figure
3.8. As we are dealing with a point light source the spherical surface does not influence
the direction of the incident light rays, so it can be ignored.

Figure 3.8: Single freeform surface lens system for a point light source.

Let us consider an incident ray propagating in the direction ŝ which intercepts the
freeform lens surface L at the point P and refracts in the direction t̂. We assume a
virtual target plane at z = L. The freeform lens surface is given by the radial coordin-
ate r = u(ŝ). The refracted ray intersects the virtual plane at point Q(x′1, x′2, L), and
thus the mixed characteristic for the lens case is given by

W ∗(ŝ,x′) = nu(ŝ) + |PQ|

= nu(ŝ) +
√

(x′1 − us1)2 + (x′2 − us2)2 + (L− us3)2.
(3.75)

Analogous to the reflector case, we can obtain an expression for the refracted direction
t̂ by connecting the points P and Q, similar to (3.66). Furthermore, analogous to
relation (3.69), we obtain

T (ŝ, t̂) = u(ŝ)(n− ŝ · t̂) + Lt3. (3.76)

Taking the logarithm of expression (3.76) and assuming one-to-one correspondence
between ŝ and t̂, we get

u1(ŝ) + u2(t̂) = − log(n− ŝ · t̂), (3.77)
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where u1(ŝ) = log u(ŝ) and u2(t̂) = − log
(
T (ŝ, t̂)− Lt3

)
.

The energy balance condition for spherical coordinates can be written as∫∫
S
f(θ, φ) sin(θ)dθdφ =

∫∫
T
g(θ′, φ′) sin(θ′)dθ′dφ′. (3.78)

We can express the vectors ŝ and t̂ in parametric form as

ŝ =


s1

s2

s3

 =


sin(θ) cos(φ)

sin(θ) sin(φ)

cos(θ)

 , t̂ =


t1

t2

t3

 =


sin(θ′) cos(φ′)

sin(θ′) sin(φ′)

cos(θ′)

 , (3.79)

and for the parametric form, the energy balance (3.78) can be transformed as∫∫
S∗
f∗(s1, s2)J(s1, s2)

√
s2

1 + s2
2ds1ds2 =

∫∫
T ∗
g∗(t1, t2)J(t1, t2)

√
t21 + t22dt1dt2,

(3.80)

where f∗(s1, s2) = f(θ, φ), g∗(t1, t2) = g(θ′, φ′), and S∗ and T ∗ represent the corres-
ponding sets in coordinate systems ŝ and t̂, respectively, and J(s1, s2) and J(t1, t2)
are the corresponding Jacobian, computed as follows

J(s1, s2) =
∣∣∣∣ ∂θ∂s1

∂φ

∂s2
− ∂φ

∂s1

∂θ

∂s2

∣∣∣∣ = 1√
s2

1 + s2
2
√

1− s2
1 − s2

2
,

J(t1, t2) =
∣∣∣∣ ∂θ∂t1 ∂φ∂t2 − ∂φ

∂t1

∂θ

∂t2

∣∣∣∣ = 1√
t21 + t22

√
1− t21 − t22

.

Substituting these expressions in the energy balance (3.80), we obtain∫∫
S∗
f∗(s1, s2) 1√

1− s2
1 − s2

2
ds1ds2 =

∫∫
T ∗
g∗(t1, t2) 1√

1− t21 − t22
dt1dt2, (3.81)

To conclude, we have derived a mathematical relation (3.77) representing freeform
lens surface, and an expression (3.81) for the energy conservation.

3.4 Point Source in, Point Target out
In this section, we discuss a system consisting of two reflectors with a point light source
and a point target as well. Let us consider a point light source S with intensity f =
f(θ, φ) [lm/sr], and two freeform reflectors as shown in Figure 3.9, which transform
the given intensity f(θ, φ) of the source into the desired intensity g = g(θ′, φ′) [lm/sr]
at the target T .

Let us consider a ray emitted from the source S, which strikes the reflector R1
at point a, and reflects off towards the reflector R2, and strikes R2 at point b, and
finally arrives at the target T . The reflector R1 is given by the function r1 = u1(ŝ),
where ŝ ∈ S2 represents the direction of incident rays and the reflector R2 is given by
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Figure 3.9: A two-reflector optical system for a point light source.

the function r2 = u2(t̂), where t̂ ∈ S2 is the direction of the corresponding outgoing
ray as shown in Figure 3.9.

Let `(ê) be the distance between the source and the target, where the unit vector
ê represents the direction of this distance vector. Using the theorem of Malus and
Dupin (the principle of equal optical path) which states that the total optical path
length between any two wavefronts, orthogonal to the rays, is the same for all rays, we
obtain the following expression for the total optical path length or point characteristic
L = V , i.e.,

L = u1(ŝ) + d+ u2(t̂), (3.82)
where d is the distance between the reflectors, in particular the distance between
points a and b, which can be obtained by

d2 = |`ê− u1(ŝ)ŝ− u2(t̂)t̂|2,
= `2 + u1(ŝ)2 + u2(t̂)2 − 2`u1(ŝ)ê · ŝ− 2`u2(t̂)ê · t̂+ 2u1(ŝ)u2(t̂)ŝ · t̂.

(3.83)

Thus from equations (3.82) and (3.83), we have

(L2− `2)− 2u1(ŝ)(L− `ê · ŝ)− 2u2(t̂)(V − `ê · t̂) + 2u1(ŝ)u2(t̂)(1− ŝ · t̂) = 0. (3.84)

Let us define

κ1(ŝ) = 1
2u1(ŝ)(L− `ê · ŝ) , κ2(t̂) = 1

2u2(t̂)(L− `ê · t̂)
. (3.85)

After multiplication of equation (3.84) with κ1κ2, we obtain

(L2 − `2)κ1(ŝ)κ2(t̂)− κ1(ŝ)− κ2(t̂) + 1− ŝ · t̂
2(L− `ê · ŝ)(L− `ê · t̂)

= 0, (3.86)

and after a little algebra equation (3.86), can be rewritten as(
κ1(ŝ)− 1

L2 − `2

)(
κ2(t̂)− 1

L2 − `2

)
= 1

(L2 − l2)2−
1− ŝ · t̂

2(L2 − `2)(L− `ŝ · ê)(L− `ê · t̂)
.

(3.87)
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We define auxiliary functions ũ1(ŝ) and ũ2(t̂) as

ũ1(ŝ) = log
(
κ1(ŝ)− 1

L2 − `2

)
, ũ2(t̂) = log

(
κ2(t̂)− 1

L2 − `2

)
.

Taking the logarithm of expression (3.87), and using auxiliary functions ũ1(ŝ) and
ũ2(t̂), we obtain

ũ1(ŝ) + ũ2(t̂) = log
(

1
(L2 − l2)2 −

1− ŝ · t̂
2(L2 − `2)(L− `ê · ŝ)(L− `ê · t̂)

)
= c(ŝ, t̂).

(3.88)
This is a mathematical expression for the location and shape of the reflectors. It
is possible to write the expression above in form of stereographic coordinates but
that needs further investigation, and an expression for the map m can be obtained
accordingly using mass transport approach.

Similar to the single lens system, explained in Section 3.3, the energy balance
condition for spherical coordinates can be written as∫∫

S
f∗(s1, s2) 1√

1− s2
1 − s2

2
ds1ds2 =

∫∫
T
g∗(t1, t2) 1√

1− t21 − t22
dt1dt2. (3.89)

To conclude, we have derived a mathematical expression for the shape of the
reflectors which is given by (3.88). Also obtained an expression (3.89) for the energy
conservation.

3.5 Summary
To conclude, we make a list of available results for all optical systems in this section.
We also mention those optical systems that we couldn’t manage yet. In the preceding
sections we discussed about some optical systems and established a relation between
optical surface(s) and a function which is actually the cost function in mass transport
theory. For some optical systems, we also obtained a relation for the mapping from
the source to the target domain. We are not able to manage the lens optical system
for point-to-point mapping, this might be a topic of future research. See Table 3.1 to
have an overview of all described optical systems.
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Table 3.1: Cost function and mapping for the optical systems

Optical system Cost function Mapping

Parallel to far field, reflector 1
2 |x− y|2 ∇u(x)

Parallel to far field ,lens 1
2 |x− y|2 n∇u(x)

Parallel to parallel, reflectors β2+2β`−|x−y|2
2β x + β∇u1(x)

Parallel to parallel, lenses `+ noβ
n2

o−n2
i
± ni

n2
o−n2

i

√
β2 + (n2

o − n2
i )|x− y|2 x− β∇u1(x)√

n2
i +(n2

i−n2
o)|∇u1|2

Point to far field, reflector -log (|x− y|) NA

Point to far field, lens -log(n− ŝ · t̂) NA

Point to point, reflectors log
 1

(L2−l2)2 − 1−ŝ·̂t
2(L2−`2)(L−`ê·ŝ)(L−`ê·̂t)

 NA

Point to point, lens NA NA
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Chapter 4

Mass Transport Problem in
Optical Design

“Mathematics allows us to go
beyond our intuition and explore
territories which do not fit within
our grasp.”

Cèdric Villani

Freeform optics concerns the computation and design of surfaces of an optical
system that converts a given light distribution of the source into a desired light distri-
bution at the target. The key problem is to find an optical map which redistributes
all light from the source into a desired distribution at the target while satisfying the
laws of reflection and refraction, and conservation of energy. These requirements mo-
tivate us to define the design problem in the framework of optimal mass transport
theory, where the problem is to find a transfere plan which reallocates all mass from
one location to another while minimizing the total transportation cost [33, 36]. In the
previous chapter, we obtained the following relation for several optical systems, i.e.,

u1(x) + u2(y) = c(x, y), with y = m(x), (4.1)

where c(x, y) is the cost function, m(x) is the optical mapping, and u1(x), u2(y)
represent the freeform surfaces of the corresponding optical system.

First, in Section 4.1, we discuss some basic properties of c-concave and c-convex
functions, and establish some results which bridge optical design and mass transport
theory. Next, in Section 4.2, we provide an overview of the mass transport theory
and make the connection with optical design problems. Subsequently, in Section 4.3,
we elaborate the optical design problem of several systems discussed in the previous
chapter, using properties of optimal mass transport theory. Next, in Section 4.4, we
provide a literature overview on available inverse methods to solve the freeform design
problems. Finally, we summarize the chapter in Section 4.5.
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4.1 C-Concave/Convex Functions
In this section, first we give basic definitions of concave/convex and c-concave/convex
functions. Next, we establish some important results for c-concave/convex functions
which provide a link between optical design problems and mass transport theory. Let
us first recall basic notions of concave/convex functions.

Definition 4.1.1. Concave/Convex functions
A real-valued function defined on a set S ⊂ R2 (we restrict ourselves to two-dimensional
spaces) is called concave (convex) if the chord between any two points on the graph of
the function lies below (above) or on the graph.
In other words, a function h : S → R is concave if and only if for all x, y ∈ S and
t ∈ [0, 1], we have

h(tx + (1− t)y) ≥ th(x) + (1− t)h(y),

and likewise convex if

h(tx + (1− t)y) ≤ th(x) + (1− t)h(y).

Concave/Convex functions have the following properties

• A twice differentiable function is concave (convex) if and only if its Hessian
matrix is negative (positive) semi-definite on the interior of the domain.

• Real-valued concave/convex functions are continuous and locally Lipschitz in
the interior of their domain, although on the boundary of the domain the func-
tions could be discontinuous [36].

• Any local maximum (minimum) of a concave (convex) function is also a global
maximum (minimum).

Definition 4.1.2. C-Concave/Convex functions
A real-valued function is called c-concave if it equals its second c-transformation. Let
us consider two compact sets S, T ⊂ R2, a continuous (cost) function c : S ×T → R,
and a function ϕ : S → R then its c-transform ϕc : T → R is defined as:

ϕc(y) = min
x∈S

[c(x, y)− ϕ(x)], ∀ y ∈ T .

The function ϕ is called c-concave if ϕ = (ϕc)c, and is defined as follows

ϕ(x) = min
y∈T

[c(x, y)− ψ(y)], ψ(y) = min
x∈S

[c(x, y)− ϕ(x)],

where ψ = ϕc, and likewise we can define a c-convex function replacing the minimum
by the maximum. C-Concave/Convex functions have the following properties

• The graph of a c-concave function can be defined as the envelope of the negative
of concave (cost) functions, see Figure 4.1, [37].

• As a special case, for the cost function c(x, y) = x · y, the c-transform coincides
with the Legendre transform and c-concavity is just plain concavity [37], which
can be seen from Theorem 4.1.5.
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(a) Graph of a concave function.

(b) Graph of a c-concave function.

Figure 4.1: Geometrical representation of a concave and c-concave function. A con-
cave function can be supported by planes whereas a c-concave function is entirely
supported by the negative of the cost (concave) function [37].

Next, for all our optical systems, we restrict ourselves to a c-convex/concave pair
(u1, u2) to verify the existence and uniqueness of an optical map. The c-concave pair
(u1, u2) is defined as follows:

u1(x) = min
y∈T

[c(x, y)− u2(y)] ∀ x ∈ S, (4.2a)

u2(y) = min
x∈S

[c(x, y)− u1(x)] ∀ y ∈ T , (4.2b)

and likewise, the c-convex pair is given by

u1(x) = max
y∈T

[c(x, y)− u2(y)] ∀ x ∈ S, (4.3a)

u2(y) = max
x∈S

[c(x, y)− u1(x)] ∀ y ∈ T . (4.3b)

Definition 4.1.3. Twist condition
A cost function c : S × T → R satisfies the twist condition if it is differentiable with
respect to x at every point of the domain and the map ∇xc(x, .) is injective [37].
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Note that the twist condition for our optical design problems, using the inverse
function theorem, becomes to det

(
∇y∇xc(x, y)

)
6= 0.

Theorem 4.1.4.
Let (u1, u2) be a pair of c-concave or c-convex functions and assume c ∈ C1(S × T ).
Then the following holds:
(i) u1 and u2 are Lipschitz continuous.
(ii) u1(x)+u2(y) = c(x, y) for y = m(x). Furthermore the mappingm(x) is implicitly
given by the relation ∇xc(x,m(x)) = ∇u1(x) assuming ∇y∇xc(x, y) is invertible.

Proof. Here, we provide the proof only for a c-concave pair (u1, u2). The results for
a c-convex pair (u1, u2) can be proven along the same lines.

(i). Let us assume u1 and u2 are c-concave functions as defined in (4.2). Suppose
that for some y1, y2 ∈ T and y1 6= y2 the optimality condition is satisfied, i.e., for
some x1, x2 ∈ S, we have

u1(x1) = c(x1, y1)− u2(y1),
u1(x2) = c(x2, y2)− u2(y2).

From the first equation, we conclude the following

u1(x1) =
(
c(x1, y1)− c(x2, y1)

)
+
(
c(x2, y1)− u2(y1)

)
,

and by virtue of (4.2a), we deduce

u1(x1) ≥
(
c(x1, y1)− c(x2, y1)

)
+ u1(x2)

implying that

u1(x1)− u1(x2) ≥ c(x1, y1)− c(x2, y1).

As the cost function c(x, y) is continuously differentiable, and since every continuously
differentiable function is locally Lipschitz continuous [37, p. 220]. We conclude that

u1(x1)− u1(x2) ≥ −L|x1 − x2|,

where L is the Lipschitz constant for c with respect to x. In a similar fashion, we
obtain the relation

u1(x2)− u1(x1) ≥ −L|x2 − x1|.

Combining the above relations, we conclude that

−L|x1 − x2| ≤ u1(x1)− u1(x2) ≤ L|x2 − x1|,

or equivalently

|u1(x1)− u1(x2)| ≤ L|x1 − x2|.

This shows that u1 is Lipschitz continuous. Similarly we can prove that u2 is also
Lipschitz continuous.
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(ii). Let us assume that the mapping y = m(x) is an optimal mapping, i.e.,

u1(x) + u2(m(x)) = c(x,m(x)), ∀x ∈ S.

Since the function u1 is locally Lipschitz continuous and the cost function c is continu-
ously differentiable, more precisely in our optical design problems the cost function
c is either concave or convex, thus by Rademacher’s theorem [38, p.103] u1 is dif-
ferentiable all most everywhere. Furthermore, Aleksandrov’s theorem [38, p.273-276]
states that "a convex/concave function is automatically twice differentiable almost
everywhere." Using these theorems, we obtain from the c-concave definition

∇xc(x, y)−∇u1(x) = 0, for y(x) = m(x),

and with the twist condition, i.e., ∇y∇xc(x, y) invertible, the Implicit Function The-
orem [39, p.732] states that the mapping m, implicitly given by

∇u1(x) = ∇xc(x,m(x)),

exists almost everywhere.

Theorem 4.1.5.
(i). A convex cost function c preserves convexity of a pair (u1, u2) of c-convex func-
tions.
(ii). A concave cost function c preserves concavity of a pair (u1, u2) of c-concave
functions.

Proof. (i). Let us consider a c-convex pair (u1, u2) as defined in (4.3), i.e.,

u1(x) = max
y∈T

[c(x, y)− u2(y)] ∀ x ∈ S.

For a constant t ∈ [0, 1] and for all x1, x2 ∈ S, we can write

u1
(
tx1 + (1− t)x2

)
= max

y∈T
[c
(
tx1 + (1− t)x2, y

)
− u2(y)].

As the cost function c is convex, from the above relation, we conclude the following

u1
(
tx1 + (1− t)x2

)
≤ max

y∈T
[tc(x1, y) + (1− t)c(x2, y)− u2(y)]

= max
y∈T

[t
(
c(x1, y)− u2(y)

)
+ (1− t)

(
c(x2, y)− u2(y)

)
].

As we know that the maximum of the sum of two functions is always less than or
equal to the sum of their individual maxima, the above relation can be written as

u1
(
tx1 + (1− t)x2

)
≤ tmax

y∈T
[c(x1, y)− u2(y)] + (1− t) max

y∈T
[c(x2, y)− u2(y)]

= tu1(x1) + (1− t)u1(x2),

which shows u1 is convex. The convexity proof of u2 is analogous.
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(ii). Here we have a c-concave pair (u1, u2) as defined in (4.2), i.e.,

u1(x) = min
y∈T

[c(x, y)− u2(y)] ∀ x ∈ S,

and for a constant t ∈ [0, 1] and for all x1, x2 ∈ S, we can write

u1
(
tx1 + (1− t)x2

)
= min

y∈T
[c
(
tx1 + (1− t)x2, y

)
− u2(y)].

We have concave cost c and for this case, we obtain the following

u1
(
tx1 + (1− t)x2

)
≥ min

y∈T
[tc(x1, y) + (1− t)c(x2, y)− u2(y)]

= min
y∈T

[t
(
c(x1, y)− u2(y)

)
+ (1− t)

(
c(x2, y)− u2(y)

)
].

The minimum of the sum of two functions is always greater than or equal to the sum
of their individual minima. Thus the above relation can be written as

u1
(
tx1 + (1− t)x2

)
≥ tmin

y∈T
[c(x1, y)− u2(y)] + (1− t) min

y∈T
[c(x2, y)− u2(y)]

= tu1(x1) + (1− t)u1(x2),

which shows u1 is concave. Similarly, we can prove that u2 is also concave.

Let us define the linear functional L[u1, u2] as

L[u1, u2] =
∫∫
S
u1(x)f(x)dx +

∫∫
T
u2(y)g(y)dy, (4.4a)

for (u1, u2) ∈ K with K the set of all integrable functions satisfying

u1(x) + u2(y) ≤ c(x, y) ∀ x ∈ S, y ∈ T . (4.4b)

The functional L is actually the Kantorovich functional introduced in the Kantorovich
duality theorem, and functions u1 and u2 are c-concave. We discuss this further in
Section 4.2. Here, we are looking for a pair (u1, u2) that maximizes the functional
L while satisfying energy conservation defined as follows. Assume f(x) and g(y) are
energy density functions of the source and target, respectively. The energy balance
condition can be defined as∫∫

S
h(m(x))f(x)dx =

∫∫
T
h(y)g(y)dy, (4.5)

for all continuous test functions h [40], and the map m(x) is known as the energy
preserving map.

Next, we prove that the pair (u1, u2) of c-concave funcations maximizes the func-
tional L, which is an extension of Evans’ results [40].

Theorem 4.1.6.
Let (u1, u2) be a pair of c-concave functions and c ∈ C1(S × T ). Then the following
statements are equivalent:
(i) (u1, u2) maximizes L.
(ii) The mapping y = m(x) implicitly given by ∇xc(x,m(x))−∇u1(x) = 0 is energy
preserving.
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Proof. (i)⇒ (ii).
Let u1 and u2 be c-concave functions maximizing L. We need to prove that the map-
ping y = m(x), implicitly given by ∇xc(x,m(x))−∇u1(x) = 0 is energy preserving.
Let us define variations in u1 and u2 for a fixed τ > 0, as follows{

u2,τ (y) := u2(y) + τh(y) ∀ y ∈ T ,
u1,τ (x) := miny∈T [c(x, y)− u2,τ (y)] ∀ x ∈ S.

Since u1,τ (x) + u2,τ (y) ≤ c(x, y), the pair (u1,τ , u2,τ ) ∈ K. On other hand the pair
(u1, u2) maximizes L, thus we have

L[u1,τ , u2,τ ] ≤ L[u1, u2],

and since τ > 0, we conclude

L[u1,τ , u2,τ ]− L[u1, u2]
τ

≤ 0.

Substituting the expression for the functional L from (4.4a), we find∫∫
S

[
u1,τ (x)− u1(x)

τ

]
f(x)dx +

∫∫
T
h(y)g(y)dy ≤ 0. (∗)

Since for all x ∈ S there is a yτ (x) ∈ T such that

u1,τ (x) = c(x, yτ (x))− u2,τ (yτ (x)),

then following holds

u1,τ (x)− u1(x) =
(
c(x, yτ (x))− u2(yτ (x))

)
− u1(x)− τh(yτ (x)) ≥ −τh(yτ (x)).

On the other hand, for all x ∈ S there is a y(x) ∈ T such that

u1(x) = c(x, y(x))− u2(y(x)),

which gives

u1,τ (x)− u1(x) ≤
(
c(x, y(x))− u2(y(x))

)
− u1(x)− τh(y) = −τh(y),

Thus from the above, we conclude that

−h(yτ ) ≤ u1,τ (x)− u1(x)
τ

≤ −h(y). (∗∗)

When τ → 0, yτ → y := m(x) as u1, u2 and c are continuous functions. From
equations (*) and (**), we have

−
∫∫
S
h(m(x))f(x)dx +

∫∫
T
h(y)g(y)dy ≤ 0.

Replacing h by −h, we deduce that equality holds, i.e.,∫∫
S
h(m(x))f(x)dx =

∫∫
T
h(y)g(y)dy,
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which show that m is energy preserving.

(ii)⇒ (i).
Assume that the mappingm is energy preserving and implicitly given by the relation
∇xc(x,m(x))−∇u1(x) = 0. For the c-concave pair (u1, u2) and the optimal mapping
m, we have

u1(x) + u2(m(x)) = c(x,m(x)), ∀x ∈ S.

Thus, for each pair (ũ1, ũ2) ∈ K, other than (u1, u2), we can write

ũ1(x) + ũ2(m(x)) ≤ c(x,m(x)) = u1(x) + u2(m(x)).

Integrating this against f , we obtain∫∫
S
ũ1(x)f(x)dx +

∫∫
S
ũ2(m(x))f(x)dx ≤

∫∫
S
u1(x)f(x)dx +

∫∫
S
u2(m(x))f(x)dx.

Using energy conservation, results in∫∫
S
ũ1(x)f(x)dx +

∫∫
S
ũ2(m(x))g(m(x))|det(Dm(x))|dx

≤
∫∫
S
u1(x)f(x)dx +

∫∫
S
u2(m(x))g(m(x))|det(Dm(x))|dx,

and after change of variables, we get∫∫
S
ũ1(x)f(x)dx +

∫∫
T
ũ2(y)g(y)dy ≤

∫∫
S
u1(x)f(x)dx +

∫∫
T
u2(y)g(y)dy

or equivalently,

L[ũ1, ũ2] ≤ L[u1, u2],

which proves that (u1, u2) is a maximizer of the functional L.

From Theorem 4.1.6 we conclude that the c-concave pair (u1, u2) maximizes L
with the energy conserving mapping m implicitly given by

∇xc(x,m(x))−∇u1(x) = 0. (4.6)
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4.2 Optimal Mass Transport Problem

Gaspard Monge

Leonid Kantorovich in 1975

In mathematics and economics, the field of
optimal transport theory was first formalized
by the French geometer Gaspard Monge in
1781 [41]. Major advances were produced in
the transport field during the second world
war by Soviet mathematician and economist
Leonid Vitaliyevich Kantorovich. In 1942,
Kantorovich formulated a relaxed version of
the Monge problem as a linear optimiza-
tion problem on a convex domain [42, 43].
Later on, the problem became known as the
Monge-Kantorovich transportation prob-
lem. The original Monge-Kantorovich problem
can be formulated as follows. Consider a pile of
sand occupying a region S ⊂ R2 and a hole at
another location T ⊂ R2 with the same total
volume. Let f(x), x ∈ S denotes the dens-
ity distribution of the sand and g(y) ∈ T the
density of the hole, see Figure 4.2. The Monge
problem is to find a mass-preserving transfer-
ence plan y = m(x) : S → T , which minimizes
the total transport cost, given by

I[m] =
∫∫
S
c(x,m(x))f(x)dx, (4.7)

where c(x, y) ≥ 0 is a function which tells us
how much it costs to transport one unit of mass
from x ∈ S to y ∈ T . The mapping m is also
known as "push forward map", i.e., m trans-
ports S onto T . More precisely, the map m is
a one-to-one mapping, i.e., each location x ∈ S is associated with a unique destination
y ∈ T [33]. The density functions must satisfy the mass balance condition, i.e., for
each A ⊂ S, we have ∫∫

A
f(x)dx =

∫∫
m(A)

g(y)dy, (4.8)

and after a change of variables this condition reads

f(x) = g(m(x))|det(Dm(x))|, ∀x ∈ S, (4.9)

where Dm is the Jacobian matrix of the mappingm. The mass transfer problem can
be written as

min
m

{∫∫
S
c(x,m(x))f(x)dx

∣∣ f(x) = g(m(x))|det Dm(x)|
}
. (4.10)

An important theorem introduced by Kantorovich [33], called the Kantorovich
duality theorem, states that this minimization problem is equivalent to maximize a
functional with a constraint.
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Figure 4.2: Monge’s mass transportation problem.

Theorem 4.2.1. Kantorovich duality
Let S and T be compact sets, f : S → [0,∞) and g : T → [0,∞) are density functions,
and c : S × T → [0,∞) a lower semi-continuous cost function. The density functions
f and g satisfy ∫∫

S
f(x)dx =

∫∫
T
g(y)dy.

Define

L[ϕ,ψ] =
∫∫
S
ϕ(x)f(x)dx +

∫∫
T
ψ(y)g(y)dy, (4.11)

for all ϕ ∈ L1(S), ψ ∈ L1(T ), and let K be the set of all continuous and bounded
functions (ϕ,ψ) ∈ L1(S)× L1(T ) satisfying

ϕ(x) + ψ(y) ≤ c(x, y) ∀ x ∈ S, y ∈ T . (4.12)

Then
min

m∈M
I[m] = max

(ϕ,ψ)∈K
L[ϕ,ψ], (4.13)

whereM is the set of all measure preserving mappings m : S → T .

We are not going to prove this theorem, the proof can be found in the book of C.
Villani [33, pp. 19-33], however, for a better understanding of the theorem, we quoted
a paragraph of his book: "The shipper’s problem - Here is an informal way of
interpreting Kantorovich duality principle. Suppose for instance that you
are both a mathematician and an industrialist, and want to transfer a huge
amount of coal from your mines to your factories. You can hire trucks to
do this transportation problem, but you have to pay them c(x, y) for each
ton of coal which is transported from place x to place y. Both the amount
of coal which you can extract from each mine, and the amount which each
factory will receive, are fixed. As you are trying to solve the associated
Monge-Kantorovich problem in order to minimize the price you have to
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pay, another mathematician comes to you and tells you "My friend, let
me handle this for you: I will ship all your coal with my own trucks and
you won’t have to worry about what goes where. I will just set a price
ϕ(x) for loading one ton of coal at place x, and a price ψ(y) for unloading
it at destination y. I will set the prices in such a way that your financial
interest will be to let me handle all your transportation! Indeed, you can
check very easily that for all x and all y, the sum ϕ(x) + ψ(y) will always
be less than the cost c(x, y) (in order to achieve this goal, I am even ready
to give financial compensations for some places, in the form of negative
prices!)". Of course you accept the deal. Now, what Kantorovich’s duality
tells you is that if this shipper is clever enough, then he can arrange the
prices in such a way that you will pay him (almost) as much as you would
have been ready to spend by the other method."

The minimizer of the Monge problem (4.10) or maximizer of its dual Monge-
Kantorovich problem (4.11)-(4.12) are called optimal transport plans that redistribute
the mass of the origin S to destination T . Existence and uniqueness of the optimal
transport plan was an open issue for over several decades until progress was made by
Kantorovich in 1942 [42]. Afterwards, the problem had been studied by many authors
including Brenier, Knott and Smith, etc., and they obtained many important results.

The issue of uniqueness was resolved for a quadratic (distance squared) cost func-
tion, i.e., c(x, y) = |x− y|2. At the same time several mathematicians and economists
viz, Brenier, Knott and Smith, Cuesta-Albertos, Rüschendorf and Rachev, and oth-
ers, showed that the optimal map for the quadratic cost not only exists and is unique,
but also that it can be expressed as the gradient of a convex or a concave potential
[44, 45, 46, 47, 48, 49, 50].

For a cost function other than quadratic, the regularity problem of the Kantorovich
potentials, i.e., functions ϕ,ψ has been an open problem for a long time [33], until
the remarkable work done by Ma, Trudinger and Wang [51]. The authors came up
with an assumption on the cost function c which requires some inequalities on its
fourth-order derivatives. The assumption is not simple but plays an important role
in regularity estimations. Afterwards, the theory of existence and uniqueness of the
solution of the mass transfer problem with non-quadratic cost has been deeply stud-
ied by many authors, under the condition of convexity of the domain and c-convex
or c-concave Kantorovich potential assuming the twist condition on the cost function
[52, 53, 54]. We refer to [37] for detailed discussion of mass transfer theory.

The problem of maximizing the linear functional (4.4a) with constraint (4.4b)
defined in Section 4.1, is exactly the Kantorovich dual problem (4.12). Thus, we
conclude that the optical design problem with a c-concave or c-convex pair (u1, u2),
i.e., Kantorovich potentials is equivalent to an optimal mass transport problem. Fur-
thermore, existence and uniqueness of the map for a continuously differentiable cost
function c(x, y), can be defined under the assumption of c-convex or c-concave Kan-
torovich potentials.
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Remark 4.2.2.
Under certain conditions, there exists a unique c-concave pair (u1, u2) that maxim-
izes the Kantorovich functional L. More details can be found in Villani’s textbook
[33, p.19-33] for a quadratic cost function, and for a non-quadratic cost function we
recommend Villani’s book [37, p. 215-267].
Remark 4.2.3.
We can also define a minimizing problem instead of maximizing the Kantorovich func-
tional L for a c-convex pair (u1, u2), as follows

L[u1, u2] = min
(u∗

1 ,u
∗
2)∈K∗

L[u1, u2]

with

K∗ = {(u1, u2) | u1(x) + u2(y) ≥ c(x, y), x ∈ S, y ∈ T }.

Here, we have focused only on the maximizers, but the existence of minimizers can
also be proved along the same lines.

4.3 Optical Design Problem
In this section, we summarize the energy balance relations for all optical systems
discussed in the previous chapter. We obtained relation (4.1) for several optical
systems. The mapping y = m(x) must satisfy the energy conservation relation (3.2),
i.e., for each A ⊂ S, we have∫∫

A
f(x)dS(x) =

∫∫
t̂(A)

g(y)dS(t̂), (4.14)

where dS(x) and dS(t̂) are surface elements of the respective domains, and t̂ represents
refractive or reflective direction. After a change of variables this becomes

|det(Dm(x))| = f(x)
g(m(x))J(x) , ∀ x ∈ S, (4.15)

where Dm is the Jacobian matrix of the mapping m and J(x) is the Jacobian of the
coordinate transformation depending on the optical system. The problem is to find
an optical map m that satisfies relations (4.1) and (4.15).
Remark 4.3.1.
In computation, for all our optical systems, we choose the plus for the determinant
in equation (4.15).

For optical design problems with quadratic cost function, viz. parallel to far-field
and parallel to parallel mapping, the mapm can be written as a gradient of a potential
function u(x), i.e.,

m(x) = ∇u(x). (4.16)

As we mentioned, Brenier [44, 45] provided an important theorem stating that such
an optimal mapping m is the unique gradient of a convex or a concave function u,
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see also [49, 48, 46]. For the single surface systems u(x) = u1(x) represents the shape
and location of the freeform surface. On the other hand, for the two-reflector optical
system u(x) = 1

2 |x|
2 + βu1(x) corresponds to the first freeform surface. The energy

balance condition (4.15) for these systems, reads

det(D2u(x)) = f(x)
g(m(x)) . (4.17)

This is an elliptic Monge-Ampère equation. We refer to this equation as the standard
Monge-Ampère equation, representing optical systems characterized by a quadratic
cost function. We will discuss further the solution strategies for Monge-Ampère type
equations in the following chapter. Here, we discuss general properties of the cost
functions. For a non-quadratic cost the optical map can not be expressed as a gradient
of some potential function, and energy conservation results in a more complicated
Monge-Ampère type equation [35].

For the optical design problems we have the following boundary condition

m(∂S) = ∂T , (4.18)

stating that the boundary of the source S is mapped to the boundary of the target
T , implying that all energy of the source must be transferred to the target domain.
This is a consequence of the edge ray principle [55].

Subsequently, we derive an expression for the mapping for some optical systems
and formulate an equation of Monge-Ampère type representing the freeform surface
of the optical system.

4.3.1 Optical systems with quadratic cost function
Let us consider the quadratic cost function c(x, y) = 1

2 |x−y|2 and in this case relation
(4.1), representing the location and the shape of the freeform surface, reads

u1(x) + u2(y) = 1
2 |x− y|2. (4.19)

Applying relation (4.6), we obtain the following expression

x− y−∇u1(x) = 0 implying that y = m(x) = x−∇u1(x). (4.20)

Next, we obtain an expression for the mapping and thereafter, formulate the Monge-
Ampère equation for parallel in, far-field out, the reflector and lens systems, and
parallel in, parallel out, the two-reflector system.

Parallel in, far-field out, reflector system

For the single freeform reflector system, the function u1(x) = 1
2 |x|

2−u(x), see relation
(3.12). Substituting u1(x) in the above relation (4.20), we find

y = m(x) = ∇u(x). (4.21)

Note that the optical mapping m given by relation (3.15) coincides with relation
(4.21), which gives an alternative approach to derive the expression for the mapping.
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Substituting, (4.21) in the energy conservation relation (3.19), we obtain the Monge-
Ampère equation

det
(
D2u(x)

)
=
(
|∇u(x)|2 + 1

)2 f(x)
4g̃(∇u(x)) . (4.22)

Parallel in, far-field out, lens system

The function u1(x) for the single lens system, is given by u1(x) = 1
2 |x|

2 − nu(x), see
relation (3.28). Substituting in (4.20), we obtain

y = m(x) = n∇u(x). (4.23)

Substituting this expression of the mapping m in the energy conservation relation
(3.33), we obtain the following Monge-Ampère equation

det
(
D2u(x)

)
=
(
n2|∇u(x)|2 + 1

)2 f(x)
4ng̃(n∇u(x)) . (4.24)

Parallel in, parallel out, two-reflector system

For the two-reflector system, the expression for c(x, y) reads

c(x, y) = β2 + 2β`− |x− y|2

2β , (4.25)

where β is the reduced optical path length, see (3.38). Using the relation (4.6) and
the above expression, we obtain

y = m(x) = x + β∇u1(x), (4.26)

where u1(x) represents the first reflector surface. Inserting, expression (4.26) in the
energy conservation relation (3.44), eventually, we get the following Monge-Ampère
equation

det
(
I + βD2u1(x)

)
= f(x)
g(m(x)) , (4.27)

where I is the identity matrix.

4.3.2 Optical systems with non-quadratic cost function
For a non-quadratic cost function, it is still possible to express the optical map m in
terms of a gradient. If the cost function c satisfies the twist condition, and for our
optical design problems it corresponds to det

(
∂2c

∂xi∂yj

)
6= 0, then using the relation

(4.6), and for a c-concave/convex pair (u1, u2) [36], we can formally write

m(x) = (∇xc(x, .))−1(∇u1(x)). (4.28)
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Next, we derive a Monge-Ampère type equation for a general cost function. Dif-
ferentiating the relation (4.6) with respect to x and applying the chain rule, we obtain

Dxxc(x,m(x)) + Dxyc(x,m(x))Dm(x) = D2u1(x), (4.29)

where Dxxc is the Hessian matrix of c with respect x and Dxyc is defined as

Dxyc =

 ∂2c
∂x1∂y1

∂2c
∂x1∂y2

∂2c
∂x2∂y1

∂2c
∂x2∂y2

 , (4.30)

and D2u1 is the Hessian of u1. Extracting Dm from relation (4.29) under the twist
condition and by substituting in the energy balance condition (4.15), we obtain

det
(
D2u1(x)−Dxxc(x,m(x))

)
= det

(
Dxyc(x,m(x))

) f(x)
g(m(x)) , (4.31)

which is a complicated Monge-Ampère type equation. For a c-concave pair (u1, u2)
the matrix D2u1 −Dxxc is negative semi-definite and for a c-convex pair (u1, u2) the
matrix is positive semi-definite.

Parallel in, parallel out, lens system

Let us consider the single lens system with double freeform surfaces. The cost function
is given by

c(x, y) = `− β

n2 − 1 −
n

n2 − 1
√
β2 − (n2 − 1)|x− y|2, (4.32)

where n = ni. Taking gradient with respect to x, we obtain the following relation

∇xc(x, y) = n(x− y)√
β2 − (n2 − 1)|x− y|2

. (4.33)

Using relation (4.6), we can write

n(x− y)√
β2 − (n2 − 1)|x− y|2

= ∇u1(x). (4.34)

From this equation we can derive the following expression for |x− y|2, i.e.,

|x− y|2 = β2|∇u1(x)|2

n2 + (n2 − 1)|∇u1(x)|2 . (4.35)

Substituting (4.35) in the square root in (4.34), we obtain the following expression
for the mapping m, i.e.,

y = m(x) = x− β∇u1(x)√
n2 + (n2 − 1)|∇u1(x)|2

. (4.36)

This expression for the mapping m is the same as expression (3.63) obtained using
properties of geometrical optics, and confirms the relation between optical design and
optimal mass transport.
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The Monge-Ampère equation for this case is given by

det
(
D2u1(x)−Dxxc(x,m(x))

)
= det

(
Dxyc(x,m(x))

) f(x)
g(m(x)) . (4.37)

To conclude, we present explicit expressions for the matrices Dxxc and Dxyc. Let us
rewrite expression (4.32) for the cost function c as follows:

c(x, y) = c̃(x, y) + `− β

n2 − 1 , (4.38a)

c̃(x, y) = − n

n2 − 1
√
β2 − (n2 − 1)|x− y|2. (4.38b)

By differentiating (4.38) with respect to x and y, we obtain

∇xc(x, y) = − n2

n2 − 1
1
c̃

(x− y), (4.39a)

∇yc(x, y) = n2

n2 − 1
1
c̃

(x− y), (4.39b)

which gives
∇xc(x, y) +∇yc(x, y) = 0. (4.39c)

Furthermore, from the above relation, we can conclude that

C = Dxyc = −Dxxc. (4.40)

Differentiating relations (4.39), we obtain the following expression for the matrix C

C = n2

n2 − 1
I

c̃
+
( n2

n2 − 1

)2 1
c̃3

 (x1 − y1)2 (x1 − y1)(x2 − y2)

(x1 − y1)(x2 − y2) (x2 − y2)2

 . (4.41)

We can rewrite the above expression as follows:

C = γ2

c̃3

(
c̃2

γ
I + (x− y)(x− y)T

)
, (4.42)

where γ = n2/(n2 − 1) > 0. Since c̃ < 0, we conclude that the matrix C is negative
semi-definite.

4.4 Literature Overview on Inverse Methods
In this section, we provide a literature overview on inverse methods for freeform
optical design problems. There are many approaches developed over the time that
can be employed to solve the inverse optical design problems. We mention the work
of the following authors:

• Oliker & his collaborators. Oliker [56], introduced a theory known asmethod
of supporting paraboloids and method of supporting ellipsoids, to avoid deriving
and solving a complicated Monge-Ampère equation [57, 58, 59, 60]. Later on
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the theory became popular under the name supporting quartic method (SQM)
and is applied to optical design problems by many researchers [61, 62, 63]. The
main idea was to construct freeform reflective surfaces for a point light source
by taking a union or intersection of a set of co-focal quadratics, i.e., the target
light distribution is discretized by a collection of points on the target screen,
and for each target point construct a reflector in shape of quadratic which has
the light source and the target point as foci. However, the method becomes
computationally expensive as number of quadratics increases.
Recently, Oliker et al. published some articles on intensity control of a col-
limated light beam to compute freeform surfaces of a lens optical system using
the supporting quartic method [64, 65, 66]. The idea is to construct a weak
formulation of the problem and compute a unique solution by restricting to a
limiting case using the SQM.
In addition to the above work, he also explored freeform design problems in the
context of mass transport theory, and provided a physical interpretation of the
relation between the reflector design problem and optimal mass transport [17,
18, 67]. Many more articles are published in this area, where the existence and
uniqueness issue in freeform optical design is addressed through mass transport
theory [28, 31, 68, 69, 70].
Similar to the Oliker’s supporting quartic method, Castro, Mérigot and Thibert
[71] presented a computational method for far-field reflector design problem
based on the union and intersection of solid confocal paraboloids and ellipsoids
of revolution.

• Benamou, Froese & Oberman. Many articles were published on numer-
ical methods for optimal mass transport by solving the elliptic Monge-Ampère
equation using transport boundary condition [72, 73, 74]. The authors intro-
duced monotone finite difference schemes to obtain the convex solution of the
elliptic Monge-Ampère equation and also used the theory of viscosity solutions
and Newton’s method [75, 76, 77, 78]. Proof of convergence of the finite dif-
ference schemes and implementation of the transport boundary condition were
explained as well.

• Prins et al. Prins has written a beautiful thesis on freeform solvers and color
mixing TIR collimators for LEDs [14]. She proposed two Monge-Ampère solvers.
The first method is developed using the wide-stencil finite difference scheme for
the interior domain and the signed distance function for the boundary condition
[15]. The method requires a convex target domain, and is based on the work of
Benamou, Froese & Oberman [72, 75, 76]. The second method is a least-squares
method [19], inspired by a similar method by Caboussat et al. [79]. We have
implemented the least-squares algorithm to compute freeform surfaces of two-
reflector optical system (quadratic cost function), and generalized the algorithm
for the non-quadratic cost design problem which is described extensively in
Chapter 5.

• Feng, Froese & their collaborators. Recently, Froese and her collaborators
published some articles on the computation of freeform surfaces for optical sys-
tems. The authors [80, 81, 82] solved the freeform design problems in two steps:
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first they solved a standard Monge-Ampère equation with quadratic cost func-
tion using mass transport approach explained in [72, 73, 76] on a convex target
domain, next they constructed freeform surfaces using the ray map through a
simultaneous point-by-point construction procedure [83, 84]. Furthermore, the
authors in [85] proposed a three-step method to design an optical system con-
sisting of a single freeform surface: first determine freeform surface estimation
by solving the standard Monge-Ampère equation, then refine it using an iterat-
ive Fourier-transform algorithm associated with over compensation, and finally,
compute the freeform surface using a phase unwrapping process. The method
only works for paraxial approximation. The authors also addressed diffraction
of light rays.

• Rengmao Wu et al. An another two-step approach was presented by Reng-
mao Wu et al. [86] to design a single freeform surface for collimated beam
shaping. The authors discretized a Monge-Ampère type equation representing
the optical system, directly using finite differences and solved the system of
nonlinear equations using Newton’s method. Finally, they constructed the free-
form surface by passing the discrete data points to a B-spline surface. Extended
versions of the proposed model are presented in [87, 32] for a double freeform
surfaces optical system for laser beam shaping.

• Bösel et al. Another two-step ray mapping method was presented by Bösel et
al. [88] for a single freeform surface optical system and in [89] for double freeform
surfaces system. The authors first computed the ray mapping between source
and target domains, and second, the freeform surfaces. The method requires an
initial guess (mapping) which is obtained applying optimal mass transport with
a quadratic cost function, without reference to any optical surface.

• Brix et al. The authors [90, 91] formulated the freeform lens and freeform
reflector point light source problem as a Monge-Ampère type equation. They
obtained numerical solution of the Monge-Ampère equation using a collocation
method based on tensor-product B-splines, by performing a nested iteration
procedure to ensure the convergence of the nonlinear solver.

• X. J. Wang. He modeled the far-field single reflector design problem in form
of a Monge-Ampère type equation on the sphere. Next, he proved the existence
and uniqueness of weak solutions to this equation under certain conditions on
the energy distribution functions [92, 93]. In article [16], he has shown that the
reflector problem is equivalent to an optimal mass transport problem.
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4.5 Summary
We have investigated the existence and uniqueness of the solution of the optical design
problems via mass transport theory. We have demonstrated that the inverse problem
of optical design is a mass transport problem if we restrict ourselves to a c-concave or c-
convex pair of the freeform surface(s). The problem is equivalent to a standard Monge-
Ampère type equation for an optical system governed by a quadratic cost function.
Otherwise, for a non-quadratic cost function, it turns into a more complicated Monge-
Ampère type equation.
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Chapter 5

The Least-Squares
Algorithms for Freeform
Surfaces

“The essence of mathematics is not
to make simple things complicated,
but to make complicated things
simple.”

Stanley P. Gudder

In this chapter, we describe efficient numerical methods to compute freeform sur-
faces of several optical systems by solving the Monge-Ampère (MA) equations dis-
cussed in the previous chapter. Prins et al. [14, 19] in her PhD research work proposed
a least-squares (LS) method to compute a single freeform surface, either a mirror or
a lens, for a parallel to far-field mapping with transport boundary condition, which
is governed by a quadratic cost function. The method is inspired by a similar least-
squares approach by Caboussat, Glowinsky & Sorensen [79]. The authors presented
a least-squares method for the computation of the convex solution of the Drichlet
problem for the elliptic MA equation on a convex domain.

Our least-squares algorithm is a two-stage procedure. First, we compute the
optical map in a least squares sense from a constrained minimization problem and
second, we compute the shape of the freeform surfaces from the mapping. The target
domain does not have to be strictly convex.

First, in Section 5.1, we present the least-squares method for the quadratic cost
function to compute freeform surfaces of the two-reflector system for the parallel-to-
parallel mapping. Next, in Section 5.2, we introduce an extended least-squares (ELS)
method for a non-quadratic cost function applied to the freeform lens design problem
of the parallel-to-parallel mapping. Numerical results are presented in Chapter 6
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5.1 Least-Squares Algorithm for Quadratic Cost
Function

The Monge-Ampère equation for the two-reflector system of the parallel-to-parallel
case is given by

det(D2u(x)) = f(x)
g(m(x)) , (5.1a)

subject to the transport boundary condition

m(∂S) = ∂T , (5.1b)

stating that the boundary of the source S is mapped to the boundary of the target
T , which is a consequence of the edge-ray principle [55]. The mapping m is given by

m(x) = ∇
(
|x|2/2 + βu1(x)

)
= ∇u(x). (5.2)

The function u1(x) represents the first reflector and β is the reduced optical path
length, as defined in Chapter 3. Problem (5.1) has a unique convex and a unique
concave solution. The LS-method is capable to compute both solutions. As mentioned
before, the algorithm is a two-stage procedure, so first we compute an optical map
m : S → T , representing the transport map ∇u of the boundary value problem (5.1),
and then second we obtain the freeform surfaces from the mapping. We require the
Jacobi matrix of m, given by

Dm =

∂m1
∂x1

∂m1
∂x2

∂m2
∂x1

∂m2
∂x2

 , (5.3)

equals a real symmetric matrix P (x) = I + βD2u1(x), satisfying

det
(
P (x)

)
= f(x)
g(m(x)) , ∀ x ∈ S. (5.4)

The matrix P , approximating Dm = D2u, should be negative semi-definite to obtain
the concave solution u, which in turn gives a concave reflector surface u1(x) as well,
because the sum of two concave functions gives a concave function, cf. (5.2).

On the other hand, the matrix P should be positive semi-definite for the convex
solution u(x), which not necessarily results in a convex surface u1(x), cf. (5.2). Here,
we give a detailed description of the algorithm to obtain the concave solution and a
brief outline for the convex case. Recall that the 2 × 2 matrix P is negative semi-
definite if and only if

tr(P ) ≤ 0 and det(P ) ≥ 0. (5.5)

Since the source emittance f(x) is non-negative and the target illuminance g(y) > 0,
from (5.4) we conclude that second inequality in (5.5) is already satisfied. We only
have to verify the inequality tr(P ) ≤ 0.
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The matrix P is symmetric, i.e., the mapping m satisfies ∂m1/∂x2 = ∂m2/∂x1,
which is the condition for m to be a conservative field on an open and simply con-
nected domain S, and thus the gradient of a function; for more details see, e.g., [39,
p.866].

We enforce the equality Dm = P by minimizing the following functional

JI(m,P ) = 1
2

∫∫
S
‖Dm− P ‖2F dx. (5.6)

The norm ‖ · ‖F used in this functional is the Frobenius norm, which is defined as
follows. Let A : B denote the Frobenius inner product of the matrices A =

(
ai,j
)

and B =
(
bi,j
)
, defined by

A : B =
∑
i,j

ai,jbi,j , (5.7)

then the Frobenius norm is defined as ‖A‖F =
√
A : A.

Next, we address the boundary condition (5.1b) by minimizing the functional

JB(m, b) = 1
2

∮
∂S
|m− b|2 ds, (5.8)

where | · | denotes the Euclidian `2-norm of vectors, and b maps the boundary of the
source to the boundary of the target. We combine the functionals JI for the interior
and JB for the boundary by taking a weighted average:

J(m,P , b) = αJI(m,P ) + (1− α)JB(m, b). (5.9)

The parameter α (0 < α < 1) controls the weight of the first functional compared
to the second functional. The functionals JI, JB and J are defined on the following
spaces

P(m) =
{
P ∈ [C1(S)]2×2 ∣∣ det(P ) = f

g(m) ,P
T = P

}
, (5.10a)

B = {b ∈ [C(∂S)]2 | b(x) ∈ ∂T }, (5.10b)
M = [C2(S)]2. (5.10c)

We calculate the minimizers of (5.6), (5.8) and (5.9) by repeatedly minimizing over
the three spaces separately. We start with an initial guessm0, which will be specified
shortly. Subsequently, we perform the iterations

P n+1 = argmin
P∈P(mn)

JI(mn,P ), (5.11a)

bn+1 = argmin
b∈B

JB(mn, b), (5.11b)

mn+1 = argmin
m∈M

J(m,P n+1, bn+1). (5.11c)

We initialize our minimization procedure by constructing an initial guessm0 which
maps the source area S to a bounding box of the target area T . We assume that the
source area has rectangular shape, i.e., S = [amin, amax]× [bmin, bmax]. Without loss of

79



The Least-Squares Algorithms for Freeform Surfaces

generality we assume the smallest bounding box of the target also has a rectangular
shape given by T = [cmin, cmax]× [dmin, dmax]. The source density function f(x) may
be zero on part of S but the target density function g(y) must be positive. The initial
guess is given by

m0
1(x) = x1 − amin

amax − amin
cmin + amax − x1

amax − amin
cmax, (5.12a)

m0
2(x) = x2 − bmin

bmax − bmin
dmin + bmax − x2

bmax − bmin
dmax. (5.12b)

Note that the corresponding Jacobi matrix P 0 = Dm0 of the initial condition is
symmetric (in fact diagonal) negative definite, and thus the initial condition satisfies
our requirement tr(P ) ≤ 0.

We solve the Monge-Ampère problem (5.1) by discretizing the source S with a
standard rectangular N1 × N2 grid for some N1, N2 ∈ N, so the grid points xij =
(x1,i, x2,j) are defined as

x1,i = amin + (i− 1)h1, h1 = amax − amin

N1 − 1 , i = 1, 2, . . . , N1, (5.13a)

x2,j = bmin + (j − 1)h2, h2 = bmax − bmin

N2 − 1 , j = 1, 2, . . . , N2. (5.13b)

Finally, we obtain the converged mappingm and calculate the reflector surfaces u1(x)
and u2(y), see Section 5.1.4.

We start the minimizing iteration process (5.11) with initial guessm0. Each itera-
tion consists of three steps (5.11a)-(5.11c), the minimization steps (5.11a) and (5.11b)
are performed point-wise because no derivatives of P and b appear in the integrands
of JI and JB. In the third minimization step, we solve two Poisson problems for
the components of the mapping m. Next, we compute the optical surface u1 from
the mappingm, also in the least-squares sense, and the surface u2 from relation (3.38).

Convex solution of the MA-equation

Note that for the convex case, we have the following condition instead of (5.5) on the
trace and determinant of the matrix P :

tr(P ) ≥ 0 and det(P ) ≥ 0. (5.14)

Taking into account the above conditions we obtain the convex solution u of the
Monge-Ampère problem (5.1), however, the convexity of u does not guarantee the
convexity of reflector surface u1 which can be seen from relation (5.2). Also, we
have to make the required changes in the initial condition (5.12) to have a symmetric
positive definite matrix P 0 = Dm0, which can be simply achieved by swapping cmin
to cmax, and dmin to dmax in (5.12), i.e., the initial guess for convex solution is given
by

m0
1(x) = x1 − amin

amax − amin
cmax + amax − x1

amax − amin
cmin, (5.15a)

m0
2(x) = x2 − bmin

bmax − bmin
dmax + bmax − x2

bmax − bmin
dmin. (5.15b)
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5.1.1 Minimizing procedure of JIJIJI

We assume m fixed and minimize JI(m,P ) over the space P(m). For simplicity of
notation we drop the indices n and n+ 1. Since the integrand of JI(m,P ) does not
contain derivatives of P , the minimization procedure can be done point-wise. Thus
we need to minimize ‖D−P ‖F for each grid point xij ∈ S, where D is the standard
second order central difference approximation of Dm. Let us define

P =

p11 p12

p12 p22

 , D =

d11 d12

d21 d22,

 , (5.16a)

with
dij = δxj

mi, (i, j = 1, 2), (5.16b)

where δx1 and δx2 are the central difference approximation of ∂/∂x1 and ∂/∂x2,
respectively. Moreover, to avoid crossing grid lines we require d11, d22 < 0 by imposing

d11 = min
(
δx1m1,−ε

)
, d22 = min

(
δx2m2,−ε

)
(5.17)

for a threshold value ε > 0. This implies m1(x1 + h1, x2) < m1(x1, x2) and
m2(x1, x2 +h2) < m2(x1, x2) for all x1, x2 ∈ S, which assures that there is no crossing
of grid lines. In our computations we choose ε = 10−8. Note that the matrix D need
not be symmetric and d12, d21 > 0 is possible. Next, we define the function

H
(
p11, p22, p12

)
= 1

2‖D − P ‖
2
F. (5.18)

Also we define the matrix DS, the symmetric part of the matrix D, i.e.,

DS = 1
2
(
D +DT) =

d11 dS

dS d22

 , (5.19)

with dS = 1
2 (d12 + d21). Note that tr(DS) < 0. The function HS corresponding to

the symmetric matrix DS is defined as

HS
(
p11, p22, p12

)
= 1

2‖DS − P ‖2F
= H

(
p11, p22, p12

)
− 1

4
(
d12 − d21

)2
.

(5.20)

Since
(
d12−d21

)2 is independent of p11, p22 and p12, and because we are only interested
in the minimizer, not in its value, we can minimize HS instead of H. Thus, for each
grid point xij ∈ S we have the following constrained minimization problem

minimize HS
(
p11, p22, p12

)
, (5.21a)

subject to det(P ) = f

g
, (5.21b)

tr(P ) ≤ 0. (5.21c)
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For simplicity of notation we write g = g(m). We solve the above minimization
problem analytically by using the method of Lagrange multipliers. The possible
minimizers (5.21) are obtained using the Lagrangian function, defined as

Λ
(
p11, p22, p12;λ

)
= 1

2‖DS − P ‖2F + λ
(

det(P )− f

g

)
, (5.22)

where λ is the Lagrange multiplier. By setting all partial derivatives of Λ to 0, we
find the critical points of Λ, and this gives the following algebraic system

p11 + λp22 = d11, (5.23a)
λp11 + p22 = d22, (5.23b)
(1− λ)p12 = dS, (5.23c)

p11p22 − p2
12 = f

g
. (5.23d)

For given d11, d22, dS and f/g there exist at least one and at most four possible solu-
tions that minimize HS

(
p11, p22, p12

)
and satisfy the nonlinear constraint (5.21b),

which are local minima [14]. From these we have to select the ones that give rise
to a negative semi-definite matrix P , i.e., satisfy p11 + p22 ≤ 0, and we will show
that this is always possible. Finally, we compare the values of HS(p11, p22, p12) to
find the global minimum. The system (5.23a)-(5.23c) is linear in p11, p22 and p12.
The system is regular if λ 6= ±1, and singular when λ = ±1. The case λ = −1 does
not happen because this would simply give d11 + d22 = 0 which contradict the re-
quirement of tr(DS) < 0. Thus, there are two different cases, a regular linear system
with λ 6= ±1, and a special situation representing singular system with λ = 1, i.e.,
d11 = d22 ∧ dS = 0. First, we deal with the regular case.

Case 1 : Regular minimizers (λ 6= ±1)(λ 6= ±1)(λ 6= ±1)

Here, we calculate the critical points for the regular case λ 6= ±1 by inverting the
system (5.23a)-(5.23c), i.e., we express p11, p22 and p12 in terms of λ as

p11 = λd22 − d11

λ2 − 1 , p22 = λd11 − d22

λ2 − 1 , p12 = dS

1− λ. (5.24)

Substituting these expressions in equation (5.23d), we obtain the following quartic
equation

F (λ) = a4λ
4 + a2λ

2 + a1λ+ a0 = 0, (5.25a)

a4 = f

g
≥ 0, (5.25b)

a2 = −2f
g
− det

(
DS
)

= −2a4 − det
(
DS
)
, (5.25c)

a1 = ‖DS‖2 ≥ 0, (5.25d)

a0 = f

g
− det

(
DS
)

= a4 − det
(
DS
)
. (5.25e)
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Here, we would like to emphasize that there is no cubic term in the above quartic
equation (5.25), and this motivates us to solve the equation using Ferrari’s method
[94, p.32]. The key idea is to rewrite the quartic equation as two quadratic equations,
and by solving both we get solutions of the quartic equation [14]. First, we show that
the quartic equation (5.25) has at least two real roots. For the real symmetric matrix
DS, we can deduce

tr(DS)2 − 4 det(DS) = (d11 − d22)2 + 4d2
S ≥ 0, (5.26)

and using the above relation, we conclude that F (−1) = − tr(DS)2 < 0 and F (1) =
tr(DS)2 − 4 det(DS) ≥ 0, implying that the quartic equation (5.25) has at least one
solution λ > −1. Substituting equations (5.23a)-(5.23b) into the concavity condition
(5.21c), we obtain

tr(P ) =
tr
(
DS
)

λ+ 1 ≤ 0, (5.27)

and consequently, we have to select Lagrange multipliers that satisfy the above con-
dition. As we have shown, there exist at least one solution of the quartic equation
satisfying λ > −1, which gives λ+1 > 0 and for this value of λ the concavity condition
(5.27) is satisfied indeed.

Solution of (5.25) when f > 0f > 0f > 0.
The solutions of (5.25) are given by the following expressions

λ1 = −
√
y

2 +
√
−y2 −

a2

2a4
+ a1

2a4
√

2y
, (5.28a)

λ2 = −
√
y

2 −
√
−y2 −

a2

2a4
+ a1

2a4
√

2y
, (5.28b)

λ3 =
√
y

2 +
√
−y2 −

a2

2a4
− a1

2a4
√

2y
, (5.28c)

λ4 =
√
y

2 −
√
−y2 −

a2

2a4
− a1

2a4
√

2y
, (5.28d)

where y is a solution of the following cubic equation

y3 + b2y
2 + b1y + b0 = 0, (5.29a)

with coefficients

b2 = a2

a4
, b1 = 1

4

(a2

a4

)2
− a0

a4
, b0 = −1

8

(a1

a4

)2
. (5.29b)

The single real root of cubic equation (5.29) for real coefficients b0, b1, b2 [95, p. 137]
is given by

y = A+ Q

A
− b2

3 , A = − sign(R)
(
|R|+

√
R2 −Q3

)1/3
,

R = 2b22 − 9b1b2 + 27b0
54 , Q = b32 − 3b1

9 .

(5.30)
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The real roots satisfying the concavity condition (5.27) are substituted in (5.24) and
(5.21a), yielding the possible minimizers of HS(p11, p22, p12). Note that we have di-
vision by zero in (5.28) if y = 0. We find that this happens only when a1 = 0, i.e.,
d11 = d22 = dS = 0. This is a special case which corresponds to the possibility λ = 1,
which we discuss later.

Solution of (5.25) when f = 0f = 0f = 0 and a2 6= 0.
If the source density f = 0, the quartic equation (5.25) reduces to a quadratic equation
because a4 = 0. The solutions are obtained by solving the corresponding quadratic
equation, and the roots are given by

λ = −a1 ±
√
a2

1 − 4a2a0

2a2
. (5.31)

We verify that the discriminant of this quadratic equation is always non-negative.
Substituting the coefficients from (5.25) in the discriminant, we obtain

a2
1 − 4a2a0 = (d11 − d22)2 + 4d2

S(d2
11 + d2

22)2 ≥ 0. (5.32)

Furthermore, also in this case F (−1) = − tr(DS)2 < 0 and F (1) = tr(DS)2 −
4 det(DS) ≥ 0, and consequently (5.25) has at least one solution satisfying λ > −1.

Solution of (5.25) when f = 0f = 0f = 0 and a2 = 0.
f = 0 and a2 = 0 imply that det

(
DS
)

= 0 which gives a0 = 0, and for this case the
quartic equation (5.25) reduces to

a1λ = 0. (5.33)

Since d11, d22 < 0 which shows a1 cannot be zero, this results in the trivial solution
λ = 0.

Case 2 : Minimizers if d11 = d22 ∧ dS = 0d11 = d22 ∧ dS = 0d11 = d22 ∧ dS = 0 (λ = 1)(λ = 1)(λ = 1)

If λ = 1, i.e., d11 = d22 and dS = 0, we cannot invert the system (5.23a)-(5.23c) for
(p11, p22, p12). Therefore we determine the minimum of HS(p11, p22, p12) as follows.
Using dS = 0 and d11 = d22, the minimization problem (5.21) simplifies to

argmin
(p11,p22,p12)∈R3

1
2
(
(p11 − d11)2 + 2p2

12 + (p22 − d11)2), (5.34)

with the conditions

p11p22 − p2
12 = f

g
and p11 + p22 ≤ 0. (5.35)

We verify the concavity (trace) condition at the end, first we find minimizers of
(5.34) using the constraint on the determinant. We substitute p12 from the constraint
p11p22 − p2

12 = f/g, which gives

argmin
(p11,p22)∈R2

1
2

(
(p11 − d11)2 + 2

(
p11p22 − f/g

)
+ (p22 − d11)2

)
. (5.36)
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We are interested only in real solutions of the minimization problem, thus we ig-
nore imaginary solutions if they exist. We restrict ourselves to the domain where
p12 = ±

√
p11p22 − f/g is real. We find the minimizers in two steps: first we check

for minimizers in the interior of this domain and then on the boundary. Let us differ-
entiate the object function in (5.36) with respect to p11 and p22, and by setting the
derivatives equal to zero, we obtain

p11 + p22 = d11, (5.37)

which shows that minimizers lie on the line (5.37). Next, we need to find out which
part of this line gives real values of p12. Substituting p11 = d11− p22 in the condition
p11p22 − f/g ≥ 0, leads to

p2
22 − d11p22 + f

g
≤ 0. (5.38)

This inequality has real solutions p22 only if the discriminant d2
11−4f/g ≥ 0, and the

solutions satisfy

1
2

(
d11 −

√
d2

11 − 4f
g

)
≤ p22 ≤

1
2

(
d11 +

√
d2

11 − 4f
g

)
. (5.39)

This is a minimizing line segment and thus, the minimizer is not unique but all these
solutions give the same value of the object function in (5.34). For simplicity, we choose
p22 in the middle of the line segment, which gives

p11 = d11

2 , p12 = ±

√
1
4d

2
11 −

f

g
, p22 = d11

2 . (5.40)

Similarly, we can find the minimizer on the boundary of this domain, i.e., we substitute
the conditions

p12 = 0, p11p22 = f

g
, (5.41)

in the minimization problem (5.34), and this yields the following minimizers

p11 = p22 = ±

√
f

g
, p12 = 0. (5.42)

Finally, we need to apply the concavity condition to choose the correct minimizer.
From (5.40) and (5.42) it is clear that there exist at least one solution that satisfies
the concavity condition tr(P ) ≤ 0.

Convex solution of the MA equation.

To obtain the convex solution of the MA-problem (5.1), we have to start the minim-
ization procedure for P with positive d11, d22 to avoid crossing grid lines, which can
be achieved simply by reverting the condition (5.17), i.e.,

d11 = max
(
δx1m1, ε

)
, d22 = max

(
δx2m2, ε

)
, (5.43)
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Figure 5.1: Computation of the projection point mk
ij of mij on the line segment

(zk, zk+1).

for a threshold value ε > 0 that guarantees tr
(
DS
)
> 0. The condition (5.27) on the

Lagrange multiplier for this case becomes

tr(P ) =
tr
(
DS
)

λ+ 1 ≥ 0, (5.44)

and consequently, in this case as well, we have to select Lagrange multipliers that
satisfy λ > −1 to enforce tr(P ) ≥ 0.

5.1.2 Minimizing procedure of JBJBJB

In this section, we perform the minimizing procedure of JB, i.e., we compute b while
keepingm fixed. Here, we follow the same steps as prescribed by Prins et al. [14, 19].
We minimize the functional JB(m, b) point-wise (because no derivatives of b appear
in functional JB) by varying b over B for each grid xij ∈ ∂S, i.e., we minimize

|mij − bij |2, ∀ xij ∈ ∂S, (5.45)

where mij = m(xij) and bij = b(xij). We discretize the boundary ∂T in Nb equal
intervals. Let us say zk ∈ ∂T (k = 1, 2, ..., Nb) denote the boundary points such that
zNb+1 = z1. Next, we compute the projectionmk

ij for a given point mij and a given
line segment (zk, zk+1) to determine the closest point to mij , see Figure 5.1. The
projection mk

ij of mij on the line through zk and zk+1 is given by

mk
ij = zk + tk(zk+1 − zk), (5.46a)

tk =
(mk

ij − zk) · (zk+1 − zk)
|zk+1 − zk|2

. (5.46b)

If tk ∈ [0, 1], the projection point is on the line segment connecting the points zk and
zk+1, and the nearest point is mk

ij . If tk < 0, the projection point is outside the line
segment and the nearest point is zk, and if tk > 1, the nearest point is given by zk+1.
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Thus, we compute the nearest point bij on all the line segments as

m̃
k
ij = zk + min

(
1,max(0, tk)

)(
zk+1 − zk

)
, (5.47a)

bij = argmin
m̃

k

ij

|m̃k
ij −mk

ij |2. (5.47b)

We repeat the procedure for all grid points xij on boundary ∂S.

5.1.3 Minimizing procedure of JJJ
In this section, we describe the minimization step (5.11c). We assume P and b
are fixed, and minimize J(m,P , b) over the functions m ∈ M. Compared to the
other two minimization steps, this step can not be performed pointwise because the
functional J contains derivatives ofm. Therefore, it is appropriate to invoke calculus
of variations to derive a boundary value problem for m. Here, for simplicity of
notation, we drop the indices n and n+ 1. In the succeeding calculations, we use the
following identity for the Frobenius norm of matrices, i.e.,

‖A+B‖2F = ‖A‖2F + 2A : B + ‖B‖2F. (5.48)

The first variation of the functional J with respect to m in the direction η ∈ M is
given by

δJ(m,P , b)[η] = lim
ε→0

1
ε

[
J(m+ εη,P , b)− J(m,P , b)

]
= lim
ε→0

[
α

2

∫∫
S

2(Dm− P ) : Dη + ε‖Dη‖2Fdx+

1− α
2

∮
∂S

2(m− b) · η + ε‖η‖2Fds
]

= α

∫∫
S

(Dm− P ) : Dηdx + (1− α)
∮
∂S

(m− b) · ηds.

(5.49)

The minimizer is obtained by setting the variation equal to zero, i.e.,

δJ(m,P , b)[η] = 0, ∀η ∈M. (5.50)

Let us define the column vectors p1,p2 of the matrix P , and the vectors η and b as

p1 =

p11

p12

 , p2 =

p12

p22

 , η =

η1

η2

 , b =

b1
b2

 . (5.51)

We can split the first integrand of the final expression in (5.49) as follows

(Dm− P ) : Dη = (∇m1 − p1) ·∇η1 + (∇m2 − p2) ·∇η2. (5.52)

Using the expression above, we can rewrite the first integral of the final expression in
(5.49) as ∫∫

S
(Dm− P ) : Dηdx =

2∑
k=1

∫∫
S

(∇mk − pk) ·∇ηkdx. (5.53)
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Let n̂ denote the unit outward normal on the boundary ∂S. Using the vector-scalar
product rule Appendix B and the identity∫∫

S

(
∇v · F + v∇ · F

)
dx =

∮
∂S
vF · n̂ds, (5.54)

derived from Gauss theorem (B.9), the integrals in the right hand side of (5.53)
become∫∫

S
(∇mk−pk) ·∇ηkdx =

∮
∂S

(∇mk−pk) · n̂ηkds−
∫∫
S

(∆mk−∇ ·pk)ηkdx, (5.55)

for k = 1, 2. Substituting (5.55) in (5.53) and by combining with (5.49) and (5.50)
we obtain

2∑
k=1

(∮
∂S

(
α(∇mk − pk) · n̂+ (1− α)(mk − bk)

)
ηkds

− α
∫∫
S

(
∆mk −∇ · pk

)
ηkdx

)
= 0 ∀η ∈M.

(5.56)

Choosing η2 = 0 and by applying the fundamental lemma of calculus of variations
[96, p.15] for η1, we find that m1 satisfies almost everywhere the Poisson problem

∆m1 = ∇ · p1, x ∈ S, (5.57a)
(1− α)m1 + α∇m1 · n̂ = (1− α)b1 + αp1 · n̂ x ∈ ∂S. (5.57b)

Similarly, choosing η1 = 0, we obtain

∆m2 = ∇ · p2, x ∈ S, (5.58a)
(1− α)m2 + α∇m2 · n̂ = (1− α)b2 + αp2 · n̂ x ∈ ∂S. (5.58b)

Eventually, we obtain two decoupled Poisson problems with Robin boundary condi-
tions for the components of the map m [26, p.160]. We solve these Poisson problems
using standard second order central differences for the first and second order deriv-
atives. Let us say mk(xij) represents the value of mk, for k = 1, 2 at grid point
xij = (x1,i, x2,j), then using the grid (5.13), the approximations of the first order
derivatives are given by

∂

∂x1
mk(xij) ≈

mk(xi+1,j)−mk(xi−1,j)
2h1

, (5.59a)

∂

∂x2
mk(xij) ≈

mk(xi,j+1)−mk(xi,j−1)
2h2

, (5.59b)

and the approximations for the second order derivatives are defined as

∂2

∂x2
1
mk(xij) ≈

mk(xi−1,j)− 2mk(xi,j) +mk(xi+1,j)
h2

1
, (5.60a)

∂2

∂x2
2
mk(xij) ≈

mk(xi,j−1)− 2mk(xi,j) +mk(xi,j+1)
h2

1
. (5.60b)
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When these approximations are applied at the boundary of the domain, there are
virtual grid points outside the domain, and these points are eliminated using the
discretized Robin boundary condition. The derivatives of p11, p22 and p12 are approx-
imated using the same finite difference schemes, and when required on the boundary,
we used one-sided second order approximation schemes. Finally, the discretized Pois-
son problem leads to a linear system of equations. We solve the linear systems using
the MATLAB implementation of LU decomposition with full pivoting. The decom-
position only has to be computed once, and the Poisson problem can be solved very
efficiently during each iteration.

5.1.4 Computation of the freeform surfaces
The minimization steps (5.11a), (5.11b) and (5.11c) are repeated until J(m,P , b) does
not decrease anymore. Since we are interested in the solution of the Monge-Ampère
equation, which is nothing but the first reflector surface z = u1(x), we compute u1(x)
from the converged mapping m, i.e., we calculate u1 such that x + β∇u1 = m. Let’s
rewrite this relation as

∇u1(x) = 1
β

(
m− x

)
= m̃(x), (5.61)

and u1 gives the approximate solution u of the Monge-Ampère equation (5.1a) with
boundary condition (5.1b).

In the ideal situation, Dm̃ = 1
β (P − I) and thus ∂m̃1/∂x2 = ∂m̃2/∂x1, which

implies m̃ is a conservative vector field [39, p.866] and thus there exist a potential
u1 such that ∇u1 = m̃. However, we will most likely not be in this ideal situation,
therefore we look for a function that satisfies this equation in the least-squares sense,
i.e.,

u1(x) = argmin
φ

I(φ), I(φ) = 1
2

∫∫
S

∣∣∇φ− m̃∣∣2 dx. (5.62)

We calculate the minimizing function u1(x) using calculus of variations. The first
variation of the functional (5.62) in a direction v is given by

δI(u1)[v] = lim
ε→0

1
ε

[
I(u1 + εv)− I(u1)

]
= lim
ε→0

1
2

[ ∫∫
S
ε
∣∣∇v∣∣2 + 2(∇u1 − m̃) ·∇v dx

]
=
∫∫
S

(∇u1 − m̃) ·∇v dx.

(5.63)

The minimizer is given by

δI(u1)[v] = 0, ∀ v ∈ C1(S). (5.64)

From equations (5.63) and (5.64), and using the identity (5.54), we conclude that∮
∂S
v
(
∇u1 − m̃

)
· n̂ds−

∫∫
S
v
(
∆u1 −∇ · m̃

)
dx = 0, ∀ v ∈ C1(S). (5.65)
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Applying the fundamental lemma of calculus of variation once more [96, p.15], we
find

∆u1 = ∇ · m̃, x ∈ S, (5.66a)
∇u1 · n̂ = m̃ · n̂, x ∈ ∂S. (5.66b)

This is a Neumann problem, and only has a solution if the compatibility condition is
satisfied, which reads ∫∫

S
∇ · m̃ dx−

∮
∂S
m̃ · n̂ds = 0. (5.67)

By Gauss’s theorem, this is satisfied automatically. The solution of the Poisson equa-
tion with Neumann boundary condition is unique up to an additive constant. To
make the solution unique, we have added the constraint u1(x11) = 1.

Finally, the second reflector surface is calculated from relation (3.38), i.e.

u2(m(x)) = β2 + 2β`− |x−m(x)|2

2β − u1(x), (5.68)

for x ∈ S.

5.2 Extension of the Least-Squares Algorithm for
Non-Quadratic Cost Function

In this section, we extend the least-squares method to compute the freeform surfaces
of a lens characterized by a non-quadratic cost function. The ELS-method is also
a two-stage procedure like the LS-method. In the first stage we calculate the op-
timal mapping by minimizing three functionals iteratively, and in the second stage
we compute the freeform surfaces from the mapping also in the least-squares sense.

Let us recall the freeform lens design problem: the mathematical relation for the
location and shape of the freeform surfaces is given by

u1(x) + u2(y) = c(x, y), (5.69a)

c(x, y) = `+ noβ

n2
o − n2

i
± ni

n2
o − n2

i

√
β2 + (n2

o − n2
i )|x− y|2, (5.69b)

representing two different layouts of the lens system, cf. Section 3.2.2. Here, we
present the derivations for the first layout: one single lens with two freeform surfaces.
The procedure is nearly the same for the second layout. The cost function for the
single lens problem reads (n = ni)

c(x, y) = `− β

n2 − 1 −
n

n2 − 1
√
β2 − (n2 − 1)|x− y|2. (5.70)

As we discussed in the previous chapter, the mapping y = m(x) is implicitly given
by the relation

∇xu1(x) = ∇xc(x,m(x)), (5.71)
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under the condition that the Jacobi matrix C = Dxyc, defined by

C =

c11 c12

c12 c22

 =

 ∂2c
∂x1∂y1

∂2c
∂x1∂y2

∂2c
∂x2∂y1

∂2c
∂x2∂y2

 , (5.72)

is invertible. The matrix C is a symmetric negative definite matrix which is a con-
sequence of the fact that the function c depends on |x− y|. An explicit expression of
the matrix C is presented in Chapter 4. Furthermore, we can verify that

tr(C) = −
nβ2 + n

(
β2 − (n2 − 1)|x− y|2

)(
β2 − (n2 − 1)|x− y|2

)3/2 < 0, (5.73a)

det(C) = n2β2(
β2 − (n2 − 1)|x− y|2

)2 > 0. (5.73b)

Since the function c(x, y) is twice continuously differentiable, from relation (5.71), we
deduce that

CDm(x) = D2u1(x)−Dxxc(x,m(x)) := P , (5.74)

where D2u1 is the Hessian of u1. The matrix P (x) = D2u1(x) − Dxxc(x,m(x)) is
negative semi-definite for a c-concave pair (u1, u2) and positive semi-definite for a
c-convex pair (u1, u2). In the following, we discuss the c-convex case, thus we require
the matrix P to be positive semi-definite. Substituting Dm from (5.74) into the
energy conservation equation (3.64), we obtain

det(P (x))
det(C(x,m(x))) = f(x)

g(m(x)) , ∀ x ∈ S, (5.75)

with positive semi-definite matrix P , i.e.,

tr(P ) ≥ 0 and det(P ) ≥ 0. (5.76)

Because det(C) > 0 and the right hand side functions f ≥ 0 and g > 0 in (5.75), it is
obvious that det(P ) ≥ 0. So, the only requirement is tr(P ) ≥ 0 for c-convex optical
surfaces.

Next, we give a detailed description of the ELS-algorithm to solve the MA-equation
(5.75) with the same boundary condition (5.1b) as for the quadratic case and con-
straint (5.76). Compared to the LS-method, we deal with a non-quadratic cost func-
tion that results in the presence of the matrix C in (5.75).

5.2.1 First stage: Calculation of the mapping
First, we calculate the mapping m using the ELS method for the lens optical system
as follows: we enforce the equality CDm = P by minimizing the following functional

JI(m,P ) = 1
2

∫∫
S
||CDm− P ||2Fdx. (5.77)
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The minimization functional JB for the boundary and combined functional J are the
same as defined in the quadratic cost case, and given by (5.8) and (5.9), respectively.
The functional JI is defined on the following space

P(m) =
{
P ∈ [C1(S)]2×2 ∣∣ det(P )

det(C(·,m)) = f

g(m)

}
. (5.78)

The minimizer gives us the mappingm which is implicitly related to the surface func-
tion u1. We calculate this minimizer by repeatedly minimizing over the three spaces
separately. We start with an initial guess m0 and calculate the matrix C(x,m0) at
the initial guess m0. Subsequently, we perform the iteration

P n+1 = argmin
P∈P(mn)

JI(mn,P ), (5.79a)

bn+1 = argmin
b∈B

JB(mn, b), (5.79b)

mn+1 = argmin
m∈M

J(m,P n+1, bn+1). (5.79c)

Next, we compute the matrix C(x,mn) before going to the next iteration.
We initialize our minimization procedure using the same initial guesses as in-

troduced in (5.12) or (5.15), which map a bounding box of the source area S to a
bounding box of the target area T , and we also use the same grid as defined in (5.13).

Each iteration consists of four steps: we perform the three minimization steps
(5.79a)-(5.79c), and fourthly, we update the matrix C at every iteration. In this
section, we give a detailed description of the minimization steps (5.79a) and (5.79c).
The minimization step (5.79b) is simple and direct, and performed point-wise because
no derivative of b with respect to x appears in the functional, and is exactly the same
as for the quadratic case.

Finally, we obtain the converged mappingm and we compute the first lens surface
u1 via relation (5.71) in a least-squares sense, and the second lens surface u2 from
relation (5.69); see Section 5.2.2.

Minimizing procedure for P

We assume m fixed and minimize JI(m,P ) over the matrices P ∈ P(m). Since the
integrand of JI(m,P ) does not contain derivatives of P , the minimization procedure
can be done pointwise. We need to minimize ‖CD − P ‖F for each x ∈ S, where D
is the central difference approximation of Dm. Let’s define

P =

p11 p12

p12 p22

 , D =

d11 d12

d21 d22

 , Q = CD =

q11 q12

q12 q22

 , (5.80a)

with

d11 = δx1m1, d12 = δx2m1, d21 = δx1m2, d22 = δx2m2, (5.80b)

where δx1 and δx2 are the central difference approximations of ∂/∂x1 and ∂/∂x2,
respectively. Moreover, we want to avoid crossing grid lines in this case as well, and
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for that reason we require d11, d22 > 0. This can be achieved by imposing

d11 = max(δx1m1, ε), d22 = max(δx2m2, ε), (5.81)

for the same threshold value ε > 0 as defined in quadratic case. Note that the matrix
P is symmetric but the matrix D need not be symmetric and d12, d21 < 0 is possible.
Next we define the function

H(p11, p22, p12) = 1
2‖Q− P ‖

2
F. (5.82)

Also, we define the matrix QS as the symmetric part of the matrix Q, i.e.,

QS = 1
2(Q+QT ) =

q11 qS

qS q22

 , (5.83)

with qS = 1
2 (q12 + q21). The function HS corresponding to the symmetric matrix QS

is defined as

HS(p11, p22, p12) = 1
2‖QS − P ‖2F

= H(p11, p22, p12)− 1
4(q12 − q21)2. (5.84)

Since (q12−q21)2 is independent of p11, p22 and p12, and because we are only interested
in the minimizer (p11, p22, p12) and not in its value H(p11, p22, p12), we minimize HS
instead of H. Thus, for each grid point xij ∈ S we have the following constrained
minimization problem

minimize HS(p11, p22, p12), (5.85a)

subject to det(P ) = f

g
det(C), (5.85b)

tr(P ) ≥ 0. (5.85c)

This is almost the same problem as (5.21) except det(C) in (5.85b), and can be solved
in a similar way. We will show that for given q11, q22, qS and f/g there exist at least
one and at most four possible solutions that minimize HS(p11, p22, p12) and satisfy
the nonlinear constraints (5.85b). From these we have to select the ones that give rise
to a positive semi-definite matrix P , and we will show that this is always possible.
Finally, we compare the values of HS(p11, p22, p12) to find the global minimum.

The possible minimizers of (5.85) are obtained introducing the Lagrangian function
Λ, defined as

Λ(p11, p22, p12;µ) = 1
2
∥∥QS − P

∥∥2
F + µ

(
det(P )− f

g
det(C)

)
, (5.86)

where µ is the Lagrange multiplier. By setting all partial derivatives of Λ to 0 we find
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the critical points of Λ and this results in the following algebraic system

p11 + λp22 = q11, (5.87a)
λp11 + p22 = q22, (5.87b)
(1− λ)p12 = qS, (5.87c)

p11p22 − p2
12 = f

g
det(C), (5.87d)

where λ = µ/det(C). The system (5.87a)-(5.87c) is linear in p11, p22 and p12, and
is regular if λ 6= ±1 and singular when λ = ±1. Thus there are three different cases,
one regular case with λ 6= ±1, and two singular cases, viz.

λ = 1⇒ q11 = q22 ∧ qS = 0, and λ = −1⇒ q11 = −q22. (5.88)

Case 1 : Regular minimizers (λ 6= ±1)(λ 6= ±1)(λ 6= ±1)

In the case λ 6= ±1, we calculate the critical points by inverting the system (5.87a)-
(5.87c), i.e., we express p11, p22 and p12 in terms of λ to find

p11 = λq22 − q11

λ2 − 1 , p22 = λq11 − q22

λ2 − 1 , p12 = qS

1− λ. (5.89)

Substituting these expressions in equation (5.87d) gives the following quartic equation

F (λ) = a4λ
4 + a2λ

2 + a1λ+ a0 = 0, (5.90a)

with coefficients given by

a4 = f

g
det(C) ≥ 0, (5.90b)

a2 = −2f
g

det(C)− det(QS) = −2a4 − det(QS), (5.90c)

a1 = ‖QS‖2 ≥ 0, (5.90d)

a0 = f

g
det(C)− det(QS) = a4 − det(QS). (5.90e)

Furthermore, using equations (5.87a)-(5.87b) the condition (5.85c) becomes

tr(P ) = tr(QS)
1 + λ

≥ 0, (5.91)

and consequently, we need to select values of parameter λ that satisfy the above con-
dition. It can be shown that the quartic equation (5.90) has at least two real roots,
and one of them is less than −1 and other one is greater than −1. Thus, the convex-
ity condition (5.91) can be satisfied by choosing the appropriate value of λ for given
tr(QS), and subsequently we can compute the minimizers of HS from (5.89).
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Solution of (5.90) when f > 0f > 0f > 0
We prove that the problem (5.90) has at least two real roots. For the real symmetric
matrix QS, we can deduce

tr(QS)2 − 4 det(QS) = (q11 − q22)2 + 4q2
S ≥ 0, (5.92)

and using the above relation, we conclude that F (−1) = − tr(QS)2 < 0 and F (1) =
tr(QS)2 − 4 det(QS) ≥ 0. Moreover a4 > 0 in (5.90a), which implies that (5.90) has
at least two real roots, more precisely one of them is less than −1 and other one is
greater than −1. The solutions of (5.90) are given by

λ1 = −
√
y

2 +
√
−y2 −

a2

2a4
+ a1

2a4
√

2y
, (5.93a)

λ2 = −
√
y

2 −
√
−y2 −

a2

2a4
+ a1

2a4
√

2y
, (5.93b)

λ3 =
√
y

2 +
√
−y2 −

a2

2a4
− a1

2a4
√

2y
, (5.93c)

λ4 =
√
y

2 −
√
−y2 −

a2

2a4
− a1

2a4
√

2y
, (5.93d)

where y is the solution of a cubic equation, see (5.29) and (5.30). The real roots sat-
isfying the convexity condition (5.91) are substituted in (5.89) and (5.85a), yielding
the possible minimizers of HS(p11, p22, p12).

Solution of (5.90) when f = 0f = 0f = 0 and a2 6= 0
If the source density f = 0, the quartic equation (5.90a) reduced to a quadratic
equation because a4 = 0. The solutions are obtained by solving the corresponding
quadratic equation, and the roots are given by

λ = −a1 ±
√
a2

1 − 4a2a0

2a2
. (5.94)

We can verify that the discriminant of this quadratic equation is always positive.
Substituting the coefficients in (5.90) in the discriminant, it becomes

a2
1 − 4a2a0 = (q11 − q22)2 + 4q2

S(q2
11 + q2

22)2 ≥ 0. (5.95)

Furthermore, also in this case F (−1) = − tr(QS)2 < 0 and F (1) = tr(QS)2 −
4 det(QS) ≥ 0, and consequently (5.90) has at least one solution λ > −1.

Solution of (5.90) when f = 0f = 0f = 0 and a2 = 0
In this case, we have f = 0, a2 = 0 and consequently a4 = 0 which results in det(QS) =
0, and the quartic equation (5.90) reduces to

a1λ = 0. (5.96)

For a 2× 2 symmetric matrix QS with det(QS) = 0, we have the following relation

‖QS‖2 = tr(QS)2 > 0, (5.97)
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which shows a1 cannot be zero and this gives the trivial solution λ = 0 of the quartic
equation (5.90).

Case 2 : Minimizers if q11 = q22 ∧ qS = 0q11 = q22 ∧ qS = 0q11 = q22 ∧ qS = 0 (λ = 1)(λ = 1)(λ = 1)

In the case λ = 1, i.e., q11 = q22 and qS = 0, we cannot invert the system (5.87a)-
(5.87c) for (p11, p22, p12). Therefore we determine the minimum of HS(p11, p22, p12)
as follows. Using qS = 0 and q11 = q22, the minimization (5.85) simplifies to

argmin
(p11,p22,p12)∈R3

1
2
(
(p11 − q11)2 + 2p2

12 + (p22 − q11)2), (5.98)

subject to the conditions (5.85b) and (5.85c). By solving this minimization problem
we obtained the following four solutions

p11 = p22 = q11

2 , p12 = ±

√
q2
11
4 −

f

g
det(C), (5.99a)

or

p11 = p22 = ±

√
f

g
det(C), p12 = 0. (5.99b)

The derivation is analogous to the derivation of (5.40) and (5.42). Also in this case
there exist at least one solution which satisfies the convexity condition tr(P ) ≥ 0.

Case 3 : Minimizers if q11 = −q22q11 = −q22q11 = −q22 (λ = −1)(λ = −1)(λ = −1)

If λ = −1 then q11 = −q22. In this case, we also cannot invert the system (5.87a)-
(5.87c) for (p11, p22, p12). We determine the minimizers using a different method.
From (5.87a) and (5.87b), we find

p22 = p11 − q11, p12 = qS/2. (5.100)

Substituting these in (5.87d), we conclude

p2
11 − q11p11 −

q2
S
4 −

f

g
det(C) = 0. (5.101)

Solving for p11, we find two solutions, viz.

p11 = q11

2 +
√
q2
11 + q2

S + 4 det(C)f/g
2 , (5.102a)

p12 = qS

2 , (5.102b)

p22 = −q11

2 +
√
q2
11 + q2

S + 4 det(C)f/g
2 , (5.102c)
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and

p11 = q11

2 −
√
q2
11 + q2

S + 4 det(C)f/g
2 , (5.103a)

p12 = qS

2 , (5.103b)

p22 = −q11

2 −
√
q2
11 + q2

S + 4 det(C)f/g
2 , (5.103c)

which are always real. The first solution (5.102) satisfies the convexity condition
tr(P ) ≥ 0.

Minimizing procedure for m

Here, we describe the minimization step (5.79c). The minimizing procedure for m
differs from the procedure for the quadratic case because we have an extra matrix C
in the functional JI which results in two coupled elliptic equations for the components
of the mapping m instead of decoupled Poisson equations. We assume P and b are
fixed, and minimize J(m,P , b) over the functionsm ∈M using calculus of variations.
Here, we drop the indices n and n+ 1, for ease of notation.

The first variation of the functional J(m,P , b) with respect tom in the direction
η ∈M is given by

δJ(m,P , b)[η] = lim
ε→0

1
ε

[
J(m+ εη,P , b)− J(m,P , b)

]
= lim
ε→0

[
α

2

∫∫
S

2(CDm− P ) : CDη + ε‖CDη‖2Fdx+

1− α
2

∮
∂S

2(m− b) · η + ε‖η‖2Fds
]

= α

∫∫
S

(CDm− P ) : CDηdx + (1− α)
∮
∂S

(m− b) · ηds.

(5.104)

The minimizer is obtained by setting the variation equal to zero, i.e.,

δJ(m,P , b)[η] = 0, ∀η ∈M. (5.105)

Let us define the column vectors p1,p2 of the matrix P , and c1, c2 of the matrix C,
as follows

p1 =

p11

p12

 , p2 =

p12

p22

 , c1 =

c11

c12

 , c2 =

c12

c22

 . (5.106)

We can split the first integrand of the final expression in (5.104) as follows

(CDm− P ) : CDη = CT (CDm− P ) : Dη

=
2∑
k=1

CT
(
C
∂m

∂xk
− pk

)
· ∂η
∂xk

= v1 · ∂η
∂x1

+ v2 · ∂η
∂x2

,

(5.107)
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where the vectors v1 and v2 are column vectors of the matrix V = [v1,v2], given by

v1 =

v11

v21

 = CT
(
C
∂m

∂x1
− p1

)
, v2 =

v12

v22

 = CT
(
C
∂m

∂x2
− p2

)
,

and by defining W = V T = [w1,w2], we can rewrite the first integral of the final
expression in (5.104) as∫∫

S
(CDm− P ) : CDηdx =

2∑
k=1

∫∫
S
wk ·∇ηkdx. (5.108)

Let n̂ denote as usual the unit outward normal on the boundary ∂S. Using the
vector-scalar product rule Appendix B and the identity (5.54), the integrals in the
right hand side of the above equation become∫∫

S
wk ·∇ηkdx =

∮
∂S
wk · n̂ηkds−

∫∫
S
∇ ·wkηkdx, (5.109)

for k = 1, 2. Substituting these integrals in the final expression of (5.104), the min-
imizer can be obtained from the following relation

2∑
k=1

(∮
∂S

(
αwk ·n̂+(1−α)(mk−bk)

)
ηkds−α

∫∫
S
∇·wkηkdx

)
= 0 ∀η ∈M, (5.110)

where mk and bk (k = 1, 2) are the components of the vectors m and b, respectively.
Choosing η2 = 0 and applying the fundamental lemma of calculus of variations [96,
p.15] for η1, we find that m1 and m2 satisfy, almost everywhere, the equation

∂

∂x1

[
|c1|2

∂m1

∂x1
+ c1 · c2

∂m2

∂x1

]
+ ∂

∂x2

[
|c1|2

∂m1

∂x2
+ c1 · c2

∂m2

∂x2

]
= ∂

∂x1
(c1 · p1) + ∂

∂x2
(c1 · p2) x ∈ S,

(5.111a)

(1− α)m1 + α
(
|c1|2∇m1 · n̂+c1 · c2∇m2 · n̂

)
= (1− α)b1 + αc1 · Pn̂ x ∈ ∂S.

(5.111b)

Similarly, choosing η1 = 0 and applying the fundamental lemma of calculus of vari-
ations for η2, we obtain

∂

∂x1

[
c1 · c2

∂m1

∂x1
+ |c2|2

∂m2

∂x1

]
+ ∂

∂x2

[
c1 · c2

∂m1

∂x2
+ |c2|2

∂m2

∂x2

]
= ∂

∂x1
(c2 · p1) + ∂

∂x2
(c2 · p2) x ∈ S,

(5.112a)

(1− α)m2 + α
(
c1 · c2∇m1 · n̂+ |c2|2∇m2 · n̂

)
= (1− α)b2 + αc2 · Pn̂ x ∈ ∂S.

(5.112b)

We can rewrite these equations as follows in matrix-vector form

∇ · (CTCDm) = ∇ · (CTP ), x ∈ S, (5.113a)
(1− α)m+ α(CTC∇m) · n̂ = (1− α)b+ αC · Pn̂, x ∈ ∂S. (5.113b)
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These are two coupled elliptic equations with Robin boundary conditions for the two
components m1 and m2 of the mapping m [26, p.160].

We discretize the elliptic equations using the finite volume method [26, p.84-88].
To that purpose, we write the partial differential equations (5.111)-(5.112) in their
integral form. We can write the differential equation (5.111a) as

∂f11

∂x1
+ ∂f12

∂x2
= ∂r11

∂x1
+ ∂r12

∂x2
, (5.114)

where

f11 = |c1|2
∂m1

∂x1
+ c1 · c2

∂m2

∂x1
, r11 = c1 · p1,

f12 = |c1|2
∂m1

∂x2
+ c1 · c2

∂m2

∂x2
, r12 = c1 · p2.

The above equation can be written in the divergence form as

∇ · f1 = ∇ · r1, (5.115)

where, f1 = (f11, f12)T and r1 = (r11, r12)T . Integrating equation (5.115) over any
A ⊂ S and using Gauss theorem (B.9), we obtain∮

∂A
f1 · n̂ds =

∮
∂A
r1 · n̂ds, (5.116)

where n̂ is the unit outward normal on the boundary ∂S of S. Now, we create a set
of non-overlapping control volumes for the computational grid of the domain S and
apply the cell-centred finite volume method, i.e., grid points are located in the centre
of the control volumes, see Figure 5.2.

Let us consider a control volume ΩC = [x1,w, x1,e]× [x2,s, x2,n] as shown in Figure
5.2, where x1,w is the x1-value at centre of the western cell face Γw, i.e., x1,w =
x1,i−1/2 and approximated as x1,w =

(
x1(W ) + x1(C)

)
/2, etc, and x1(C) = x1,i,

x1(W ) = x1,i−1, etc.
The finite volume method is used to transform equation (5.116) to a system of

discrete equations for the centre point C of the control volume ΩC. The boundary of
the control volume is divided in four parts as ∂ΩC = Γe ∪ Γn ∪ Γw ∪ Γs. Integrating
equation (5.115) over the control volume ΩC, and using the Gauss theorem, we obtain∫

Γe

f1 · n̂ds+
∫

Γn

f1 · n̂ds+
∫

Γw

f1 · n̂ds+
∫

Γs

f1 · n̂ds =∫
Γe

r1 · n̂ds+
∫

Γn

r1 · n̂ds+
∫

Γw

r1 · n̂ds+
∫

Γs

r1 · n̂ds.
(5.117)

Next, we calculate the integrals in the above equation by taking the midpoint ap-
proximation and taking into account the orientation of the boundary ∂ΩC as shown
in Figure 5.2. We obtain the following expression for the first integral of (5.117)∫

Γe

f1 · n̂ds =
∫ x2,n

x2,s

f11
(
x1,e, x2

)
dx2 ≈ F11,e h2, (5.118)
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Figure 5.2: The control volume for a cell-centred finite volume method.

where F11,e is numerical approximation of flux f11 at cell interface point xe. In a
similar fashion, we obtain ∫

Γn

f1 · n̂ds ≈ F12,n h1,∫
Γw

f1 · n̂ds ≈ −F11,w h2,∫
Γs

f1 · n̂ds ≈ −F12,s h1.

(5.119)

Analogous to (5.118), we can calculate the right hand side integrals of (5.117), and
putting all the integral approximations in (5.117), we find the following equation

h2

(
F11,e − F11,w

)
+ h1

(
F12,n − F12,s

)
=

h2

(
R11,e −R11,w

)
+ h1

(
R12,n −R12,s

)
,

(5.120)

where R11,e is a numerical approximation of r11 at the cell interface point xe, etc.
Equation (5.120) involves first order derivative terms. We approximate the derivatives
using central differences, as follows

F11,e = |c1|2e
m1(xE)−m1(xC)

h1
+
(
c1 · c2

)
e

m2(xE)−m2(xC)
h1

. (5.121)

Similarly, we can approximate the other derivatives. Finally, substituting all the
difference approximations in equation (5.120) and dividing by h1h2, we obtain the
following linear equation
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aEm1(E) + aWm1(W ) + aNm1(N) + aSm1(S) + aCm1(C)+
bEm2(E) + bWm2(W ) + bNm2(N) + bSm2(S)+bCm2(C) = R1(C),

(5.122)

where

aE = |c1|2e
h2

1
, aW = |c1|2w

h2
1
, aN = |c1|2n

h2
2
, aS = |c1|2s

h2
2
,

bE =(c1 · c2)2
e

h2
1

, bW = (c1 · c2)2
w

h2
1

, bN = (c1 · c2)2
n

h2
2

, bS = (c1 · c2)2
s

h2
2

,

aC =− (aE + aW + aN + aS), bC = −(bE + bW + bN + bS),

R1(C) = 1
h1

[
(c1 · p1)e − (c1 · p1)w

]
+ 1
h2

[
(c1 · p2)n − (c1 · p2)s

]
.

Carrying out the same derivation for (5.112a), we obtain the following discrete equa-
tion

bEm1(E) + bWm1(W ) + bNm1(N) + bSm1(S) + bCm1(C)+
dEm2(E) + dWm2(W ) + dNm2(N) + dSm2(S)+dCm2(C) = R2(C),

(5.123)

where

dE = |c2|2e
h2

1
, dW = |c2|2w

h2
1
, dN = |c2|2n

h2
2
, dS = |c2|2s

h2
2
,

dC =− (dE + dW + dN + dS),

R2(C) = 1
h1

[
(c2 · p1)e − (c2 · p1)w

]
+ 1
h2

[
(c2 · p2)n − (c2 · p2)s

]
.

Calculation of the above coefficients also requires values at the interfaces of the con-
trol volumes. We calculate the interface values using linear interpolation as defined
earlier. The truncation error for the difference approximations in (5.122) and (5.123)
is O(h2

1) +O(h2
2) [97].

We solve the linear systems (5.122)-(5.123) alternatingly for m1 and m2 with
boundary conditions (5.111b)-(5.112b), using MATLAB’s inbuilt function mldivide in
a single iteration only, and therefore the coupled discrete elliptic equations can be
solved very efficiently.

5.2.2 Second stage: Calculation of the freeform surfaces
We are interested in the solution of the optical design problem, i.e., we want to
compute the lens surfaces. We compute the first lens surface z = u1(x) from the
converged mapping m using relation (5.71) in the least-squares senses, i.e.,

u1(x) = argmin
φ

I(φ), I(φ) = 1
2

∫∫
S
|∇φ(x)−∇xc(x,m(x))|2dx. (5.124)

101



The Least-Squares Algorithms for Freeform Surfaces

We calculate the minimizing function u1(x) using calculus of variations. The first
variation of the functional (5.124) in a direction v is given by

δI(u1)[v] = lim
ε→0

1
ε

[
I(u1 + εv)− I(u1)

]
= lim
ε→0

1
2

[ ∫∫
S
ε|∇v|2 + 2

(
∇u1 −∇xc(.,m)

)
·∇vdx

]
=
∫∫
S

(
∇u1 −∇xc(.,m)

)
·∇vdx.

(5.125)

The minimizer is given by

δI(u1)[v] = 0, ∀ v ∈ C1(S). (5.126)

Using the Gauss’s identity (5.54), we conclude from (5.126) that∮
∂S
v
(
∇u1 −∇xc(.,m)

)
· n̂ds−

∫∫
S
v
(
∆u1 −∇ ·∇xc(.,m)

)
dx = 0, ∀ v ∈ C1(S).

(5.127)
Applying the fundamental lemma of calculus of variations [96, p.15], we find

∆u1 = ∇ ·∇xc(.,m) x ∈ S, (5.128a)
∇u1 · n̂ = ∇xc(.,m) · n̂ x ∈ ∂S. (5.128b)

This is a Neumann problem, and only has a solution if the compatibility condition is
satisfied, which reads∫∫

S
∇ ·∇xc(x,m)dx−

∮
∂S
∇xc(x,m) · n̂ds = 0. (5.129)

By Gauss’s theorem, this is satisfied automatically. The solution of the Poisson equa-
tion with Neumann boundary condition is unique up to an additive constant. To
make the solution unique, we have added the constraint u1(x11) = 1 .

The second lens surface is calculated from the relation (5.69), by substituting the
converged mapping m(x) and the first lens surface u1(x), thus we have

u2(m(x)) = c(x,m(x))− u1(x) ∀x ∈ S. (5.130)

The numerical algorithm is summarized as follows. We start the minimization pro-
cedure using the initial guess m0 given by (5.12) or (5.15) for the discretized source
domain S. Subsequently, we iteratively perform the steps given by (5.79a), (5.79b)
and (5.79c). The first and second steps are the minimization procedure for b and P ,
respectively, and both are performed pointwise. The third step is a minimization pro-
cedure for the mappingm and is performed by solving two coupled elliptic boundary
value problems given by (5.111) and (5.112). Next, we update the matrix C given
by (5.72). Finally, after convergence of the iteration (5.79), the first lens surface is
computed from the mapping m by solving Poisson problem (5.128), and the second
lens surface is computed from relation (5.130).
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5.3 Summary
We have presented a minor modification of the least-squares algorithm [19] to compute
freeform surfaces of the two-reflector optical system corresponding to a quadratic cost
function. Next, we have extended the least-squares algorithm for a non-quadratic
cost function applied to the lens optical system. For non-quadratic cost function the
minimization procedures of functions JI and JB are very close to the quadratic case
but the minimization procedure of J yields a coupled elliptic boundary value problem
with Robin boundary conditions instead two decoupled Poisson problems.

Note that the matrix C in the ELS-algorithm reduces to the identity matrix for
a quadratic cost function. Therefore, we can say that the ELS-algorithm is a generic
algorithm applicable to both quadratic and non-quadratic cost functions.
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Chapter 6

Numerical Results

“Science walks forward on two feet,
namely theory and experiment, ...
but continuous progress is only
made by the use of both.”

Robert A. Millikan

In this chapter, we test the least-squares algorithms by applying them to three
optical systems, viz. the two-reflector system and two lens systems, more precisely,
a single lens with double freeform surfaces and two lenses with two flat and two
freeform surfaces, for parallel-to-parallel mapping. The two-reflector design problem
is governed by a quadratic cost function, and we compute the freeform reflectors
using the basic least-squares algorithm. The lens problems involve a non-quadratic
cost function and for these problems we require the extended algorithm.

To verify the computed freeform surfaces, we built a ray tracer based on the
Monte-Carlo method, see Appendix A.

6.1 Two-Reflector System
We apply the algorithm for two test problems: in the first problem we map a square
parallel beam of light rays with uniform emittance at the source into a circular parallel
beam with uniform illuminance at the target, and in the second problem we transform
the same square uniform emittance into a picture on the target screen. The algorithm
is capable to compute both convex and concave solutions of problem (5.1). We show
the differences between the freeform surfaces for both solutions.

6.1.1 From a uniform square to a uniform circle
The first test case is the design of an optical system of two reflectors that transforms
the uniform emittance of a square into a circle. The source domain is given by the
square S = [−6,−4] × [−1, 1] and the target domain by T = {y ∈ R2

∣∣ ‖y‖2 ≤ 1}.

105



Numerical Results

(a) α = 5× 10−3 (b) α = 5× 10−2

(c) α = 0.2 (d) α = 0.5

Figure 6.1: Square-to-circle problem: convergence history for different values of α.

The light source emits a parallel beam of light with uniform emittance, i.e.,

f(x) = 1
4 ∀ x ∈ S. (6.1)

The target plane is at a distance ` = 20 from the source plane and we have fixed
the reduced optical path length β = 5(1 +

√
2), which keeps the incident angle cor-

responding to the central ray at π/8 for both reflectors, i.e., β fixes the reflectors in
such a way that the tangents of the reflectors at the central point have inclination of
π/4. The target plane is illuminated by a parallel beam of light rays with uniform
illuminance, i.e.,

g(y) =
{

1
π if y ∈ T ,
0 otherwise.

(6.2)

106



Numerical Results

(a) The mapping after 150 iterations for α =
0.2.

(b) Illuminance distribution at the target for
1 million rays.

Figure 6.2: Square-to-circle problem: the mapping and illuminance.

(a) Concave case. (b) Convex case.

Figure 6.3: Square-to-circle problem: the reflector surfaces with 50 random rays.

Note that the intensity functions f(x) and g(y) satisfy the energy balance condition
(3.44). We discretize the source domain S in a uniform 200 × 200 grid. We found
from various experiments that the number of grid points Nb on the boundary ∂S to
minimize the functional JB, does not influence the convergence of the algorithm if
it is chosen large enough. Since a large value of Nb does not significantly increase
the calculation time, we have chosen Nb = 1000. We run the algorithm for different
values of α in the functional J , and from various numerical experiments we conclude
that α = 0.2 is a good choice to balance the residuals JI and JB for these type of
freeform design problems. Choosing α too large or too small slows down convergence
which can be seen in Figure 6.1. Note that for small values of α the functional JI of
the interior domain poorly converges, and for large values of α the functional JB of
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the boundary of the domain is less accurate than JI.
The resulting mapping after 200 iterations on a 200× 200 grid is shown in Figure

6.2a. We tested the reflectors using the ray trace algorithm, see Appendix A. We
ran the algorithm for 1 million uniformly distributed random points on the source,
the corresponding illuminance on the target is plotted in Figure 6.2b. The functions
u1(x) and u2(y) representing the reflector surfaces R1 and R2, respectively, are shown
with flat shading in Figure 6.3a for the concave case and in Figure 6.3b for the convex
case with the source and target domain, and 50 random rays. The reflector surfaces
u1 and u2 corresponding to the concave solution of the Monge-Ampère problem (5.1)
are concave on their domains S and T , respectively. However, for the convex case the
reflector surfaces seems (almost) flat, cf. (5.2). The mapping for concave reflectors
turn around the illuminance pattern of the source on the target, but not for the convex
case.

6.1.2 From a uniform square to a picture
The second test case is to compute freeform surfaces of the optical system of two
reflectors that transforms a square uniform parallel beam of light into a target distri-
bution corresponding to a given picture. Here, we challenge our algorithm for three
different pictures on the target. The emittance of the light source is again the same
as defined in (6.1) and the parameters ` and β are also the same as defined in Section
6.1.1. The desired target illumination g(y) are given by three gray-scale test images
shown in Figure 6.4. Note that the pictures are converted into gray-scale and contain
some black regions, which results in g(y) = 0 for some y ∈ T . This would give division
by 0 in the Monge-Ampère equation. Therefore, we have increased the illuminance
to 5% of the maximum value if it is less than this threshold value.

The three test pictures pose different challenges for our optical design problem.
The first test image is the painting "Girl with a Pearl Earring" by the famous dutch
painter Johannes Vermeer, the original picture is shown in Figure 6.4a. The painting
has different features, e.g., the pearl and head cloth. In the second test image, Man-
drill, see Figure 6.4b, the challenge is to depict the hair of the beard of the monkey.
The challenge of the image Cat, see Figure 6.4c, is different patterns, e.g., the pattern
of the floor tiles and the wall in the background as well as the pattern of the light
spot in the background. Our algorithm is able to reproduce all these details well.

Consider the "Girl with a Pearl Earring" test case. We covered the source S with a
500× 500 grid, with 1000 boundary points. The convergence history of the algorithm
is shown in Figure 6.5a for α = 0.2. The algorithm exhibits the same convergence
for all three test images. We stopped the algorithm after 150 iterations, because JI
and JB did no longer seem to decrease. The resulting mapping is shown in Figure
6.5b. The mapping contains the gradient of the reflector surface u1(x). Another
representation of the mapping can be seen from the `2-norm of the gradient of the
reflectors displaying the contour lines of the girl, see Figure 6.6.

The reflector surfaces are validated using our ray tracing algorithm. We ran the
algorithm for 10 million uniformly distributed random points on the source to compute
the actual illumination pattern produced on the target. The target illuminance for
10 million rays is plotted in Figure 6.4. 99.99% of the rays hit the target. All of the
three output images are very close to the corresponding original image, although the
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(a) The girl

(b) Mandrill.

(c) Cat, Original image courtesy K. Brix [90].

Figure 6.4: Simulation results for three test images. First column: original images;
second column: the ray trace results.
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(a) Convergence history of the mapping. (b) The converged mapping.

Figure 6.5: The mapping and its convergence history for the "Girl with a Pearl Ear-
ring" test case.

(a) Gradient of the reflector R1 . (b) Gradient of the reflector R2.

Figure 6.6: Gradients of the reflectors for the "Girl with a Pearl Earring" test case.
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images are slightly blurred, but even complex details can be identified.
The least-squares algorithm is very memory-efficient. All our numerical calcula-

tions are performed on a laptop with only 4 GB of RAM. The computational time
and numerical residuals in the algorithm corresponding to the iteration counts for all
three test images are shown in Table 6.1 for a 500× 500 grid. The data presented in
Table 6.1 show that the residuals of the functionals JI and JB decrease very fast and
the algorithm is very time efficient. Next, in Table 6.2 we have shown the calcula-
tion times and residuals for several grids, and a fixed number of 150 iterations. The
calculation times are independent of the three test images. The algorithm converges
very fast even for smaller grids. The parameters for the results in Table 6.1 and 6.2
are α = 0.2 and Nb = 1000.

Table 6.1: Computing time (in seconds) and residuals in the least-squares
algorithm for all three test images

Iterations 10 50 100 150

Girl
Time 9 31 58 86

JI 5.0× 10−2 5.7× 10−3 2.7× 10−3 2.5× 10−3

JB 1.2× 10−3 2.4× 10−5 1.1× 10−5 4.1× 10−6

Mandrill
Time 9 31 58 86

JI 5.8× 10−2 1.2× 10−2 1.0× 10−2 1.0× 10−2

JB 5.2× 10−4 8.6× 10−5 6.7× 10−5 6.4× 10−5

Cat
Time 9 31 58 86

JI 5.2× 10−2 8.4× 10−3 7.1× 10−3 6.9× 10−3

JB 1.4× 10−3 3.4× 10−5 1.9× 10−5 1.7× 10−5
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Table 6.2: Computing time (in seconds) and residuals for the "Girl with a
Pearl Earring" test case of 150 iterations

Grids 100× 100 200× 200 300× 300 400× 400 500× 500

Time 11 23 40 62 86

JI 2.3× 10−2 9.9× 10−3 5.7× 10−3 3.5× 10−3 2.5× 10−3

JB 7.8× 10−5 2.0× 10−5 1.3× 10−5 5.1× 10−6 4.1× 10−6

(a) The mapping after 200 iteration.
(b) Convergence history of the functional JI
and JB.

Figure 6.7: Square-to-circle problem: the mapping and convergence history.

6.2 Single Lens with Double Freeform Surfaces
Here, we apply the extended least-squares algorithm to four test problems to compute
freeform surfaces of the single lens system. First, we map a square into a circle, second,
we map an ellipse into another ellipse, third, we map the square into a non-convex
(flower) target distributions. Finally, we challenge our algorithm to map the square
from the first test problem into a picture on the target screen. In all cases we have
a uniform source and target distribution. We execute the algorithm to obtain the
c-convex freeform lens surfaces for the all test problems.

6.2.1 From a square to a circle
In the first test problem, we compute freeform surfaces a single-lens optical system
that transform the uniform emittance of a square into a circle with uniform illumin-
ance. The source domain is given by S = [−1, 1]× [−1, 1] and the target domain by
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T = {y ∈ R2
∣∣ ||y||2 ≤ 1}. The light source emits a parallel beam of light rays with

uniform emittance, i.e.,
f(x) = 1

4 ∀ x ∈ S. (6.3)

The target plane is at a distance ` = 40 from the source plane, and we have fixed the
refractive index n = 1.5 and the reduced optical path length β = 3π for all numerical
test problems. The target plane is illuminated by a parallel beam of light rays with
uniform illuminance, i.e.,

g(y) =
{

1
π if y ∈ T ,
0 otherwise.

(6.4)

Note that the energy conservation condition is satisfied (3.64). We discretize the
source domain S uniformly in 200× 200 grid points and we have chosen Nb = 1000.
We found from various experiments that α = 0.65 is a good choice for α to have
residuals in JI and JB close together. Choosing α too large or too small slows down
convergence. However, the choice of α also depends on the optical parameter β. We
stopped the algorithm after 200 iterations because JI and JB stall. The resulting
mapping after 200 iterations on a 100 × 100 grid is shown in Figure 6.7a, and the
convergence history of the algorithm is shown in Figure 6.7b.

6.2.2 From an ellipse to another ellipse
In the second test case, we apply the algorithm to map a uniform emittance of an
ellipse into another ellipse with uniform illuminance. The source domain is given by
S = {x ∈ R2

∣∣ 4x2
1 + x2

2 ≤ 4}, see Figure 6.8a, and the target domain is rotated
over 90o and given by T = {y ∈ R2

∣∣ y2
1 + 4y2

2 ≤ 4}. We have chosen the uniform

(a) (b)

Figure 6.8: (a) An ellipse on the source S and (b) its image under the mapping m
on the target T
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(a) e = 0.10 (b) e = 0.15

(c) e = 0.20 (d) e = 0.25.

Figure 6.9: Non-convex flower shaped target problem: mapping after 200 iterations.

intensity distributions f(x) = g(y) = 1/4π. We use a 200× 200 grid with 1000 points
on the boundary, the reduced optical path length β = 3π, and the weight parameter
α = 0.65. The mapping after 200 iterations is shown in Figure 6.8b, and the source
distribution in Figure 6.8a. The algorithm exhibits the same convergence as for the
square-to-circle problem shown in Figure 6.7b, which shows that the algorithm is
equally capable to convert an elliptic source distribution into another elliptic target
distribution.

6.2.3 From a square to a non-convex (flower) target
In the third test case, we apply the algorithm to compute non-convex flower shaped
target distributions. We apply the algorithm to map a uniform emittance of a square
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(a) The converged mapping. (b) Convergence history of the mapping.

Figure 6.10: The mapping and its convergence history for the image target.

into uniformly illuminated non-convex targets. The source domain is given by the
square [−1, 1] × [−1, 1] with f(x) = 1/4, and the target domain is defined in polar
coordinates as

ρ(θ) ≤ 1 + e cos(6θ), 0 ≤ θ < 2π, (6.5)

where ρ(θ) is the distance to the origin and θ is the counterclockwise angle with
respect to the y1-axis in the target plane. We test the algorithm for the four values
e ∈ {0.1, 0.15, 0.20, 0.25}, which represent the deviation of the target domain from
a convex shape (circle when e = 0). We use 200 × 200 grid with 1000 points on
the boundary, the reduced optical path length β = 3π, and the weight parameter
α = 0.50. The mappings after 250 iterations are shown in Figure 6.9. The residual J
after 250 iterations is 2.73×10−7, 7.05×10−6, 3.93×10−5 and 9.99×10−5, respectively.
Convergence problems occur around the boundary for target domains which strongly
deviate from a convex shape, but if the shape deviates only slightly, the algorithm
performs satisfactorily, see Figures 6.9a-6.9d.

6.2.4 From a square to a picture
The fourth test problem is to design an optical system that transforms a square
uniform bundle of parallel light rays into a target distribution corresponding to a
given picture. Here, we challenge our algorithm for a picture showing costumes of
the Indian classical dance Bharatanatyam, see Figure 6.11. The emittance of the
light source is again the same as defined in (6.3) and the parameters of the optical
system are also the same as defined in Section 6.2.1. The desired target illumination
g(y) is given by the grayscale test image shown in Figure 6.11. Because the target
distribution contains many details, e.g., the pattern of costumes and jewellery, it
provides a challenging test for our algorithm.

Note that the picture is converted into grayscale and contains some black regions,
which results in g(y) = 0 for some y ∈ T . This would give division by 0 in the
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Figure 6.11: The picture shows costumes of the Indian classical dance Bharatanatyam.
The original is shown on the left and the ray trace result is shown on the right.
Courtesy Wikipedia

(a) The first surface L1. (b) The second surface L2.

Figure 6.12: Freeform surfaces of the lens for the image target, c-convex case.

least-squares algorithm. Therefore, we have increased the illuminance to 5% of the
maximum value if it is less than this threshold value. We discretized the source S
on a 500 × 500 grid, with 1000 boundary points. The convergence history of the
algorithm is shown in Figure 6.10b for α = 0.70. We stopped the algorithm after 150
iterations, because JI and JB did no longer seem to decrease. The resulting mapping
is shown in Figure 6.10a, the image details can be recognized in the deformed grid.
The optical system is verified using the ray tracing algorithm, see Appendix A. We
ran our ray trace algorithm for 10 million uniformly distributed random points on
the source to compute the actual illumination pattern produced on the target. The
target illuminance for 10 million rays is plotted in the Figure 6.11. The output image
is very close to the corresponding original image, although it is slightly blurred, but
even complex details can be identified. The functions u1(x) and u2(y) representing
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the freeform surfaces L1 and L2 of the lens, respectively, are shown in Figure 6.12.
The lens surfaces look like convex on their respective domains and an alternative
representation of the mapping can be seen as deformation of the grid on the second
lens surface.

6.3 Two Lenses with Two Freeform Surfaces
As discussed in Section 3.2, the lens system has two different layouts, viz. a single lens
with two freeform surfaces, and two separate lenses also with two freeform surfaces. In
this section, we provide numerical test results for both layouts for laser beam shaping
applications, where one needs to transform the given intensity distribution of a laser
beam into a well defined uniform (top-hat) target intensity. The intensity distribution
of a laser beam usually varies like a Gaussian function with the distance from the axis
of symmetry, which makes it a challenging problem in optical design. As 99.7% of
the total intensity is confined within 3σ of the mean, with σ the standard deviation
[98, p.120], i.e., about 55% of the source domain contains only 0.3% of the total flux
to transport from the source to the target for our test problems, see (6.6).

We apply the extended algorithm to achieve three different target distributions
for the same Gaussian source distribution. The first test problem concerns the trans-
formation of a Gaussian input beam into a uniform square top-hat target distribution,
in the second example the Gaussian will be mapped into a uniform circular top-hat
distribution, and finally, in the third example, we show that our algorithm can also
map the Gaussian into a non-uniform distribution at the target. We will also present
a comparison between both layouts. We compute all four possible optical systems
for the first test problem, and for the other examples, we execute our numerical
algorithm to obtain either c-convex freeform surfaces for the single-lens system or
c-concave freeform surfaces for the two-lens system.

6.3.1 From a Gaussian to a uniform square top-hat
distribution

In the first test problem, we compute freeform surfaces such that an incident Gaussian
beam is transformed into a uniform top-hat square beam as shown in Figure 6.13.
The source and target domains are given by S = T = [−1, 1] × [−1, 1]. The light
source emits a parallel beam of light with Gaussian emittance, i.e.,

f(x) = A exp
(
− 1

2

(
|x|
σ

)2)
. (6.6)

In our numerical calculations, we use the parameter values A = 3.1415 × 10−1 and
σ2 = 0.05. The target plane is illuminated by a parallel beam of light with uniform
illuminance, i.e.,

g(y) =
{

1
4 if y ∈ T ,
0 otherwise.

(6.7)

We choose the parameter A in such a way that the source and target distributions
satisfy the energy balance condition (3.44). For the first layout, we choose the refract-
ive indexes ni = 1.5, no = 1 and the parameter β = 2π, and for the second layout,
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(a) Source (b) Target

Figure 6.13: Gaussian to square top-hat: Source and target distributions.

(a) Single lens, c-convex case (b) Two lenses, c-concave case

Figure 6.14: Convergence history of the algorithm for both layouts.

two separate lenses, we opt the refractive indexes ni = 1, no = 1.5 and the parameter
β = −π. For the both layouts, we chose the weight parameter α = 0.65.

(a) Single lens, c-convex case (b) Two lenses, c-concave case

Figure 6.15: Gaussian to square top-hat: Achieved target illuminance distributions.
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(a) Single lens (b) Two lenses

Figure 6.16: Illuminance distribution along different lines y2 = constant.

(a) Single lens, c-convex case. (b) Two lenses, c-convex case.

(c) Single lens, c-concave case. (d) Two lenses, c-concave case.

Figure 6.17: Gaussian to square top-hat: the freeform lens systems.
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We discretize the source domain S uniformly in 200×200 grid points. To compare
both layouts, we provide the convergence history of the algorithm for both systems
in Figure 6.14. The residuals JI and JB stall after 1000 iterations at a value of
approximately 10−6, and the algorithm shows similar convergence for both layouts,
although for the second layout the algorithm converged slower than the single lens
problem. The freeform surfaces are validated using our ray tracing algorithm, see
Appendix A. We ran the algorithm for 10 million uniformly distributed quasi-random
points on the source to verify the illumination pattern at the target. The achieved
target illumination for 10 million rays is shown in Figure 6.15 for both layouts.

The illuminance distribution looks very flat. To have a closer look at the achieved
target distribution, we have plotted the illuminance distribution along different lines
y2 = constant, see Figure 6.16. The figure shows that the illumination distribution
is quite uniform with relative `2-error 2.3 × 10−6, better results can be obtained by
decreasing the grid size and increasing the number of rays traced through the system.
More precisely, there are small disturbances along the boundaries due to the distorted
grid on the target. The freeform lens optical systems are shown in Figure 6.17 with
transparent side walls. We have computed all four possible optical systems for both
layouts, viz. c-convex and c-concave freeform surfaces on their respective domains.
For the single lens, c-convex case the freeform surfaces appear convex but for the
c-concave case the surfaces look very flat, however for the two-lens system it is other
way around.

6.3.2 From a Gaussian to a uniform circular top-hat
distribution

In the second test problem, we apply our algorithm to compute freeform surfaces
that transfer the same Gaussian beam into a uniform circular top-hat beam as shown
in Figure 6.18. The emittance f(x) of the source S is given by the same Gaussian
function, defined in (6.6). The illuminance g(y) at the target plane is given by

g(y1, y2) =
{

1
π if y2

1 + y2
2 ≤ 1,

0 otherwise.
(6.8)

(a) Source (b) Target

Figure 6.18: Gaussian to circular top-hat: Source and target distributions.
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(a) Single lens, c-convex case. (b) Two lenses, c-concave case.

Figure 6.19: Gaussian to circular top-hat: Achieved target irradiance distribution.

(a) Single lens, c-convex case. (b) Two lenses, c-convex case.

(c) Single lens, c-concave case. (d) Two lenses, c-concave case.

Figure 6.20: Gaussian to circular top-hat: the freeform lens systems with 100 random
rays.
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The algorithm exhibits almost the same convergence for both optical systems as
shown in Figure 6.14. The resulting circular top-hat illuminance for 10 million rays is
shown in Figure 6.19 for both layouts, viz. c-convex surfaces of the single lens system
and c-concave surfaces of the two-lens system. The distribution for other two systems
look almost the same.

The freeform lens optical systems are shown in Figure 6.20 with transparent side
walls and 100 random rays including the source and target plane. We have computed
all four possible optical systems for the both layouts, viz. c-convex and c-concave
freeform surfaces on their respective domains. For the single lens, c-convex case the
freeform surfaces appear convex with respect to their domains but for the c-concave
case the surfaces look very flat, and for the two-lens system it is just the other-way.
The mapping for the c-convex case of the single lens system and for the c-concave
case of the two-lens system turn around the irradiance pattern of the source on the
target, but not for the other cases.

6.3.3 From a Gaussian to a non-uniform distribution
In the third test problem, we show that our algorithm can also provide a non-uniform
target distribution for a given source distribution. Here, we challenge our algorithm to
convert the Gaussian emittance f(x), as given by expression (6.6), into a non-uniform
square shaped illuminance at the target T as shown in Figure 6.21. The illuminance
at the target is given by the function

g(y1, y2) = Bh(y1)h(y2),

h(y) = 1− 5
(

5y
7 −

1
2

)2(5y
7 + 1

2

)2
.

(6.9)

Here, we scale the target distribution with the parameter B = 2.9061 in order
to satisfy the energy balance condition (3.64). The extended least-squares algorithm
exhibits similar convergence as for the first test problem. The achieved target illu-
minance distribution is shown in Figure 6.22 for the given Gaussian type emittance,
for 10 million uniformly distributed quasi-random points on the source. The illumin-

(a) Source (b) Target

Figure 6.21: Gaussian-to-non-uniform: Source and target distributions.
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Figure 6.22: Gaussian-to-non-uniform: Achieved illuminance distribution for the c-
convex case of the single lens system. The distribution for two-lens system is very
close to it.

(a) Single lens, convex case. (b) Two lenses, concave case.

Figure 6.23: Gaussian to non-uniform distribution: the freeform lens systems.

ation pattern at the target (peaks and lows of the polynomial) is validated by the ray
tracing algorithm.

We have presented the single lens system with c-convex freeform surfaces in Figure
6.23a and the two-lens system with c-concave freeform surfaces in Figure 6.23b with
transparent side walls and 100 random rays including the target distribution at the
target plane. In these figures the freeform surfaces look like a perfect convex or concave
surface, however, they are c-convex or c-concave. To show this we have computed
gradient surfaces for the single lens system, and plotted the modulus of the gradient
in Figure 6.24. Since, the source distribution is given by a Gaussian function, the
first surface is convex as is evident from the gradient plot in Figure 6.24a since there
is only one critical point. However, the target distribution is given by a polynomial
of nine extrema which can be seen from the gradient plot in Figure 6.24b, showing
that the second freeform surface is a c-convex surface.
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(a) Gradient of the first surface. (b) Gradient of the second surface.

Figure 6.24: Gaussian to non-uniform distribution, single lens system: modulus of
the gradients of the freeform surfaces.

6.4 Conclusion
In this chapter, we have employed the least-squares algorithms for both quadratic and
non-quadratic cost functions, for several numerical test problems. The algorithms are
very time and memory efficient, and capable to compute both convex and concave
freeform surfaces of an optical system. More precisely, we have applied the algorithm
to several challenging problems, e.g., image targets containing detailed painting, and
obtained high resolution results, preserving details of the original painting. The ELS-
algorithm also executed efficiently for laser beam shaping problems, which demon-
strates the wide range of applications of the algorithm.
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Chapter 7

Conclusions and
Recommendations

“Is easy to judge or jump into
conclusion when you don’t know
what is behind their lives. Ask
before judge, you will see their lives
with another perspective.”

Lilly

7.1 Conclusions
In this thesis we have investigated inverse methods for the computation of freeform
surfaces of an optical system that converts a given source light distribution into a
desired target light distribution. More precisely, we have explored several optical
systems consisting of one or two freeform surfaces.

The formulation for the shape of freeform surfaces can be derived starting from
the characteristic function. The point characteristic function gives the optical path
length for a ray between the source plane and the target plane and with the help of
the principles of geometrical optics (law of refraction or reflection) and characteristic
functions, we derived a relation for the shape and the location of the optical surface(s)
of the form

u1(x) + u2(y) = c(x, y),

where c(x, y) is a function that depends on the geometry of the optical system.
For several optical systems, the inverse problem of optical design can be formulated

as a mass transport problem if we restrict ourselves to a c-concave or c-convex pair
(u1, u2). The function c is the cost function in mass transport problems.

We could obtain an expression for the optical map by connecting coordinates on
source and target domains using principles of geometric optics, or alternatively, we
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could derive the same expression for the map through mass transport theory. Combin-
ing the energy conservation constraint with this formulation gives rise to the so-called
Monge-Ampère equation, which is a nonlinear, elliptic partial differential equation
and linear in the Hessian.

The optical map of a system governed by a quadratic cost function, viz. single free-
form surface systems for parallel to far-field and the two-reflector system for parallel
to parallel, can be expressed in terms of the gradient of a potential, which represents
the shape of (one of) the freeform surface(s), and for this case the Monge-Ampère
equation is the standard one. On other hand, for an optical system associated with a
non-quadratic cost function, viz. single freeform surface systems for point to far-field,
double freeform surfaces lens systems for parallel to parallel and the two-reflector
system for point to point, the map is no longer the gradient of a potential and sub-
sequently the Monge-Ampère equation becomes more complicated.

We have implemented and tested a least squares minimization method to obtain
solutions of the Monge-Ampère equation. The method was recently developed by
Prins et al. [19] for an optical system consisting of a single freeform surface system
for parallel to far-field, i.e., for a quadratic cost function. The method is a two-stage
procedure. In the first stage we compute the optical map and from this the location of
the optical surface. Both stages are performed in a least-squares sense. The compu-
tation of the map is an iterative process. At each iteration, three steps are performed:
two of these are nonlinear minimization steps, which can be done pointwise, and in
the third step two decoupled Poisson problems have to be solved for the components
of the map.

We have applied the algorithm to compute the freeform surfaces of the two-
reflector system for parallel to parallel and obtained good results. Inspired by this,
we have extended the algorithm to a more complicated system governed by a non-
quadratic cost function, viz. the double freeform surfaces lens that maps a parallel
beam to another parallel beam. For this case, we had to modify the least-squares
method for the energy constraint as well as the Poisson solvers for the computation
of the mapping. We had to deal with two coupled elliptic PDEs instead of two separ-
ate Poisson problems. We have tested the new algorithm for several challenging test
problems. The new algorithm proved to be very efficient and robust.

The least-squares algorithm is very time and memory efficient, and able to compute
both c-convex and c-concave surfaces which makes it a valuable addition to existing
methods. This shows that the method can be useful for optical design engineers. The
inverse solvers reduce the cost of design and create new optical solutions for the optics
industries.
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7.2 Outlook and Recommendations
The research work of this thesis provides a solution to some challenging inverse optical
design problems but it also raises many new questions that could to be addressed in
future research.

We have obtained a generalized mathematical formulation for several optical sys-
tem representing freeform surfaces, based on the theory of characteristic functions.
A next step would be to find the formulation for more complex systems, e.g., double
freeform lens or reflectors systems that image a point to another, or that map a point
source to a parallel beam of light rays. Additionally, we would like to include optical
surfaces with scattering and/or Fresnel reflection instead of reflection or refraction
only.

We have provided a basic overview on the relation between optical design problems
and mass transport but we are still missing a physical interpretation of the relation
between optimal mass transport and freeform optical design problems. An interesting
overview can be found in Oliker’s paper [17] for a single reflector system.

The least-squares algorithm performed very efficiently for the lens problem in-
volving a non-quadratic cost. A next step could be to apply the algorithm to systems
involving more complex cost functions. We would also like to have a better under-
standing of the dependence of the algorithm on the weight parameter α and the
convergence of the algorithm.

We would also like to investigate the differences between our method and the
methods presented by Froese et al. [80, 81, 84, 85] and several others [87, 89]. They
first obtained the mapping from a quadratic cost function, then they construct an
optical system based on that mapping and iteratively improved.

Furthermore, we would like to extend the applicability of the Monge-Ampère solver
to other fields of science and engineering. Monge-Ampère problem plays an important
role various fields of science, such as optimal transport theory, shape optimization,
compression modeling, relativistic theory, incompressible fluid flow, modeling in eco-
nomy, astrophysics, atmospheric sciences etc. In Table 7.1, we list some interesting
cost functions and their application areas [37]. For the interested reader, we refer
to the following: Evans’ survey notes [40], articles of Bouchittè-Buttazzo [99, 100],
Gangbo’s lectire notes [43], introductiuon of Benamou-Brenier article [101].
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Table 7.1: Cost functions and their application areas

Cost function Application

|x− y| Monge’s original cost function [41], shape optimization [40, 99, 100]

sand pile growth, compression modeling [40]

|x− y|2 Tanaka’s study of Boltzmann equation [33, p. 223-235]

Brenier’s study of incompressible fluids [44, 45], geometric applications [33, p. 183-204]

diffusion equations of Fokker-Planck type [37], semi-geostrophic equations [40]

− log(1− x · y) Far-field reflector antenna design [17, 60, 92]

− log(1− ε(x) · y) Near-field reflector antenna design [57, 58, 67]

− log |x− y| flat conformal geometry [37]

1−
√

1− |x− y|2 relativistic theory [101], Rubinstein-Wolansky’s design of lens [31]√
1 + |x− y|2 relativistic heat equation [37]

|x− y|β , 0 < β < 1 modeling in economy [43]
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Appendix A

The Ray Tracing Algorithm

In this section, we describe a ray-tracing algorithm to verify our numerical results
obtained by the least-squares method. The results can be verified using commercial
tools as well but commercial tools use the B-spine type of algorithms which give an
additional error in computation, to avoid these type of errors we use our-self build
algorithm. Before a detailed explanation of the algorithm is given, we give a brief
outline of the challenges involved in the computation.

We start our ray-tracing algorithm by generating a random point p on the source.
The ray emitted from the point p is propagating in positive z-direction and intercepted
by the reflector R1, say at a point r1. The value of u1(p) at the intersection point
r1 is obtained using bilinear interpolation, which is explained in next Section A.1.
A challenging task for bilinear interpolation is to find the proper quadrilateral that
contains the point p and it becomes more challenging for irregular grids on the target.
The reflector R1 reflects off the ray in the direction t̂, which is obtained using the
law of reflection (3.35). The reflected ray intersects the reflector R2, say at point r2,
and the intersection point is calculated using the bisection method. Next we find the
interpolated value u2 of the reflector R2 at that point, for which we need bilinear
interpolation on irregular grids. The illuminance on the target screen is calculated by
intersection of the reflected rays from the reflector R2 with the target T .

The algorithm steps are the following:

• Find the quadrilateral on the source domain and the interpolation value of the
reflector R1.

• Compute the direction of the reflected ray.

• Compute the intersection of the reflected ray with the reflector R2.

• Find the quadrilateral on the target domain and the interpolation value of the
reflector R2.

• Calculate the illumination on the target.

Find the quadrilateral on the source domain and the interpolation value
of the reflector R1
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Figure A.1: Sketch of the cylinder generated by the target.

First of all, we generate a random point p on the source domain S using the Monte-
Carlo random generator. Secondly, we calculate the interpolated value of u1(p) using
bilinear interpolation, see Section A.1. For that we have to know the quadrilateral
that contains the point p. In our calculation the source domain has a regular rectan-
gular grid. We find the nearest grid point to the point p via the minimum distance
approach, then we search for the point p in the four surrounding rectangular cells
and find the proper cell using MATLAB’s inbuilt function inpolygon. Let us, say V1
is the interpolated z−value of the reflector R1 at the point p. The corresponding
coordinates on the reflector R1 are (p1, p2, V1) .

Compute the direction of the reflected rays
The direction of the reflected ray t̂ = (t1, t2, t3) is calculated using the law of reflection
(3.35)

t̂ = ŝ− 2(ŝ · n̂1)n̂1,

where ŝ = (0, 0, 1) is the direction of the incident rays, and n̂1 is the unit downward
normal of the reflector R1 which is given by relation (3.45).

Compute the intersection of the reflected ray with the reflector R2
Once we have obtained the interpolation value (p1, p2, V1) of the reflector R1 at the
point p and the reflected direction t̂, we need the intersection of the reflected ray
with the second reflector R2. The reflected ray goes through the cylinder generated
by the target domain T (see Figure A.1) but it is hard to find the intersection point
due to irregularity of the grid. The target grid depends on the energy pattern of the
target which is not uniform in most of cases, e.g. the image target grid lines depend
on a nonuniform illumination g. We use the fact that the ray propagating towards
the reflector R2 intersects the cylinder generated by the target T at least twice (may
be more due to irregularity of the boundary). The reflected ray can be written in the
vector form as

v = r1 + st̂, (A.1)

where r1 = (p1, p2, V1) are coordinates of the reflector u1(x) corresponding to the
point p and s ≥ 0 is a scalar representing the arc-length along the reflected ray.
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Let (Xb, Y b) denote the discretized boundary of the target domain. The parametric
equation of any line segment on the boundary isXb(i)

Y b(i)

+ µ(i)

Xb(i+ 1)−Xb(i)

Y b(i+ 1)− Y b(i)

 , i = 1, 2, ..., Nb, (A.2)

where 0 ≤ µ(i) ≤ 1 for all i = 1, 2, ..., Nb and Nb is number of boundary grids. The
reflected ray given by equation (A.1) intersects a boundary segment of the cylinder ifp1

p2

+ s

t1
t2

 =

Xb(i)
Y b(i)

+ µ(i)

Xb(i+ 1)−Xb(i)

Y b(i+ 1)− Y b(i)

 . (A.3)

This is a system of linear equations for s and µ(i) and can simply be solved

µ(i) = (Y b(i)− p2)t1 − (Xb(i)− p1)t2
(Xb(i+ 1)−Xb(i))t2 − (Y b(i+ 1)− Y b(i))t1

, (A.4a)

s = µ(i)(Xb(i+ 1)−Xb(i)) +Xb(i)− p1

t1
, (A.4b)

where the denominators in above expressions are not zero in our calculations. We
repeat this process for all line segments of the target boundary. There will be an
intersection between the reflected ray and the cylinder generated by the target if and
only if 0 ≤ µ(i) ≤ 1 for at least one i. If a light ray enters the cylinder then it also has
to leave the cylinder so there will be at least two intersection points (may be more
due to irregularity of the boundary or no intersection if the ray is going in wrong
direction).

If there is no intersection due to numerical noise (for rays close to the boundary)
between the reflected ray and line segments of the target boundary we will go for the
next ray and if there is an intersection we go to the next step of our algorithm. Let’s
say there are at least two intersection points then we start with the first two s-values
and find the interpolation value u2 of the reflector R2 at these points using bilinear
interpolation as explained in Section A.1, and then check the position of these points
by comparing with the exact value of the reflector R2 at that point. The possibilities
are:

• If any of these points is approximately on the reflector R2 then go to the next
step (find corresponding illuminance on the target).

• If both points are either above or below the reflector R2 then go for next two
intersection points.

• If one of them is above the reflector R2 and other one is below the reflector R2
then go to the bisection process explained below.

Let’s say a = s(1) is above the reflector and b = s(2) below the reflector. Now, we
have two points to start the bisection process and we can calculate the desired point
through the bisection method. Note that interpolation of the reflector R2 at all these
points is calculated using bilinear interpolation.
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Find the quadrilateral on the target domain and interpolation value of
the reflector R2
Before calculating the interpolated value of u2(y) at the specified point through bilin-
ear interpolation we have to know the proper quadrilateral which contains the point.
The target grid may not be regular since it depends on the desired target illuminance.
We go from a regular grid on the source to an irregular grid on the target via the
mapping m which is given by relation (3.43). To find the closest grid point to the
specified point, we use the following norm to calculate the nearest grid point

||(Dm)−1[p−m(xij)]||2, (A.5)

where xij = (x1,i, x2,j), i = 1, 2, ..., N1, j = 1, 2, ..., N2 represents the source grids.
Due to the skewness of the target grid and numerical noise it is not always possible
to find the required point in the nearest four surrounding quadrilaterals, thus we ex-
tended our search algorithm to sixteen surrounding quadrilaterals. Once we find the
proper quadrilateral we can find the corresponding interpolated value as described
above. We can verify that the direction of the reflected ray is the same as the direc-
tion of the incident ray using the law of reflection (3.35).

Calculate the illumination on the target
Finally, we calculate the target illuminance by calculating the intersection of the
reflected rays with the plane α2 and collect the rays in bins.

A.1 Bilinear Interpolation on Irregular Grids
First we explain bilinear interpolation for regular grids and then we extend our in-
terpolation method for irregular grids. The interpolation technique we used in our
ray tracer code is based on linear area weighting. The linear method described here
offers a good compromise between accuracy and computational overhead. This inter-
polation scheme is summarized in Figure A.2. We want to interpolate some quantity
existing at the position denoted by the large (red) circle to the four grid nodes. To
do this, we divide the cell into four sections. The fraction to be deposited to each
node is numbered(shaded) with the same number(color) (see Figure A.2). We label
the coordinates as l ∈ [0, 1] and m ∈ [0, 1]. A value of zero corresponds to the left or
bottom edge, and a value of 1 is the right or top edge. The interpolated value of the
function at the point is simply calculated by multiplying the value at each node by
the opposite area and add the contributions together, i.e.,

Vp = w1v1 + w2v2 + w3v3 + w4v4, (A.6)

where w1, w2, w3 and w4 are areas of the opposite sections and v1, v2, v3 and v4 are
node values. This gives the interpolation value at any arbitrary point in the cell of the
regular grid. However, we do not have regular grids on the target (grids are depend
on the target pattern), so our task is to extend this approach for irregular grids. Here,
we do this by mapping an irregular grid to a unit square regular grid.

Mapping an arbitrary quadrilateral to a unit square
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The above technique works but it has one serious drawback: it is useful only for rect-
angular cells but we have irregular grids as well. In order to perform the interpolation
for an arbitrary quadrilateral, we need to obtain a mapping function as shown in Fig-
ure A.3. Our goal is to come up with a function such that (x, y) = F (l,m) where
l ∈ [0, 1] and m ∈ [0, 1] describes the entire point space enclosed by the quadrilateral.
In addition, we want F (0, 0) = (x1, y1), F (1, 0) = (x2, y2) and so on to correspond to
the polygon vertices. This function, yet to be determined, forms a map that allows us
to transform the quadrilateral from the physical coordinate set to a logical coordinate
space. In the logical coordinates, the polygon morphs into a square, regardless of its
physical form.

Once the logical coordinates are obtained, we calculate interpolation value just as
described above. What remains now is to find the mapping. To do this, we assume a
bilinear mapping function given by

x = α1 + α2l + α3m+ α4lm, (A.7a)

y = β1 + β2l + β3m+ β4lm. (A.7b)

We next use these expressions to solve the four coefficients
x1

x2

x3

x4

 =


1 0 0 0

1 1 0 0

1 1 1 1

1 0 1 0




α1

α2

α3

α4

 .

The coefficients in the above matrix come from Figure A.3 where we defined our
mapping function. A similar expression is also written for the βk, (k = 1, 2, 3, 4)
coefficients. We can solve these linear systems for the coefficients αk and βk easily by
inverting the matrices.

Now, we have our mapping to go from the logical to the physical space. To obtain
the reverse mapping for l and m we need to solve system (A.7). Note this system

Figure A.2: Computational cell is subdivided and the fraction corresponding to the
diagonal area is deposited onto each node.
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Figure A.3: A mapping function allows us to represent the arbitrary shaped quadri-
lateral as a square.

is no longer linear, however it can be solved quite easily analytically. We can first
obtain

l = x− α1 − α3m

α2 + α4m
, (A.8)

substituting l into the second expression, we obtain

(α4β3 − α3β4)m2 + (α4β1 − α1β4 + α2β3 − α3β2 + xβ4−
yα4)m+ (α2β1 − α1β2 + xβ2 − yα2) = 0.

(A.9)

This is simply a quadratic equation with the three coefficients given by the terms in
the parentheses and the physical solution m is obtained using the quadratic formula.
Then we put m in equation (A.8), calculate l and the interpolation value can be
calculated from equation (A.6).
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Appendix B

Indentities and Theorems
from Vector Calculus

B.1 Scalar-Vector Identities
Here, we provide a list of identities that are useful in this thesis. Let us consider a
function f(x), x = (x, y, z) ∈ R3 and three continuously differentiable vector fields
u = (ux, uy, uz), v = (vx, vy, vz), and w = (wx, wy, wz) in the three-dimensional
Cartesian coordinate system. The following identities are well defined in vector cal-
culus [39]:

∇f = ∂f

∂x
=
(
∂f

∂x
,
∂f

∂y
,
∂f

∂z

)
. (B.1)

∇ · u =
(
∂ux
∂x

,
∂uy
∂y

,
∂uz
∂z

)
. (B.2)

∇× u =

∣∣∣∣∣∣∣∣∣
êx êy êz

∂
∂x

∂
∂y

∂
∂z

ux uy uz

∣∣∣∣∣∣∣∣∣ (B.3)

∆f = (∇ ·∇)f =
∣∣∣∣∂f∂x

∣∣∣∣2 = ∂2f

∂x2 + ∂2f

∂y2 + ∂2f

∂z2 . (B.4)

∇× (∇f) = 0, and ∇ · (∇× u) = 0. (B.5)

∇× (∇× u) = ∇(∇ · u)−∇2u. (B.6)

∇× (u× v) = (∇× u) · v − u · (∇× v). (B.7)

u× (v×w) = (u ·w)v − (u · v)w. (B.8)
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B.2 Gauss’s Divergence Theorem
For any continuously differentiable vector field u defined on a compact (volume) set
V ∈ R3, we can write [39, p.925]∫

V

∇ · udV =
∮

S
u · n̂dS, (B.9)

where S = ∂V piece-wise smooth boundary of volume V , and n̂ is the outward
pointing unit normal field of the boundary S. The left side integral is a volume integral
over the volume V , and the right side is the surface integral over the boundary.
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Summary

Monge-Ampère Problems with Non-Quadratic Cost Function: Application
to Freeform Optics

In this thesis we studied the light propagation through freeform optical systems.
The purpose is to compute freeform surfaces of an optical system which redistribute
a given light pattern of the source into a desired light pattern at the target. Optical
engineers are designing these type of systems using forward techniques: a design
is repeatedly improved on basis of trial and error process, until the desired light
pattern is achieved. On the other hand, inverse methods directly compute the freeform
surfaces of an optical system for a specified light source distribution and a desired
light output pattern at the target. Inverse methods can significantly speed up the
design process, and even provide designs that could realistically never be achieved
without these methods.

The inverse problem can be formulated as a second order partial differential equa-
tion using the principles of geometrical optics, characteristic functions theory and the
law of energy conservation. More precisely, an expression for the optical map can
be obtained by connecting coordinates of source and target domains, either position
or direction coordinates. Substituting the optical map in the conservation of energy
condition gives rise to a Monge-Ampère equation, which is a fully nonlinear elliptic
PDE but linear in the Hessian, for the location and shape of a freeform surface of an
optical system.

In this work we have restricted ourselves to optical systems consisting of one or
two freeform surfaces. We have described the following four classes of freeform optical
systems according to source and target distributions: first, parallel in and far-field
out, second, parallel in and parallel out, third, point source in and far-field out, and
finally, point source in and point target out, containing either reflector(s) or lens(es).

We showed that for several optical systems, the inverse problem of optical design
can be cast in the framework of optimal mass transport: how to convert an initial
(source) density distribution to a desired output (target) density distribution while
minimizing a so-called cost function (optical path length), if we restrict ourselves to
(a) c-concave or c-convex optical surface(s).

For simple optical systems, involving a source emitting a parallel beam of light
rays, a single freeform surface with a target distribution in the far-field, and two-
reflector systems with a target receiving a parallel bundle of light rays, the cost func-
tion is quadratic and the Monge-Ampère equation is the standard one. This problem
is solved using a least-squares method in two-stages. In the first stage we compute the
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optical map and from this the location of the freeform surface(s). The computation
of the map is an iterative process. At each iteration, three steps are performed: two
of these are nonlinear minimization steps, which can be done pointwise, and in the
third step two decoupled Poisson problems have to be solved for the components of
the map.

We have generalized this method for more complicated systems. More specifically,
we have extended the method for lens systems containing double freeform surfaces.
In this case the associated cost function is no longer quadratic which results in a
more complicated Monge-Ampère equation. Consequently, we had to modify the
least-squares method for the energy constraint as well as the Poisson solvers for the
computation of the mapping. We had to deal with two coupled elliptic PDEs instead
of two separate Poisson problems.

The numerical algorithm was tested, applying it on several challenging test prob-
lems to compute freeform surfaces for three optical systems, viz. two-reflector, single
lens with double freeform surfaces and two lenses with two freeform surfaces, to map
a parallel beam into another parallel beam. Numerical results shows that the least-
squares algorithm is very efficient and robust, and is able to compute both c-convex
and c-concave surfaces which makes it a valuable addition to existing methods.
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