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Abstract

In this work, we numerically investigate the dynamics of the growth and impingement
of two gas bubbles in a Newtonian liquid in the presence of a rigid spherical particle. The
computational analysis is carried out through 3D Arbitrary Lagrangian Eulerian (ALE)
Finite Element Method (FEM) simulations.

During their growth, as the bubbles start to ‘feel’ each other, they lose their spherical
shape, with the side facing the other bubble becoming almost flat. In the liquid layer between
the gas inclusions, an essentially biaxial extensional flow takes place. Depending on its initial
position with respect to the bubbles, the solid particle can be ‘captured’ by the coalescing
bubbles or ‘escape’ them. The effects of the physical and geometrical parameters of the
system on such phenomenon are studied.

Keywords: Soft Matter, Foam, Bubble growth, Impingement, Solid particle, Direct
Numerical Simulations

∗Corresponding author. +39 0817682280
Email address: massimiliano.villone@unina.it (Massimiliano M. Villone)

Preprint submitted to Computers & Fluids March 13, 2018



1. Introduction

Foams are ubiquitous in nature. Due to
their mass and energy transport, acoustic and
impact absorption, and catalytic properties,
they are also of great interest in science and
industrial applications ranging from construc-
tion to food, from packaging to biomedicine
[1, 2].

The first investigations on the dynamics
of gas bubbles in a liquid date back to one
century ago, when Lord Rayleigh studied the
pressure field in a liquid containing a collaps-
ing bubble [3]. Some years later, Lamb consid-
ered a somewhat opposite problem, namely,
the explosive growth of submarine bubbles
[4]. Since then, foams have received a great
interest in the literature: numerous theoreti-
cal, experimental, and numerical works deal
with the formation, growth (or collapse), and
coalescence of gas bubbles in liquid matrices.

When a gas is dispersed into a liquid, the
presence of inhomogeneities or impurities can
make it nucleate, thus forming little bub-
bles, which can grow because of gas diffu-
sion through the liquid phase [5, 6]. Since
the second half of the 20th century, several
models of the growth of a single gas bubble
in a Newtonian liquid have been developed
[7, 8]. Favelukis et al. developed an analyti-
cal prediction for spherical bubble growth in
an infinite generalized Newtonian medium [9].
In its ‘simple’ Newtonian version, the model
reads

R

R0

=
2σ

R0(pb − p∞)
+

+

[
1− 2σ

R0(pb − p∞)

]
e
pb−p∞

4η
t

(1)

with R the bubble actual radius, R0 the bub-
ble initial radius, σ the surface tension be-
tween the liquid and the gas, pb the bubble
pressure (supposed constant), p∞ the liquid
pressure far from the growing bubble (con-
stant as well), η the liquid viscosity, and t the
time.

When numerous gas bubbles are dispersed
in a liquid at distances much larger than their
dimensions, the spherical growth models ade-
quately describe their dynamics. When this
is not the case, such models are still suitable
for the description of the very early inflation
stages, but fail to describe the growing dynam-
ics when the distances among bubbles become
comparable with their dimensions. Indeed, it
is known that, when gas bubbles approach
impingement, i.e., the thickness of the liquid
layer separating them gets progressively thin-
ner, they attain a non-spherical shape, as the
sides facing other bubbles become almost flat.
Hence, if a growing bubble is surrounded by
other gas inclusions, it assumes a polyhedron
shape [10, 11]. The evolution of the thickness,
stress state, and deformation of the liquid
film during bubble growth and impingement
has received a great interest in the literature,
especially with reference to polymer foams,
and has been the subject of numerous experi-
mental and numerical works over the last two
decades [12, 13, 14, 6, 15, 16, 17].

When the liquid film separating growing
bubbles thins below a critical thickness, a
spontaneous rupture can happen [18]. In
polymer foams, local flow-induced crystalliza-
tion of the liquid can occur during bubble
growth: the so-formed inhomogeneity can pro-
mote film rupture [19]. In any kind of liquid
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matrix, bubble walls may also break because
of the presence of impurities like solid parti-
cles [20, 21, 22]. Bubble rupture, in turn, can
open the way to liquid film retraction, whose
extent and velocity depend on the interplay
among inertial, surface, viscous, and elastic
forces (in case the liquid phase is viscoelastic)
[23, 24, 25, 26, 27]. The presence of solid ob-
jects suspended in the liquid matrix, then, can
play a crucial role, since it can anticipate bub-
ble rupture and affect the final morphology of
the material [27]. Specifically, the presence of
solid particles may generate high local stress
fields between the particle and the surface of
a close bubble, leading to the formation of a
hole on its surface and, consequently, bubble
rupture. However, despite the relevance of
solid inclusions in foaming processes, bubble
growth dynamics has been always studied as-
suming a pure and homogenous matrix liquid.

In this paper, we study the growth and im-
pingement of gas bubbles in a Newtonian liq-
uid in the presence of a solid particle through
fully three-dimensional Direct Numerical Sim-
ulations (DNS). A model system consisting
in a liquid matrix containing two bubbles in-
flated under the action of a constant internal
pressure is considered. A rigid spherical par-
ticle is also suspended inside the liquid phase.
Results in terms of bubble growth, particle
dynamics, and liquid strain rate fields are re-
ported and discussed for different geometrical
and flow parameters.

2. Mathematical model

In Fig. 1, a (not to scale) schematic draw-
ing of the computational domain is reported.

𝐿

𝐿

𝑑

𝑅$

𝑅%

𝐿

Γ'((𝑡)

𝑧

𝑟 Γ%(𝑡)
𝒓%(𝑡)

Γ/

Γ'0(𝑡)

𝑅$

Γ1

Γ2

Γ3

Γ0

Γ(

Figure 1: Sketch of the computational domain (not
to scale).

A cubic Newtonian liquid domain with side L
is considered. A cylindrical system of coordi-
nates is centered in the cube center with the
positive z-direction oriented to the right. Two
initially spherical gas bubbles with (equal) ra-
dius R0 are situated with their centers on the
z-axis at distance d in a symmetric position
with respect to the rθ-plane at z = 0. A rigid
spherical particle with radius Rp is suspended
in the liquid at an initial position rp,0 (with
reference to the particle center). Due to the
axisymmetry of the investigated system, the
angular position of the particle is irrelevant.
Thus, we initially set the particle at θ = 0,
i.e., rp,0 = (zp,0, rp,0, 0). In what follows, we
omit to specify the angular coordinate of the
particle position.

For the sake of simplicity, we neglect the dif-

3



fusion of the dissolved gas through the liquid
and assume that the bubble growth is driven
by a constant pressure difference between the
bubbles and the liquid far from them. For this
reason, only the liquid phase is mathemati-
cally described. Assuming the liquid phase to
be incompressible and inertialess, its dynam-
ics is governed by the mass and momentum
balance equations in the Stokes formulation,
reading

∇ · u = 0 (2)

∇ · τ = 0 (3)

where u is the velocity vector and τ =
−pI + 2ηD is the stress tensor, with p the
pressure, I the identity tensor, η the Newto-
nian liquid viscosity, andD = (∇u+∇uT)/2
the symmetric part of the velocity gradient
tensor.

The continuity and momentum balance
equations in the liquid phase are solved with
the following boundary conditions:

τ ·m = −p∞m on Γ1 − Γ6 (4)

τ ·n = σn∇ ·n− pgn on Γb1(t), Γb2(t) (5)

u = U + ω × r on Γp(t) (6)

F =

∫
Γp(t)

τ · n dS on Γp(t) (7)

T =

∫
Γp(t)

r × (τ · n) dS on Γp(t) (8)

Equation (4) expresses the outflow condition
on the cubic domain boundaries, with p∞ the
(constant) liquid pressure far from the bub-
bles and m the outwardly directed unit vector
normal to boundaries Γ1−Γ6. Equation (5) is
the Young-Laplace boundary condition on the
moving interfaces Γb1(t) and Γb2(t) between
the gas bubbles and the liquid, with σ the
surface tension, pg the gas pressure, and n
the unit vector normal to such interfaces and
directed toward the liquid phase. It is worth
mentioning that the pressure of the gas induc-
ing bubble growth is assumed to be constant.
Equation (6) is the rigid-body motion condi-
tion on the moving solid particle spherical sur-
face Γp(t), where r denotes the position vector
of a generic point on the particle surface, U
and ω are the particle translational and an-
gular velocities (to be determined). Finally,
Eqs. (7) and (8) specify the hydrodynamic
force F and torque T acting on the particle.
Since inertia is neglected, the particle is force-
and torque-free. The absence of inertia also
implies that no initial conditions are needed
for the unknowns.

The balance equations and the boundary
conditions given above are made dimension-
less by choosing the bubbles’ initial radius
R0 as the characteristic length, η/∆p, with
∆p = pg − p∞, as the characteristic time,
R0∆p/η as the characteristic velocity, and ∆p
as the characteristic stress. Doing so, the
capillary number Ca = R0∆p/(2σ) appears
in Eq. (5). Moreover, three dimensionless
geometrical parameters can be identified, i.e.,
the initial distance between the centers of the
bubbles d, the particle radius Rp, and the
initial particle position rp,0. All the results
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presented in the following are given in terms
of dimensionless quantities, the usual super-
script ∗ being omitted for simplicity.

3. Numerical technique and code vali-
dation

The equations constituting the mathemat-
ical model illustrated in Sec. 2 are solved
through the Arbitrary Lagrangian Eulerian
(ALE) Finite Element Method (FEM). The
outcomes of our numerical simulations are the
full velocity and stress fields dynamics in the
whole liquid domain, as well as the dynamics
of the gas bubbles and the solid particle. As
reported above, the spherical particle is rigid,
thus all its points have the same velocity and
no stress is defined at its interior. Further-
more, the pressure making the bubbles grow
is given as an input at the gas-liquid interface,
so the velocity and stress fields in the gas
phase are not solved. For these reasons, the
computational domain is a cube of side L with
three initially spherical ‘holes’, i.e., the gas
bubbles and the solid particle. The portion
of space surrounding the bubbles and the par-
ticle is discretized by means of a mesh made
of quadratic tetrahedra. On the solid-liquid
and gas-liquid interfaces, the mesh aligns with
element faces (quadratic triangles). We use
quadratic (P2) interpolation for the velocity u
and linear (P1) interpolation for the pressure
p (Taylor-Hood elements). In Fig. 2a, a de-
tail of the computational mesh for a domain
with two bubbles at initial distance d = 5.0
and a particle with radius Rp = 0.2 initially
placed at (zp,0, rp,0) = (0, 0.1) is shown. For
clarity, only the surface mesh elements on the

bubbles, the particle, and the cube faces Γ5

and Γ6 are shown.

(b)

(a)

Figure 2: Zoom of the meshed computational domain
for d = 5.0, Rp = 0.2, (zp,0, rp,0) = (0, 0.1). (a) Initial
configuration. (b) Configuration after bubble growth.

During the system evolution, the de-
formable interfaces between the gas inclusions
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and the liquid matrix need to be tracked: to
do this, a FEM with second-order time dis-
cretization is defined on Γb1 and Γb2, where
the normal component of the mesh velocity
equals the normal component of the physical
velocity, whereas the tangential velocity of the
mesh nodes is such that the distribution of
the elements on the interfaces is optimized.
Compared to a Lagrangian one, this approach
greatly reduces the distortion of the interface
mesh. A detailed description of the adopted
numerical procedure can be found in [28].

As bubbles inflate, approaching each other
and squeezing the liquid in between them,
which, in turn, transports the solid particle,
the mesh volume elements progressively warp.
Therefore, every time the mesh quality, in
terms of the aspect of the ‘worst’ element in
the domain, goes below a given threshold, a
remeshing is performed [29, 30]. Moreover,
since great deformations arise when the bub-
bles are close to each other, and possibly en-
close the rigid particle, when necessary, mesh
refinement is performed, ensuring the presence
of a minimum number of volume elements in
the gaps between the bubbles and between
the bubbles and the particle. At every re-
finement step, each triangular mesh element
on the solid-liquid and gas-liquid interfaces
is divided in four, with the volume elements
being accordingly rebuilt. With reference to
the system whose initial computational mesh
is displayed in Fig. 2a, we show in Fig. 2b a
detail of the mesh after bubbles have grown to
a certain extent and the particle has slightly
displaced in the positive r-direction. Since the
bubbles have approached each other, nearly
‘entrapping’ the particle, both the bubbles

and the particle surface meshes have been
refined with respect to the initial resolution.
It is worth remarking that, as all the sharp-
interface methods, the technique used in the
present work does not allow to deal with bub-
ble coalescence and break-up. On the other
hand, it allows to give a very accurate de-
scription of the thin layers in between the
two bubbles and the bubbles and the particle,
which is crucial with respect to the aim of this
paper.

The side of the cubic computational domain
is chosen sufficiently larger than the maximum
dimension attained by the bubbles to ensure
that the growth dynamics is unaffected by the
outflow boundary conditions. In particular,
L = 30.0 satisfies this condition.

Preliminary simulations are performed to
check space and time convergence, i.e., the
initial mesh resolution and the time-step for
the numerical solution of the equations given
in Sec. 2 are chosen to ensure invariance of
the results upon further refinements. This is
achieved with meshes with 40 line elements
on the bubbles’ equators, 15 line elements on
the particle equator, and 10 line elements on
the cube sides, yielding a total initial number
of tetrahedral volume elements around 2×104

(roughly doubled at the end of each simulation
due to the above mentioned refinements) and
time-steps in the order of 0.025η/∆p.

The simulations are performed on blades
with two hexacore processors Intel Xeon
E5649@2.53GHz and 48 Gb of RAM. For each
set of parameters considered, the computa-
tional time needed to get the results presented
in Sec. 4 is below 12 hours.

We validate our code by simulating the
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Figure 3: Comparison between the numerically com-
puted temporal trend of the radius of a gas bubble
in an infinite Newtonian liquid and the theoretical
prediction given in Eq. (1) (see legend). The capillary
number is Ca = 1.111.

spherical growth of a single gas bubble in
an infinite Newtonian liquid and comparing
our numerical bubble radius trend with the
theoretical prediction from Favelukis et al. [9]
given in Eq. (1). In Fig. 3, we plot the
bubble normalized radius R/R0 as function of
the dimensionless time t(pb−p∞)/(4η) arising
from our FEM simulations through blue cir-
cles and the prediction from Eq. (1) through
a red solid line. The capillary number is Ca
= 1.111. An overlap of the two trends over
the whole time window considered is found.

4. Results

As reported above, the balance equations
given in Sec. 2 are solved through the ALE
FEM to compute the velocity and pressure
fields in the liquid matrix and the dynamics
of the bubbles and the solid particle. We

perform a parametric study with respect to
the capillary number Ca and the geometrical
parameters d and Rp. The capillary number
is varied in the range [5.0, 40.0]. The lower
value is chosen slightly greater than Camin ' 1,
which is the critical value at which the pres-
sure force making the bubbles inflate is bal-
anced by the surface tension force contrasting
bubble inflation, namely, the value that dis-
criminates between bubble contraction and
growth. The higher value is estimated from
operating conditions commonly used in foam-
ing processes (see, e.g., Ref. [27]). The initial
bubble-bubble distance d is varied between
3.0, corresponding to an initial distance equal
to the dimension of one bubble, and 7.0, where
the hydrodynamic interactions between the
gas inclusions are weak and the two bubbles
behave almost as isolated. Finally, the parti-
cle radius Rp is varied between 0.1 and 0.3 in
order to mimic situations of practical interest
(again, see, for example, Ref. [27]).

In Fig. 4, we report the color maps of the
strain rate ε̇ =

√
2D : D computed on the

zr-plane at different time values (see figure)
during bubble growth. The capillary num-
ber Ca is equal to 5.0, the initial bubble dis-
tance is d = 5.0, and the particle radius is
Rp = 0.2. In Fig. 4a there is no particle,
whereas Figs. 4b-d refer to particle initial
positions (zp,0, rp,0) = (0, 0.1), (0, 1.0), (0, 2.7),
respectively (thus, in all the cases, the particle
lies on the r-axis). When no particle is present
between the bubbles (Fig. 4a), these initially
grow with a spherical shape (t = 1.25, 2.5),
then, as hydrodynamic interactions start to
be relevant, the bubbles preferentially grow on
the side opposite to the other bubble, whereas
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Figure 4: Color maps of the strain rate ε̇ =
√

2D : D on the zr-plane for Ca = 5.0 and d = 5.0 at 5
time instants (see figure) with no particle (a). ε̇-color maps on the zr-plane passing through the centers
of the bubbles and the particle for Ca = 5.0, d = 5.0, and Rp = 0.2 at 5 time instants (see figure) and
(zp,0, rp,0) = (0, 0.1) (b), (0,1.0) (c), (0,2.7) (d). In b-d, a zoom of the portion of the zr-plane around the
particle at the last time of the sequence is displayed at the bottom of the column.

the bubbles’ sides ‘facing’ the other bubble
become progressively flatter, and the liquid

in between them undergoes an almost biaxial
extensional flow, with the strain rate increas-
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ing as the liquid film separating the bubbles
thins (t = 3.75, 5.0, 6.25). Therefore, even if
the mathematical description of the bubble
growth is simplified (see above), the dynam-
ics of the phenomenon is the result of the
interplay among bubble growth driving force,
bubble-bubble hydrodynamic interaction, and
viscous response of the thin liquid film be-
tween the gas inclusions. Figure 4b shows
a situation where the particle starts slightly
above the line connecting the centers of the
bubbles, i.e, the z-axis. The first snapshot
(t = 1.25) shows that, until the bubbles are
far enough from each other and from the par-
ticle, they retain a spherical shape during
growth. However, the presence of the solid in-
clusion induces a shape alteration earlier than
in the case with no particle (t = 2.5), with a
strain rate enhancement in the liquid enclosed
between the particle and the bubbles. As bub-
bles inflate, the particle moves in the positive
r-direction due to the liquid extensional flow;
however, the particle translational motion is
much slower than the bubble growth, thus the
particle gets ‘entrapped’ between the bubbles,
inducing a curvature change in their bound-
aries, which conform to the particle shape
(t = 5.0, 6.25). At the bottom of Fig. 4b, a
close view of the fluid domain around the par-
ticle at t = 6.25 shows the curvature change
of the bubbles (white regions surrounding the
fluid) and the particle-induced disturbance
in the strain rate field, with a structure of
alternate ε̇-maxima and minima around the
boundary of the solid phase. The occurrence
of such strain rate extrema in the very thin
layer between the bubbles and the particle
results in stress conditions that may induce

the rupture of the liquid film and influence
the extent of the retraction of the liquid sepa-
rating the bubbles, leading to different foam
morphologies. The dynamics of a liquid film
in the presence of a hole breaking its con-
tinuity goes beyond the scope of this work
and is investigated elsewhere [31, 32]. In Fig.
4c, snapshots of bubble growth are reported
for (zp,0, rp,0) = (0, 1.0). At variance with
the case in panel b, the particle has almost
no effect on the bubble dynamics for a ‘long’
time (the morphology and strain rate in the
first four snapshots in panel c are very similar
to the corresponding ones in panel a). At
the latest time t = 6.25, the particle is sur-
rounded by the bubbles, causing a curvature
change and strain rate disturbance less pro-
nounced as compared to the case reported in
panel b (see also the zoom around the par-
ticle at the bottom of sequence c). Finally,
in Fig. 4d, a sequence of images referring to
(zp,0, rp,0) = (0, 2.7) is displayed. The bubble
growth is substantially unaffected by the pres-
ence of the particle during the whole dynamics
(compare with morphology and color maps in
Fig. 4a). The particle, in turn, ‘escapes’ the
bubbles due to the liquid extensional flow: at
t = 6.25, when the bubbles are almost coa-
lescing, the particle has been transported in
the bulk of the liquid above the bubbles, as
also shown in the close view at the bottom of
column d. In view of the cases just presented,
it can be inferred that the physical mecha-
nism for particle capture/escape is based on
the competition of bubble growth and the ex-
tensional flow induced by bubble growth in
between the bubbles, resulting in a different
particle fate depending on the initial position
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of the solid inclusion.
In Fig. 5, the ε̇-color maps on the zr-

plane passing through the centers of the bub-
bles and the particle are reported for the
same parameters considered above (Ca = 5.0,
d = 5.0, Rp = 0.2) and for (zp,0, rp,0) =
(0.5, 0.1), (0.5, 1.0), namely, two initial posi-
tions in which the particle starts closer to
the bubble on the right (of course, since the
bubble are equal and are inflated with the
same law, a symmetric scenario would occur
if the particle was closer to the left bubble).
As expected, the particle affects the growth
of the closer bubble earlier than the other,
inducing a curvature change in the bubble
profile (for example, see the second snapshot
in Fig. 5a). The closer bubble, in turn, pushes
the particle in the negative z-direction and,
due to the extensional flow field, towards the
positive r-direction. For the particle initial
position considered in Fig. 5a, the bubbles
entrap the particle. The zoom at the bottom
of Fig. 4a shows that, at the end of bubble
growth, the thickness of the liquid film around
the solid inclusion is thinner on one side, and
the strain rate has a minimum there. In Fig.
5b, snapshots of bubble growth are reported
for (zp,0, rp,0) = (0.5, 1.0). At variance with
the case considered in panel a, here the parti-
cle has little effect even on the closer bubble
for a long time. At the latest time considered
(t = 6.25), the particle gets surrounded by
the bubbles near their edge in the r-direction,
causing a slight curvature change in the closer
bubble and a moderate strain rate disturbance
in the liquid, as also highlighted by the zoom
at the bottom of the sequence.

Besides morphological information, the se-

𝜀̇

(a)

𝑡 = 1.25

𝑡 = 6.25

𝑡 = 5.0

𝑡 = 3.75

𝑡 = 2.5

(b)

𝑡 = 1.25

𝑡 = 6.25

𝑡 = 5.0

𝑡 = 3.75

𝑡 = 2.5

r

z

Figure 5: Color maps of the strain rate ε̇ =
√

2D : D
on the zr-plane passing through the centers of the
bubbles and the particle for Ca = 5.0, d = 5.0,
and Rp = 0.2 at 5 time instants (see figure) and
(zp,0, rp,0) = (0.5, 0.1) (a), (0.5,1.0) (b). A zoom of
the portion of the zr-plane around the particle at the
last time of the sequence is displayed at the bottom
of each column.
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Figure 6: Sketch to illustrate the particle capture
criterion.

quences of snapshots in Figs. 4 and 5 show
that, for a specific set of physical and geomet-
rical parameters Ca, d, and Rp, the particle
can be driven out of the liquid film between
the bubbles or be entrapped between them at
the end of bubble growth (i.e., before coales-
cence occurs) depending on its initial position.
In situations like the ones displayed in Figs.
4 and 5, one can discriminate ‘by eye’ which
of the two scenarios occurs. A more quanti-
tative and systematic criterion is needed in
the general case. The criterion adopted in
this work is based on the comparison of the
particle-bubble and bubble-bubble distances.
A sketch aimed at illustrating such criterion
is reported in Fig. 6: at the end of each sim-
ulation, we compute the ratio between the

minimum bubble-bubble distance dbb and the
minimum particle-bubble distance dpb; if this
ratio is higher than 1, the particle is consid-
ered to get enclosed by the bubbles, otherwise
it is considered to escape the bubbles. In
summary, given the physical and geometrical
parameters, for every zp,0, a ‘critical’ rp,0 ex-
ists below which the particle gets entrapped
by the bubbles and above which it escapes
them. For each set of Ca, d, and Rp, we run
several simulations by changing the initial par-
ticle position in the liquid volume surrounding
the bubbles, also considering the zone near a
bubble surface far from the other bubble, e.g.,
the region to the right of the right bubble.
Of course, particles initially released in this
region cannot be entrapped between the two
bubbles. However, they can achieve a very
small distance with the closest bubble before
bubble coalescence (i.e., dpb < dbb), leading
to an high strain-rate region that, in turn, can
anticipate bubble rupture as compared with
the case where no particle is present. In what
follows, we refer to this situation as ‘particle
captured by the bubble’ that is a more gen-
eral case of ‘particle entrapped between two
bubbles’.

In Fig. 7c, we plot the critical initial ra-
dial coordinate rc as function of the parti-
cle initial axial coordinate zp,0 for the same
capillary number and initial bubble distance
of Figs. 4 and 5 (Ca = 5.0, d = 5.0) and
three different values of the particle radius,
i.e., Rp = 0.1, 0.2, 0.3 (see legend for the sym-
bols). The circular arc represents the initial
shape of the right bubble. Due to symmetry,
only the portion of the zr-plane with posi-
tive z is shown, the plots in the portion with
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Figure 7: Particle critical initial radial position rc as function of its initial axial position zp,0 at Ca = 5.0 and
d = 3.0 (a), 4.0 (b), 5.0(c), 6.0 (d), 7.0 (e). In each panel, three values of the particle radius are considered,
i.e., Rp = 0.1, 0.2, 0.3 (see legend). The solid circular arc represents the initial shape of the right bubble.

negative z being obtainable by mirroring the
data with respect to the r-axis. For each Rp-
value, the rc-curve divides the zr-plane into
two regions: the one below the curve identifies
the starting positions for which the particle
is captured by the closest bubble or remains
entrapped between the two bubbles, while
the one above the curve identifies the start-
ing positions for which the particle escapes
the bubbles. For all the Rp-values considered,
the same qualitative rc-trend emerges: mov-
ing from z = 0 in the positive z-direction, rc

first increases, namely, the attraction basin of
particle capture enlarges. Therefore, a parti-

cle starting equidistant from the two bubbles
(i.e., on the r−axis) is the less likely to be
entrapped between them, since at z = 0 the
entrapment attraction basin is the narrowest.
By further increasing zp,0, the rc-curve almost
‘conforms’ to the bubble circular initial profile.
Indeed, when the particle starts in this region,
the other bubble has a negligible effect on its
dynamics and the particle, depending on its
initial distance, is incorporated by the clos-
est bubble or escapes it. The Rp-value has
no qualitative effect on such behavior, yet a
quantitative effect is apparent: at increasing
Rp, the rc-trend moves upwards. Actually,
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this result could be expected since bigger par-
ticles are more easily captured by the growing
bubbles (or the single growing bubble).

In Figs. 7a-b and 7d-e, smaller and larger
initial bubble distances are considered, i.e.,
d = 3.0, 4.0 and d = 6.0, 7.0, respectively.
The trends observed for d = 5.0 (panel a) still
hold at varying the bubble distance. Focus-
ing on the region in the proximity of z = 0,
namely, when the particle is equidistant from
the two bubbles or slightly closer to one of
them, the comparison among panels a-e shows
that (at any given Rp-value) the amplitude of
the capture attraction basin enlarges with d.
This could appear counterintuitive, since one
could expect that a particle more easily es-
capes bubbles initially further from each other.
However, it should be considered that, as the
bubbles grow under the action of a constant
inflation pressure, initially further bubbles
can grow more before coalescence, thus en-
trapping particles at larger r-coordinates. For
what concerns the effect of Rp, like at d = 5.0,
the entrapment attraction basin is larger at
increasing Rp.

In order to study the effect of the capil-
lary number on particle capture, in Fig. 8 we
plot rc(zp,0) for d = 5.0, Rp = 0.2, and four
Ca-values, i.e., Ca = 5.0, 10.0, 20.0 and 40.0.
As expected, by increasing Ca, namely, by
increasing the inflation pressure or decreasing
the surface tension contrasting bubble growth,
the particle entrapment attraction basin en-
larges. On the other hand, it is apparent
from Fig. 8 that such enlargement seems to
asymptotize with Ca.

The results obtained by direct numerical
simulations can be compared with a very sim-
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Figure 8: Particle critical initial radial position rc as
function of its initial axial position zp,0 at d = 5.0,
Rp = 0.2, and Ca = 5.0, 10.0, 20.0, 40.0 (see legend).
The solid circular arc represents the initial shape of
the right bubble.

plified theoretical prediction based on the sin-
gle bubble spherical growth given by Eq. (1).
The mass conservation law implies that the
velocity of the fluid in a generic radial position
r with respect to the center of the bubble is
given by v(r, t) = Ṙ(t)R2(t)/r2, where R(t)
is the position of the bubble moving bound-
ary, whose evolution is reported in Eq. (1).
(All the quantities are made dimensionless as
explained in Sec. 2.) Assuming that the par-
ticle moves as a tracer, i.e., according to the
velocity field induced by the inflating bubble
in the surrounding fluid, its translational mo-
tion can be readily obtained by integrating
the kinematic equation drp/dt = v(rp, t) and
reads

rp(t) =

1

Ca

(
Ca3(r3

p,0 − 1) + [(Ca− 1)e
t
4 + 1]3

)1/3

(9)
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with rp,0 the initial particle position. To com-
pare the numerical results shown above and
the analytical predictions, we assume that
the two bubbles grow keeping the spherical
shape. Hence, the maximum radius to which
the bubble is allowed to grow is d/2. For any
Ca, Rp, and d, it is then possible to evaluate
the critical value of the particle initial posi-
tion rp,0 such that the bubble ‘touches’ the
particle boundary at the same time at which
it touches the other bubble, namely, when
rp(t)− d/2 = Rp. For instance, by choosing
Ca = 5.0, d = 5.0 and Rp = 0.1, the critical
initial particle position is equal to 1.435, which
is lower than the values arising from numerical
simulations in the same conditions (see Fig.
7c, where the distance of the black points
from the center of the bubble is wherever
greater than 2). Analogous results can be ob-
tained at varying the parameters. Hence, the
simplified analytical argument underestimates
the extent of the capture attraction basin as
compared to the numerical results, suggest-
ing that bubble-bubble and bubble-particle
hydrodynamic interactions are important for
the investigated system.

5. Conclusions

In this paper, the growth and impingement
dynamics of two gas bubbles in a Newtonian
liquid in the presence of a solid spherical par-
ticle is studied by means of 3D Arbitrary
Lagrangian Eulerian (ALE) Finite Element
Method (FEM) numerical simulations.

As soon as, during their growth, the two
initially spherical bubbles start to ‘feel’ each
other, they lose their spherical shape, with

the side facing the other bubble becoming al-
most flat. An essentially biaxial extensional
flow takes place in the thinning liquid layer
between the gas inclusions. Then, depending
on its initial position relatively to the bub-
bles, the solid particle can be ‘captured’ by
the bubbles or ‘escape’ them. The physical
(e.g., bubble pressure, surface tension) and ge-
ometrical (e.g, particle size, bubble distance)
parameters quantitatively influence the exten-
sions of the entrapment and escape attraction
basins.

Although some simplifications are intro-
duced in the simulations (only two bubbles
with the same initial dimension are considered
and both grow under the action of a constant
pressure difference with respect to the sur-
rounding liquid), the results presented in this
paper widen the comprehension of the growth
and impingement dynamics of gas bubbles in
the presence of solid impurities, which could
find application in foam processing. Indeed, if
during foaming a solid particle gets enclosed
in the thinning film between two growing bub-
bles, it could induce the rupture of such film,
and consequently influence the morphology of
the resulting material.

Future developments will include an inves-
tigation of the phenomenon in viscoelastic
matrices.
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