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1 ¨ Introduction

The rapid developments in computational science and engineering have en-

dowed society with a powerful means to accumulate understanding of, and

predict the behavior of the products we design. Airbags are one such tool that

lies at the frontier of current computational capabilities. On the one hand, com-

plex flow inside highly deformable membranes can already be computed. On

the other, the flow inside the intricately folded initial geometry remains unad-

dressed. Overcoming this hurdle is an essential step in pursuit of understand-

ing and prediction in airbag inflation problems.

1.1 Motivation and research objective

Inflatable structures appear in a wide variety of engineering applications, e.g.,

evacuation slides in aircraft, air beams for temporary civil structures, stowable

space structures, parachutes and air cushions. One of the most prominent ex-

amples of an inflatable structure is the airbag. Airbags form an indispensable

component of passenger-safety systems in modern cars. Statistics of the US

National Highway Traffic Safety Agency (NHTSA) corroborate that airbags yield

a significant reduction in the fatality risk in frontal crashes, provided that the

passenger is correctly positioned with respect to the airbag. On the other hand,

NHTSA investigations have shown that airbags can form an important safety risk
in out-of-position situations. Airbags deploy at more than 300 km/h with an

impact force exceeding 5 kN and, hence, an airbag can severely injure or kill

a passenger if impact occurs before full deployment. Motivated by the danger

of airbags in out-of-position situations, the NHTSA has issued new regulations

that require car manufacturers to develop auxiliary restraint systems and new

airbag systems to prevent such situations.

Numerical airbag-deployment simulations can provide valuable informa-

tion in the assessment and control of out-of-position risks. Reliable numerical

simulation of airbag-deployment dynamics is a complicated endeavor, how-

ever, on account of the inherent multiscale character of the inflation process.

The initial stowed or folded configuration of the airbag forms a complex laby-

rinth of small folds (see fig. 1.1) with a characteristic length scale that is orders of

magnitude smaller than that of the bulbous final configuration. On the macro-

9



10 Introduction ¨ 1

Figure 1.1: Cross-sectional cut through a typical stowed airbag.[i]

scale associated with the final configuration, the flow of the inflator gas exhibits

highly complex behavior, on account of its multi-component composition, high

temperature gradients, and a wide spectrum of flow velocities, extending over

subsonic, transonic and supersonic regimes. On the microscale pertaining to

the small folds, compressibility effects are negligible and the flow exhibits rela-

tively simple behavior. The complexity of the airbag-deployment process is fur-

ther compounded by self-contact of the airbag fabric, which is particularly man-

ifest in the initial stages of the deployment process. Hence, airbag-deployment

processes constitute fluid–structure interaction (FSI) problems with contact, in

which the characteristic length scale of the geometry changes by many orders

of magnitude, and each of the length scales must be adequately resolved in the

numerical method to arrive at a reliable prediction of the dynamical behavior.

Major progress has been made in techniques for the macroscale problem, as

will be outlined in §1.2.1. However, a fundamentally different approach is re-

quired on the microscale, and this issue has not been properly addressed in

literature. The multiscale approach furthermore requires two-way coupling

between the models and a technique to decompose the flow domain into the

macro- and microscale subdomains. Therefore, the goal of this thesis is twofold:

G1. Develop a numerical technique tailored to the microscale

problem;

G2. Devise a model adaptive approach to couple the mi-

croscale to existing techniques for the macroscale.

The development of the numerical technique for the microscale in G1. should

at least address the meshing of the highly complex geometry; the efficient treat-

[i]Reproduced with permission from [93].
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ment of the pervasive self-contact; and displacements which are orders of mag-

nitude larger than the typical length scale of the geometry. The model-adaptive

approach of G2. should be suited for the numerical techniques employed for

the macro- and microscales.

1.2 Context

Three fundamental concepts underly the modeling and simulation approach

proposed in the present work. In §1.2.1, we present related research in FSI,

upon which the work presented in this thesis builds forth. Secondly, in §1.2.2,

we elaborate the concept adaptive multiscale modeling, which will be pivotal

to the numerical simulation of airbag inflation problems. Thirdly, in §1.2.3, we

introduce a classic paradigm in numerical analysis, finite-element/boundary-

element (FE/BE) coupling, where the problem is decomposed to exploit the vir-

tues of these different approximation techniques. We also explain how the

present work offers a new perspective on FE/BE.

1.2.1 Fluid–structure interaction

For a general introduction to the broad subject of FSI, we refer to [10, 24, 124].

We do not aspire to give a complete overview here. Multitudinous and diverse

problems are collected under the term FSI, amongst which parachute aerody-

namics [163, 165, 171], acoustics [53, 124], haemodynamics [27, 160, 173, 176,

185, 189] and aeroelasticity [9, 65] to mention a few. Our focus in this section

pertains to techniques suitable for inflatables, namely on those which allow for

large displacements and self contact, s.a. [161]. The suitability of the various

techniques for discretization of the macro- and microscale subproblem is eval-

uated.

Many related and challenging FSI computations have been performed with

a wide array of methods, which can be classified into moving mesh, or interface-
tracking [88, 144, 163, 167] techniques; and fixed mesh, or interface-capturing [38,

80, 112, 184] techniques. In the first category, the computational mesh is fitted

to the fluid–structure interface, and follows its motion. The most prominent

approaches are probably the ALE [88, 106] and space-time [164, 167] methods,

which are being used in many challenging three-dimensional FSI computations,

including fluid-membrane interactions. Robust and efficient mesh moving and

remeshing techniques have been developed for this purpose (see, for exam-

ple, [90, 169] and [162]). FSI problems with contact between the structural sur-
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faces can also be computed with moving-mesh methods without much diffi-

culty if the application allows for a finite gap to be maintained between sur-

faces in near contact. Prominent examples are the 1000 spheres falling in a

liquid-filled tube [92], and parachute cluster computations carried out in [163].

Of prime importance in FSI is to control resolution at the fluid–structure inter-

face, which can be guaranteed with the techniques outlined above, which are

characterized by boundary-fitted meshes. Although these techniques are well-

suited to the macroscale problem identified in §1.1, topological changes and

self-contact pervade the microscale problem, and we have to look for methods

that will avoid the complex meshing and remeshing issues that are formidable.

In contrast, in the second category of interface-capturing techniques, the

computational mesh is independent of the movement of the boundary, thus

eliminating the problems related to meshing and remeshing. In [74], an XFEM-

based approach [118, 178] (also called partition of unity) is used to capture the

interface, and is applied to three-dimensional problems where flexible struc-

tures are allowed to come into contact [177]. In [38] a level set method is used,

and applied to an airbag inflation problem where shocks interact with the flex-

ible membrane. There are also strategies which combine interface tracking and

capturing, identifying where each technique is preferred, e.g. [168, 172, 180,

181]. However, for the microscale problem considered in this thesis, capturing

the complex geometry of the fluid domain is then more challenging, let alone

accurate coupling between fluid and structure at their interface.

Intrinsically, interface-tracking and -capturing techniques, being based on

discretizations of the volume occupied by the fluid, are not suited to the anal-

ysis of realistic stowed configurations on account of the geometrical complex-

ity of the domain as well as the very large displacements. For that reason, in

industrial applications the load on the airbag fabric is generally determined

by overly simplified fluid models, e.g., uniform-pressure models or empirical

expressions. Such simplified models lack detailed information about the un-

derlying physical processes, and generally cannot capture and predict the phe-

nomena observed during experiments [111]. Recently, computational methods

composed of particle-based approximation methods for the fluid, analogous

to smoothed-particle hydrodynamics [119], have emerged [82]. The resolution

provided by the moving particles in such approaches is uncontrollable, how-

ever, and on account of the large displacements that occur in airbag-deployment

processes, the accuracy of particle-based methods is questionable at best.

Another important topic pertaining to FSI simulations is the strength of the

coupling between the subsystems, and the implications this has for the solution
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strategy. We will delve into this matter in §2.6 after the introduction of some

relevant concepts.

1.2.2 Adaptive multiscale modeling

The fundamental conundrum in airbag-deployment simulations is that the scale

disparity is so severe that the volumetric approximation methods of §1.2.1, that

are suitable on the macroscale, cannot be employed on the microscale. The ge-

ometric complexity of the initial configuration precludes volumetric meshing

with adequate resolution, even with adaptive interface-capturing or interface-

tracking techniques. However, conversely, the flow model that underlies vol-

umetric approximation methods, viz., the Euler or Navier-Stokes equations,

appears unnecessarily sophisticated for the flow in the small-scale features of

the airbag. It is anticipated that the flow in small-scale features can be repre-

sented by a simplified model, without essentially degrading the accuracy of the

prediction of the dynamics of the airbag on the large scales. We therefore antic-

ipate that airbag-deployment simulation can benefit greatly from a multiscale

approach.

Precise characterization of the concept of multiscale modeling is still an active

topic of discussion. Two attributes of multiscale modeling seem to be broadly

recognized. Firstly, the modeling effort is driven by a target observable (or

class of observables.) Secondly, accurate precision in terms of this observable

requires modeling at disparate (length and/or time) scales [159, p. 539]. In-

deed, as remarked in [56, p. 1], it is hard to imagine a problem without multiple

scales. However, in many of these problems only the scale of the observable

is required. Often, an accurate model identified as the “truth” is intractable to

employ in the entire spatial domain or time interval. The advantages of a mul-

tiscale modeling approach can then be to bring problems of interest within the

reach of computational resources at hand; to acquire insight in the emerging be-

havior at the scale of the observable, and/or to exploit the multiscale character

of the process under investigation.

This definition is deliberately broad, to encompass the vast array of ap-

proaches and applications. A classification of different types of problem is

useful to identify appropriate numerical methods, cf. e.g. [57, 159]. The airbag-

deployment problem outlined in the prequel can be categorized as a concurrent,

partitioned domain (or Type-A) multiscale problem. This conveys that the dif-

ferent scales are two-way coupled, as opposed to propagating up (or down) the

cascade of scales, and that the problem domain can be decomposed into dis-



14 Introduction ¨ 1

joint sets where the model associated with a particular scale is –in some sense–

an “appropriate” description of the physics, locally.

The natural question that arises is, what does appropriate mean? How can

it be assessed in terms of the mentioned accuracy of the target observable? This

question is especially relevant in the case of airbag-deployment simulations,

as it can be expected that, initially, the microscale model associated with the

folded geometry is valid almost everywhere in the spatial domain. However,

in the course of the evolution, the macroscale flow description (which in this

case embodies the accurate model) will be required in an increasing fraction

of the domain. Thus, we need to adaptively switch between models of the

multiple scales, and goal-oriented adaptive modeling, introduced in [122], provides

a framework to do this. In literature, the target observable is often referred

to as the goal quantity or quantity of interest, cf. [2]. The relevance of adaptive

modeling to multiscale modeling has been recognized already in [123], and is

explored in a general setting in [187].

The airbag-deployment problem, according to the above definition, requires

a multiscale modeling approach on account of the stated interest of capturing

the dynamics of the inflation process. The multiscale modeling approach to this

problem is not merely practical in terms of computational effort; we claim that

this exploitation of the multiscale character is even fundamental to this prob-

lem. Precisely in which way the multiscale character is exploited is the subject

of the following section, §1.2.3. Airbag-deployment is, nonetheless, a peculiar

instance within the class of concurrent partitioned-domain problems. Firstly, it

is common for Type-A problems that the macroscale model is an approxima-

tion to the microscale model, the latter being considered the “true” model. In

this case however, the roles are reversed. Secondly, it is usually the case that

the accurate, true model is only employed in a small subdomain, whereas here,

such a diagnosis is not justified.

1.2.3 Finite-element/boundary-element coupling

The observation that a simplified model of the flow will suffice in a subdomain,

the microscale domain, opens avenues to numerical techniques other than the

finite element method (FEM), on which the macroscale techniques suggested

in [38, 144, 163] are based. More specifically, there exist equivalent boundary

integral equation (BIE) formulations for many flow models, provided that these

are homogeneous and linear, for instance potential and Stokes flow. The BIE can

be conceived of as a microscale model for the fluid flow in small-scale features
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of airbags or, more generally, inflatable structures. The essential attribute of the

boundary-integral formulation is that it provides an adequate model for the

flow in the small-scale features of airbags, which does not require a volumet-

ric mesh. In particular, the boundary-integral equation is set on the manifold

of codimension one formed by the fluid–structure interface. The correspond-

ing boundary element method (BEM) is therefore invulnerable to the extreme

deformations of the fluid domain that occur in airbag-deployment processes.

Moreover, the task of creating an initial fluid mesh is drastically simplified as it

can be inherited from the structure. An additional advantage of the boundary-

integral formulation in the context of FSI problems is that it provides a very effi-

cient model, as the domain of the flow model is restricted to the domain where

the interaction with the structure actually occurs, viz., the fluid–structure in-

terface. The assumptions underlying a BIE-based flow description are of course

too restrictive on the macroscale domain, so the FEM-based models are indis-

pensable to arrive at reliable simulations.

Contiguous use of FE/BE methods to exploit the advantages of both ap-

proaches is an established practice; for a review see [156, 190]. Applications in-

clude elasto-plasticity [58], crack propagation [143] and electromagnetics [155],

amongst others. Coupled FE/BE approaches have also been applied to FSI prob-

lems in, e.g., [26, 29, 45, 53], but the application of FE/BE has so far been re-

stricted to FSI problems with small deformations. The FE/BE approach exploits

the specific features of the BEM, such as accurate capturing of singularities, effi-

cient treatment of exterior problems, where the domain is infinite. The novelty

of the present contribution lies in the exploitation of the boundary integral for-

mulation in a new manner, viz., to enable very large deformations by avoiding

complex (re-)meshing issues.

1.3 Overview

The following two chapters lay the mathematical foundation for the models

that are used to describe inflatable structures. In ch. 2, the fluidic and struc-

tural components of the FSI system, as well as their coupling are introduced.

In ch. 3, the fluid models, will be reformulated from their more familiar par-

tial differential equation (PDE) form into the required BIE form according to the

FE/BE paradigm outlined in §1.2.3 above.

The three next chapters investigate different microscale models for the flow

in highly complex folded geometries, as introduced in §1.2.2. The two candi-

dates, potential flow (ch. 4) and Stokes flow (ch. 5) are first evaluated in the
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planar setting. Then, in ch. 6, three-dimensional investigations are conducted.

An essential step in multiscale modeling is the coupling of the descriptions at

different scales. A baseline adaptive approach is investigated in ch. 7.

Finally, ch. 8 contains a discussion of the results put forward in this thesis,

as well as an evaluation of the advocated FE/BE approach. Furthermore, recom-

mendations are given in pursuit of the utilization of the presented work.



2 ¨ Fluid–structure interaction

Some foundations for the modeling of FSI systems describing inflatable struc-

tures are laid out in this chapter. We commence with a discussion of the prob-

lem geometry and its evolution in time in §2.1. In §2.2 the base model for the

fluid (Navier-Stokes) and two surrogate models are introduced. The structure

models are presented in §2.3. Their interaction through transmission conditions

is clarified in §2.4. The discussion of the model is concluded in §2.5, where an

auxiliary compatibility condition is imposed on the structure, to obey the in-

compressibility of the fluid it encloses. Finally, in §2.6, an important aspect of

computational FSI is discussed, namely, the concept of added mass and its im-

plications for the solution procedure. For notational conventions adhered to

throughout this thesis, cf. §A.1.

2.1 Geometry

We consider a time-dependent, open, bounded domain Ωt Ă Rd, d P t2, 3u,

t P (0, T) with Lipschitz boundary BΩt of bounded measure. The boundary is

the disjoint union of the open, time-dependent wet boundary Γt and the fixed

inflow boundary Γin, see fig. 2.1 for an illustration. The exterior normal to BΩt is

denoted by n : BΩt Ñ Rd. The configuration of the boundary is denoted by θ :

(0, T)ˆ BΩ Ñ Rd, such that θ(t, x) is the position at time t of the material point

at x on some reference manifold BΩ. The choice of BΩ is in principle arbitrary,

but a convenient choice is suggested in §2.3.3. The current configuration is

sometimes abbreviated as θt = θ(t, ¨). Because the inflow boundary is fixed, it

must hold that θ(t, x) = x for x P Γin. On the other hand, we define Γ as the

pre-image of Γt under the transformation θt.

Often, it is convenient to work with a parametrization θ̃t : S Ñ BΩt of the

boundary, with respect to a plane surface S P Rd´1. The reference configuration

is similarly parametrized by θ̃ : S Ñ BΩ, such that θt is equal to the composition

θ̃t ˝ θ̃
´1

, cf. fig. 2.1. We assume that these parametrizations are bijective, suffi-

ciently smooth and define Σ := θ̃´1
t (Γt). We denote by (¨)1 the time derivative,

and by D(¨) the spatial gradient.

A short remark about notation is in order. Sometimes it will be more con-

venient to use index notation, where, in general, Latin indices run from 0 to

17
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x0 x1

x2

ξ0 ξ1

Ωt

ΓtΣ

Γ

Γin
θ̃

´1

θ̃t

θt

Figure 2.1: Schematic geometry of an inflatable structure for the case d = 3. The relation

between the configuration and its parametrization, viz. θt = θ̃t ˝ θ̃
´1

, is schematized on

the left. The reference and current domains are overlayed, as they coincide over Γin.

d ´ 1 (having d elements) and Greek indices run from 0 to d ´ 2. We further-

more adhere to Einstein’s summation convention: summation is implied over

indices repeated within a multiplication. Also note that entities pertaining to

the reference configuration (s.a. θ̃ and Γ) are endowed with an underscore, and

entities defined with respect to a parametrization are overset with a tilde (e.g.

θ̃t and, later in this chapter, W̃(θ̃)).

We note that the class of Lipschitz domains is important in the analysis

of partial differential equations, as they form a very general class of domains

which still retain important properties. Before listing the relevant properties,

we reproduce the definition from [145] using the open unit ball B = tx P Rd :

|x| ă 1u (in which | ¨ | denotes the Euclidean distance)

Definition 1. The open set Ω Ă Rd is a Lipschitz domain if there exists a finite,
open cover[i] ℜ of Ω and associated set of bi-Lipschitz maps[ii] tφR : B Ñ RuRPℜ such
that

1. φR(B X tx P Rd : x0 ă 0u) = R X Ω;

2. φR(B X tx P Rd : x0 = 0u) = R X BΩ;

3. φR(B X tx P Rd : x0 ą 0u) = R ´ Ω.

for all R P ℜ.

Intuitively, Lipschitz domains are on only one side of the boundary, and

have a boundary that can be locally flattened under the action of a continuous

map, cf. fig. 2.2. The class of Lipschitz domains includes those with holes

[i]The set tRαuαPR is an open cover of Ω if Rα are open sets and Ω Ă
Ť

αPR Rα, cf. [141].
[ii]The function f is a bi-Lipschitz map if it is a bijection and if f , f ´1 P C0,1.
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Ω

R B
x0

φR

φ´1
R

Figure 2.2: The map φR used to define a Lipschitz domain.

or kinks, but excludes those with cusps (see [115, fig. 2] or [153, fig. 2.1]) and

features of arbitrarily small scale [51, pp. 91,92]. The following lemma collects

some important properties of Lipschitz domains for future reference.

Lemma 2. If Ω is Lipschitz, then

L1. the normal n to BΩ exists almost everywhere, see [120, lem. 4.2 of §2.4.4];

L2. the Sobolev spaces Hk(Ω), k ě 1, are invariant under Wk,8 Lipschitz diffeo-
morphisms, see [51, §10.4.1];

L3. there exists a trace operator, a continuous map γ : Hs(Ω) Ñ Hs´1/2(BΩ),
s P (1/2, 3/2) which extends the restriction to BΩ of functions in C8(Ω),
see [40, lem. 3.6].

Also, some fundamental results for boundary integral equations on Lip-

schitz boundaries, that will be introduced in ch. 3 and employed throughout,

are given in the celebrated paper by Costabel [40]. It turns out to be very hard

to generalize these results to cusped domains, we mention the work of Maz’ya

in this context [113, 114].

In regard to property L2. above, if k = 1 it is sufficient for the transfor-

mation of the boundary BΩ of Ω to be a Lipschitz diffeomorphism, see [40].

Thus, to exploit L2., we will assume that configurations satisfying the structure

equations of §2.3 are diffeomorphisms:

Assumption 3. For t P (0, T), the configuration θt : BΩ Ñ BΩt defines a Lipschitz
continuous diffeomorphism.

2.2 Fluid models

We focus on the familiar PDE description of the different flow models, deferring

the reformulation to the equivalent BIE descriptions to ch. 3. However, keep-
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ing the reformulation in mind, we restrict this discussion to problems which

are linear, homogeneous and elliptic. In [84] it is proven that for this class of

problems a fundamental solution exists, and moreover, a method for their con-

struction is given. Two flow models qualify: potential (§2.2.2) and Stokes (§2.2.3)

flow. Both of these models describe incompressible fluid flow and can be con-

ceived of as approximations to Navier-Stokes flow (§2.2.1). We note that, keep-

ing the targeted complex geometries in mind, the flow field is expected to be

highly non-uniform, disqualifying models with linearized convection, such as

linearized Euler and Oseen flow, as the required fundamental solutions are not

readily available for inhomogeneous advection.

Also, some work has been done on BIEs for unsteady problems, but the ap-

proach relies fundamentally on the assumption that the domain remains fixed,

cf. [41]. In this work the fluid problem is therefore considered to be quasi-

steady: time-dependence only enters through the definition of the domain Ω

and the specification of the boundary data. This yields a t-parametrized se-

quence of independent problems, hence, we drop the subscript t. Fluid equa-

tions are often most conveniently represented in the Eulerian form, where each

point in the domain represents a fixed point in space. Hence, the solution, rep-

resented by the velocity-pressure pair u : Ω Ñ Rd, p : Ω Ñ R, is defined over

the current domain.

2.2.1 Navier-Stokes flow

The base model for the fluid occupying Ω is the steady, Navier-Stokes equations,

given by the boundary value problem:

given g : BΩ Ñ Rd, find u : Ω Ñ Rd and p : Ω Ñ R such that

u ¨ ∇u ´ ∇ ¨ σ(u, p) = 0 in Ω, (2.1a)

∇ ¨ u = 0 in Ω, (2.1b)

u = g on BΩ, (2.1c)

with σ the Newtonian stress,

σij(u, p) := ´pδij + (ui,j + uj,i)/Re, (2.2)

Re ą 0 the Reynolds number and δij the Kronecker delta, with i, j P t0, 1, ..., d ´
1u, as indicated in §A.1. In the above system, (2.1a) reflects the conservation of

linear momentum of the fluid, and (2.1b) the fluid incompressibility.

Analysis of (2.1) is a subject of active research. Refs. [166] and, more re-

cently, [16, 71, 102] provide nice overviews on this subject.



2.3 ¨ Structure models 21

2.2.2 Potential flow

If the flow is assumed to be irrotational (curl u = 0), then the flow can be de-

scribed through a potential φ, s.t. ∇φ = u. Thus, the continuity equation (2.1b),

fully determines the velocity field and p becomes a dependent variable. This

yields the Laplace-Neumann problem

given h : BΩ Ñ R, find φ : Ω Ñ R such that

´∆φ = 0 in Ω, (2.3a)

Bnφ = h on BΩ, (2.3b)

with ∆ the Laplacian and Bn the normal flux. Only the normal flux h = gn is

specified at the boundary, to avoid an over-determined system. The pressure

is determined a posteriori via the steady Bernoulli relation from the balance of

momentum (2.1a). The viscous contribution vanishes under the standing as-

sumptions, yielding the pressure

p = p0 ´ 1
2 |∇φ|2 in Ω. (2.3c)

The boundary traction τ := σn, simplifies to pn. The total excess pressure p0 is

constant in Ω, but may possibly vary in time.

Extensive treatment of Laplace’s equation (2.3a) and the properties of its

solutions are treated in most books on partial differential equations, e.g. [63, 69,

105, 153].

2.2.3 Stokes flow

The limit Re Ñ 8 characterizes viscosity-dominated flow, and gives rise to the

Stokes-Dirichlet problem

given g : BΩ Ñ Rd, find u : Ω Ñ Rd and p : Ω Ñ R such that

´∇ ¨ σ(u, p) = 0 in Ω, (2.4a)

∇ ¨ u = 0 in Ω, (2.4b)

u = g on BΩ. (2.4c)

Analysis of the Stokes equation and its solutions can be found in, e.g. [46, 61,

166].

2.3 Structure models

Shell formulations are often used to model thin and flexible structures such

as inflatables. In these formulations, the thickness direction can be integrated
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out under the assumption that the thickness h is much smaller than the radii

of curvature, such that the domain of the structure problem reduces to Γ, a

manifold of codimension 1. The reference domain Γ is chosen such that it rep-

resents a minimizer of the strain energy. In contrast to the fluid models, the

structure will be presented in the Lagrangian form, where each point in the do-

main represents a fixed material point. The solution, the current configuration

θ : (0, T)ˆ Γ Ñ Rd, gives the current position of each material point.

Flexural rigidity is incorporated in the models presented here. Without this

physical phenomenon incorporated in the structural model, non-physical ef-

fects such as excessive wrinkling and self-penetration may be observed in re-

gions of compression. The excessive wrinkling is a manifestation of zero-energy

modes in regions of compression. From a physical standpoint, the materials un-

der consideration often exhibit a small amount of flexural rigidity, manifesting

as resistance to high curvatures, causing sharp folds to expand into smooth

arcs. From a mathematical standpoint, the flexural rigidity is a regularization

that greatly aids the analysis, yielding the bounds required to assign meaning

to the involved integrals, see e.g. §4.1.3. In addition, the increased regularity

yields smoother BΩt, facilitating the design (§4.1.4) and characterization (§4.1.6

and 5.1.2) of different contact mechanisms. The importance of flexural rigidity

has also been recognized by Cirak in [38], cf. also [37, 131, 134].

In §2.3.1, the governing equation for θ, the Lagrange equation of motion, is

presented. This equation requires closure by means of a constitutive relation

for the material response, to which the ensuing sections are devoted. First, the

well-known classical form of the Kirchhoff-Love model is introduced in §2.3.2,

which relies on a parametrization of the interface. Then, a new parametrization-

free formulation, introduced in [130], is given in §2.3.3. As problems in d = 2

are also considered in the sequel, §2.3.4 and §2.3.5 introduce two univariate

structure models, the first derived from the Kirchhoff-Love shell and the sec-

ond from the model of a string.

2.3.1 Lagrange’s equation of motion

The structure solution θ : (0, T) ˆ BΩ Ñ Rd is a stationary point of the func-

tional

ż T

0

(

F(t; θt)´ L(t, θt, θ1
t)
)

dt, (2.5)
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with L := T ´ W the Lagrangian and F a generalized force. Furthermore, T is

the kinetic energy, defined in nondimensional form as

T(θ1
t) =

1

2
}θ1

t}2
L2(Γ),

and W(θt) the potential energy, for which different closure relations are detailed

in the forthcoming sections §2.3.2-2.3.5. The Euler-Lagrange equation of motion

then follows as
d
dt

BT
Bθ1 +

BW
Bθ

= F(t; ¨),

where the notation for Fréchet derivatives B/Bθ1 and B/Bθ are chosen here to be

in agreement with literature, e.g. [174]. This yields the variational statement

xθ2
t , ρyΓ + W1(θt; ρ) = F(t; ρ), (2.6a)

where ρ is taken from the space of admissible perturbations.[iii] The functional

setting, which also incorporates boundary conditions at BΓ, is specified in the

concrete problems of chs. 4-6. This equation is complemented with initial con-

ditions,

θ0 = χ0 : Γ Ñ Rd, (2.6b)

θ1
0 = χ1 : Γ Ñ Rd. (2.6c)

prescribing the initial position and velocity, respectively. Alternatively, (2.6) can

be formulated with respect to the parametric coordinates, as

xθ̃2
t |Dθ̃|, ρ̃yΣ + W̃1(θ̃t; ρ̃) = F̃(t; ρ̃). (2.7a)

with ρ̃ := ρ ˝ θ̃ and

θ̃0 = χ̃0 := χ0 ˝ θ̃, (2.7b)

θ̃1
0 = χ̃1 := χ1 ˝ θ̃, (2.7c)

where the composition with θ̃ serves to transport a field from Γ to Σ.

[iii]We note at this point that it is also common in structural mechanics and dynamics to consider

the variation of the internal energy W with respect to the Green-Lagrange strain tensor, which is the

energy-conjugate of the 2nd Piola-Kirchhoff stress tensor, see e.g. [188]. In this discussion the form of

the Euler-Lagrange equation is however preferred as the material laws discussed in forthcoming

sections display flexural rigidity, which is not easily expressed in terms of the Green-Lagrange

strain tensor.
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2.3.2 Classical Kirchhoff-Love shell

The fundamental assumption underlying the Kirchhoff-Love shell model [96,

107] is that internal loads transverse to a reference surface are negligible. This

assumption causes the director and normal to coincide. With this assumption,

the model can be derived from three-dimensional elasticity as was shown first

in [60]. This derivation, which is beyond the scope of the present discussion,

breaks down into the following basic steps:

1. expand the out-of-plane component of the displacement in a Taylor series;

2. truncate the series after the linear term; and finally,

3. integrate out the through-the-thickness direction.

In this treatise the Saint Venant-Kirchhoff material law (e.g. [33, p.130]) is cho-

sen for the constitutive behavior, as it is particularly suited to the anticipated

small strains and large rotations [14]. This material law requires specification

of only two parameters; in engineering literature the Young’s modulus E and

Poisson’s ratio υ are often chosen.

This section merely provides an elementary exposition of the model, for

a historical context and derivation we refer the interested reader to [14, 96].

Choosing the reference surface to coincide with Γ, the expression for the inter-

nal energy of a Kirchhoff-Love shell is

W̃(θ̃) :=
1

2

ż

Γ

Ξ̃
αβγδ

(

ε̃αβ(θ̃)ε̃γδ(θ̃) + ǫκ̃αβ(θ̃)κ̃γδ(θ̃)
)

˝ θ̃
´1

dµ, (2.8)

=
1

2

ż

Σ

Ξ̃
αβγδ

(

ε̃αβ(θ̃)ε̃γδ(θ̃) + ǫκ̃αβ(θ̃)κ̃γδ(θ̃)
)

|z|dµ,

where we recall that Σ is θ̃´1
t (Γt). The membrane and bending strains are, re-

spectively,

ε̃αβ(θ̃) := 1
2 (θ̃i,α θ̃i,β ´ θ̃i,αθ̃i,β),

κ̃αβ(θ̃) := θ̃i,ανi,β ´ θ̃i,ανi,β,

and the director ν̃ (which coincides with the normal)[iv] is given by

ν̃i := zi/|z|, (2.9)

[iv]To clarify notation, for the structure the director is required as a field over Σ or Γ, whereas for

the fluid (and the compatibility relation of §2.5) the normal is a field over Γt. For rigor a distinction

in notation is therefore kept between the director ν and normal n although they coincide. The

relations between the different notations are n = ν ˝ θ´1
t = ν̃ ˝ θ̃´1

t and n = ν = ν̃ ˝ θ̃
´1
t .
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where[v]

zi := ǫijkθ̃j,0θ̃k,1 (2.10)

and, finally

Ξ̃
αβγδ := υaαβaγδ +

1

2
(1 ´ υ)(aαγaβδ + aαδaβγ)

in which the contravariant metric tensor aαβ is given implicitly through

aαβθ̃i,β θ̃i,γ = δαγ. (2.11)

The definition of the material parameter ǫ = h2/(12L2) (where we can take L =

1) comes from the nondimensionalization as described in [130]. It is common to

use the product rule of differentiation to rewrite κ̃αβ as ´θ̃i,αβν̃i + θ̃i,αβν̃i, where

the terms (θ̃i,αν̃i),β and (θ̃i,αν̃i),β vanish by orthogonality. This form shall be

used in the sequel.

It is clear that the reference configuration θ̃ is an energy minimizer in the

absence of external loading. To find energy minimizers in more general cases,

the first and second variations of the internal energy are required (the second

derivative being required for numerical treatment via Newton’s method). We

assume existence of these Fréchet derivatives W̃1 and W̃2. Taking into account

the observed symmetries Ξ̃αβγδ = Ξ̃βαγδ = Ξ̃αβδγ = Ξ̃γδαβ, we get

W̃1(θ̃; ρ̃) =

ż

Σ

Ξ̃
αβγδ

(

ε̃αβ(θ̃)ε̃
1
γδ(θ̃; ρ̃) + ǫκ̃αβ(θ̃)κ̃

1
γδ(θ̃; ρ̃)

)

|z|dµ, (2.12a)

W̃2(θ̃; ρ̃, δθ̃) =

ż

Σ

Ξ̃
αβγδ

(

ε̃1
αβ(θ̃; δθ̃)ε̃1

γδ(θ̃; ρ̃) + ε̃αβ(θ̃)ε̃
2
γδ(θ̃; ρ̃, δθ̃)

+ ǫκ̃1
αβ(θ̃; δθ̃)κ̃1

γδ(θ̃; ρ̃) + ǫκ̃αβ(θ̃)κ̃
2
γδ(θ̃; ρ̃, δθ̃)

)

|z|dµ, (2.12b)

where variations of the membrane and bending strains are, respectively,

ε̃1
αβ(θ̃; ρ̃) = ´ 1

2

(

ρ̃i,αθ̃i,β + θ̃i,αρ̃i,β
)

,

ε̃2
αβ(θ̃; ρ̃, δθ̃) = ´ 1

2

(

ρ̃i,αδθ̃i,β + δθ̃i,αρ̃i,β
)

,

and

κ̃1
αβ(θ̃; ρ̃) = ρ̃i,αβν̃i(θ̃) + θ̃i,αβν̃1

i(θ̃; ρ̃),

κ̃2
αβ(θ̃; ρ̃, δθ̃) = ρ̃i,αβν̃1

i(θ̃; δθ̃) + δθ̃i,αβν̃1
i(θ̃; ρ̃) + θ̃i,αβν̃2

i (θ̃; ρ̃, δθ̃).

[v]The Levi-Civita symbol ǫijk gives the cross product between the j and k axes in index notation,

and is defined for d = 3 as (i ´ j)( j ´ k)(k ´ i)/2.
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In these relations

ν̃1
i(θ̃; ρ̃) =

z1
i(θ̃; ρ̃) ´ ν̃jz1

j(θ̃; ρ̃)ν̃i

|z| , (2.13a)

z1
i(θ̃; ρ̃) = ǫijk(ρ̃j,0θ̃k,1 + θ̃j,0ρ̃k,1),

and

ν̃2
i (θ̃; ρ̃, δθ̃) =

z2
i (θ̃; ρ̃, δθ̃)´ ν̃1

j(θ̃; δθ̃)z1
j(θ̃; ρ̃)ν̃i ´ ν̃jz2

j (θ̃; ρ̃, δθ̃)ν̃i

|z|

´
ν̃jz1

j(θ̃; ρ̃)ν̃1
i(θ̃; δθ̃) + ν̃jz1

j(θ̃; δθ̃)ν̃1
i(θ̃; ρ̃)

|z| , (2.13b)

z2
i (θ̃; ρ̃, δθ̃) = z1

i(δθ̃; ρ̃)

We verify that ν̃2
i , and therefore κ̃2

αβ, and therefore W̃2, is symmetric in the ar-

guments wi and δθ̃i. This becomes apparent when taking note of the equality

ν̃1
jz

1
j/|z| = ν̃1

j ν̃
1
j. Note that this exercise is merely a sanity check, as a second

order Fréchet derivative should be symmetric. As a consequence, the Newton

method in combination with a standard Galerkin discretization will give rise to

a symmetric matrix.

2.3.3 Parametrization-free Kirchhoff-Love shell

One disconcerting feature of the definition of W̃ in (2.8) is that it relies on a

choice of parametrization Σ ÞÑ Γ. Obviously, the solution should be indepen-

dent of this arbitrary choice. It appears that treatments of this issue are not

well-known, at least in the engineering community.

In [50], Delfour and Zolésio do give a formulation for the Kirchhoff-Love

shell, which avoids the use of a parametrization, using tangential differential

calculus. The resulting relation there is, however, still quite general, as the

truncation after the linear term is not performed. In this discussion, we adopt

an approach which is similar, and furthermore compound the derivations with

a comparison to the classical formulation.

In the sequel, we present a formulation which entirely bypasses this para-

metrization and show that this theoretical improvement is amalgamated with

advantages for implementation. We first introduce the concept of the Γ-gradient.

Definition 4. For any function f P H1(R3) and Lipschitz-continuous surface Γ, we
define the Γ-gradient as

∇Γ f := ∇ f ´ νBν f a.e. on Γ,
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with ν the normal to Γ. For functions g P H1(Γ) a similar definition holds, where the
normal component of the gradient, Bνg, is defined to be 0. Choosing a basis tejujă3, the
Γ-gradient is expressed in index notation as

ej ¨ ∇Γ f = f;j = f,j ´ νj f,kνk.

The Γ-gradient simply returns the in-plane component of the gradient on a

manifold, and requires no parametrization of this manifold. Note that there is

a convenient way to compute the Γ-gradient.

Proposition 5. For any f P H1(Γ) and corresponding parametrization f̃ := f ˝ θ̃ P
H1(Σ), we have the following representation of the Γ-gradient:

f;j =
(

θ̃ j,αaαβ f̃,β

)

˝ θ̃
´1

. (2.14)

Proof. By the chain rule of differentiation,

f̃,α =
(

f;j ˝ θ̃
)

θ̃j,α; (2.15)

and from the property of the Γ-gradient (that ∇Γ f is tangential to Γ), it follows

that

0 =
(

f;j ˝ θ̃
)

ν̃j.

Choosing as an orthogonal basis tθ̃,0, θ̃,1, ν̃u, the Γ-gradient can be decomposed

as

f;j ˝ θ̃ = φαθ̃j,α + φ2ν̃j, (2.16)

with coefficients tφ0, φ1, φ2u. By substituting into (2.15), we have

f̃,α = φβθ̃i,β θ̃i,α,

which can be solved for φα using (2.11). The required representation of f;j then

follows by substituting φα into (2.16).

Remark 6. Although the construction (2.14) of the Γ-gradient relies on a parametri-
zation θ̃, def. 4 is invariant with respect to it. Thus, it can be used as a building block
for a parametrization-free formulation.

In pursuit of the parametrization-free formulation, we use an intermediate

result

Lemma 7. Given arbitrary fields θ, ρ P H1(Γ) and corresponding parameterizations
θ̃, ρ̃ P H1(Σ), contractions involving the contravariant tensor admit the reformulation

aαβθ̃i,αρ̃j,β = δklθi;kρj;l ˝ θ̃.
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Proof. This is easily verified using (2.14) and (2.11), namely,

δklθi;kρj;l ˝ θ̃ = δkl θ̃k,γaγαθ̃l,δloooooomoooooon
δαδ

aδβθ̃i,αρ̃j,β = aαβθ̃i,αρ̃j,β,

as required.

This leads us to the main result of this section:

Theorem 8. The energy W̃ is independent of the choice of parametrization and equiv-
alent to the parametrization-free form:

W(θ) =
1

2

ż

Γ

Ξ
ijkl (ε ij(θ)εkl(θ) + ǫκij(θ)κkl(θ)

)

dµ, (2.17)

where the components of the membrane strain, bending strain and constitutive tensors
are, respectively,

ε ij(θ) := 1
2 (Πij ´ θm;iθm;j),

κij(θ) := Πmiνm;j ´ θm;iνm;j,

Ξ
ijkl := υδijδkl +

1
2 (1 ´ υ)(δikδjl + δil δjk),

with Πij := δij ´ νiνj the projection into the tangent space of Γ.

Proof. All contractions in (2.8), the definition of W̃, are of the form of lem. 7, and

thus the reformulation amounts to relabeling Greek to Roman indices, noting

that θi;j is just the projection operator Πij defined above,[vi] and by applying the

change of coordinates θ̃ to the integral.

Introducing the notation fi;jk := ( fi;j);k for the double Γ-gradient, the prod-

uct rule yields

´θk;iνk;j = θk;ijνk ´ (θk;iνk);j.

As the involved fields only live on Γ, the out-of-plane components of gradients

are defined to vanish. The last term drops due to the orthogonality of θ;i and ν.

The bending strain of thm. 8 then becomes κij = θm;ijνm ´ Πmi;jνm. This form is

used in the ensuing discussion.

[vi]The well-known property of projectors, namely Π2 = Π; and the symmetry of Π are used to

get ΠmiΠmj = Πij .
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To employ instead the parametrization-free energy, we require, as in (2.12),

Fréchet derivatives of the energy,

W1(θ; ρ) =

ż

Γ

Ξ
ijkl (ε ij(θ)ε

1
kl(θ; ρ)+ ǫκij(θ)κ

1
kl(θ; ρ)

)

dµ, (2.18a)

W2(θ; ρ, δθ) =

ż

Γ

Ξ
ijkl
(

ε1
ij(θ; δθ)ε1

kl(θ; ρ)+ ε ij(θ)ε
2
kl(θ; ρ, δθ)

+ ǫκ1
ij(θ; δθ)κ1

kl(θ; ρ)+ ǫκij(θ)κ
2
kl(θ; ρ, δθ)

)

dµ, (2.18b)

with

ε1
ij(θ; ρ) = ´ 1

2 (θm;iρm;j + ρm;iθm;j),

ε2
ij(θ; ρ, δθ) = ´ 1

2 (δθm;iρm;j + ρm;iδθm;j),

the variations of the membrane strain and

κ1
ij(θ; ρ) = ρm;ijνm + θm;ijν

1
m(θ; ρ),

κ2
ij(θ; ρ, δθ) = δθm;ijν

1
m(θ; ρ)+ ρm;ijν

1
m(θ; δθ)+ θm;ijν

2
m(θ; ρ, δθ),

the variations of the bending strain. Explicit expressions for the variations of

the normal follow from the following proposition.

Proposition 9. The first and second variations of ν can be written as

ν1
i(θ; ρ) = Ai(θ, ρ)´ νiνj Aj(θ, ρ),

ν2
i (θ; ρ, δθ) = Ai(ρ, δθ)´ νiνj Aj(ρ, δθ)´ ν1

j(θ; ρ)ν1
j(θ; δθ)νi

´ νj(θ)Aj(θ, ρ)ν1
i(θ; δθ)´ νj(θ)Aj(θ, δθ)ν1

i(θ; ρ),

with

Ai(θ, ρ) := ǫijkρj;mθk;nǫrmnνr.

Proof. Using the relation ǫijkǫimn = δjmδkn ´ δjnδkm, we obtain the chain of iden-

tities

z1
i(θ̃; ρ̃) = ǫijk(ρ̃j,0θ̃k,1 + θ̃j,0ρ̃k,1)

= ǫijk(ρ̃j,0θ̃k,1 ´ θ̃k,0ρ̃j,1)

= ǫijk
(

ρj;mθk;n
)

˝ θ̃ (θ̃m,0θ̃n,1 ´ θ̃n,0θ̃m,1)

= ǫijk
(

ρj;mθk;n
)

˝ θ̃ (δpmδqn ´ δpnδqm)θ̃p,0θ̃q,1

= ǫijk
(

ρj;mθk;n
)

˝ θ̃ (ǫrmnǫrpqθ̃p,0θ̃q,1).

If we define A ˝ θ̃ = z1/|z| and transport the relations (2.13) to the reference

configuration, the given expressions for ν1
i(θ; ρ) and ν2

i (θ; ρ, δθ) follow.
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As in §2.3.2, we verify the symmetry of W2 in the arguments ρ and δθ, and

note that all terms are symmetrized except (δij ´ νiνj)Aj(ρ, δθ) in the expression

for ν2, where the factor in brackets is independent of ρ and δθ. Thus, it remains

to show that A(ρ, δθ) = A(δθ, ρ). But this follows from

Ai(θ, ρ) = ǫijkρj;mθk;nǫrmnνr = ´ǫijkρk;mθj;nǫrmnνr =

ǫijkρk;nθj;mǫrmnνr = Ai(ρ, θ).

Concerning the implementation in a finite element framework, the reformu-

lation has only a minor impact. Gradients are often computed once and cached.

The Γ-gradient would require slightly more computations at initialization and

storage of an additional third component. On the other hand, no additional

parametrization needs to be defined and stored; as the Γ-gradient can be com-

puted using the coordinate system local to the element. The double Γ-gradient

can similarly be precomputed but requires some more effort on the implemen-

tation side, in the absence of automatic differentiation at least. However, the

large gain of this formulation is the parametrization independence. We corrob-

orate the independence of solutions on the parametrization and the equivalence

of the parametrization-free formulation numerically in §6.3.1.

2.3.4 Univariate Kirchhoff-Love shell

The constitutive model above, the Kirchhoff-Love shell, provides a starting point

for deriving an equivalent univariate structure model in R2.

The parametrization of the reference configuration θ̃ extends over a plane

S Ă R2 and is hence vector-valued. The cornerstone assumption to arrive at

a planar model is to choose a plane in R3 and consider the solution constant

in the out-of-plane direction. Aligning the coordinate system appropriately,

(i.e. aligning the last basis vector with the normal of the chosen plane) we can

formulate this assumption as

θ̃2 = 0, θ̃i,1 = δi2. (2.19)

We proceed by reducing the building blocks of the Kirchhoff-Love potential

energy (2.8). The Jacobian becomes θ̃,α = θ̃,0 = Dθ̃; the contravariant metric

tensor, aαβ(θ̃) = [θ̃,α ¨ θ̃,β]
´1 = |Dθ̃|´2; the normal (2.9) by assumption (2.19)

becomes

ν̃ =
θ̃,0 ˆ θ̃,1

|θ̃,0 ˆ θ̃,1|
=

tθ̃0,0, θ̃1,0, 0u ˆ t0, 0, 1u
|tθ̃0,0, θ̃1,0, 0u ˆ t0, 0, 1u|

=
rot Dθ̃

|Dθ̃|
, (2.20)
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with rot (¨) the rotation operator rot a := (a1, ´a0); and ´ν̃iθ̃i,αβ = ´ν̃iD2 θ̃i.

In the univariate case, it is always possible to unambiguously choose an

arc-length parametrization satisfying the constraint |Dθ̃| = 1, bypassing the

complications of parametrization-dependence highlighted in §2.3.2. Thus, no

tangential differential calculus is required in the formulation of the univari-

ate model. If we furthermore assume that the reference configuration θ̃ is un-

stretched and flat, then D2 θ̃ = 0.

Given this parametrization, the membrane and bending strains reduce to

ε̃αβ = θ̃i,α θ̃i,β ´ θ̃i,αθ̃i,β = 1 ´ |Dθ̃|2 and κ̃αβ = θ̃i,αβν̃i ´ θ̃i,αβν̃i = ν̃ ¨ D2 θ̃, re-

spectively. Introducing these building blocks into the potential energy above

yields

W̃(θ̃) :=
1

2

ż

Σ

(|Dθ̃|2 ´ 1)2 + ǫ(ν̃ ¨ D2 θ̃)2dµ.

We assume that a linear approximation of the bending stiffness suffices for the

evaluation of micromodels in the planar setting. Considering the decompo-

sition (D2 θ̃)2 = (ν̃ ¨ D2 θ̃)2 + (t̃ ¨ D2 θ̃)2, with t̃ the tangential unit vector, we

assume the last term to be negligible. Inserting this linear approximation into

the energy functional and finally taking the Fréchet derivative, yields

W̃1(θ̃; ρ̃) = ((|Dθ̃|2 ´ 1)Dθ̃, Dρ̃)L2(Σ) + ǫ(D2θ̃, D2ρ̃)L2(Σ), (2.21a)

W̃2(θ̃; ρ̃, δθ̃) =
(

(|Dθ̃|2 ´ 1)Dδθ̃, Dρ̃
)

L2(Σ)

+ 2
(

(Dθ̃ ¨ Dδθ̃)Dθ̃, Dρ̃
)

L2(Σ) + ǫ(D2δθ̃, D2ρ̃)L2(Σ). (2.21b)

2.3.5 Linear elastic string

An alternative univariate model for a thin, flexible structure is offered by the

string, as can be found in [4, 31, 183]. The derivations presented in these ref-

erences use Newton’s second law as a departure point to arrive at a partial

differential equation. However, to integrate the presentation with the previous

structure models, we again depart from an energy functional. As in §2.3.4, we

assume an arc-length parametrization, such that |Dθ̃| = 1. Then

W̃(θ̃) := }|Dθ̃| ´ 1}2
L2(Σ)/2+ ǫ}D2 θ̃}2

L2(Σ)/2. (2.22)

The first term simply expresses a linear response to a change in strain at every

point ξ P Σ and can be derived under the assumptions of line-strain[vii] and lin-

[vii]The line-strain assumption can be seen as the conjugate of the plane-strain assumption [108].

In the latter, the out-of-plane strains to a cross-section are assumed negligible, in the former the

in-plane strains are ignored.
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ear elasticity. The second term is the postulated flexural rigidity term of §2.3.4.

The variations are given by

W̃1(θ̃; ρ̃) = ((1 ´ |Dθ̃|´1)Dθ̃, Dρ̃)L2(Σ)+ ǫ(D2θ̃, D2ρ̃)L2(Σ), (2.23a)

W̃2(θ̃; ρ̃, δθ̃) =
(

(1 ´ |Dθ̃|´1)Dδθ̃, Dρ̃
)

L2(Σ)

+
(

|Dθ̃|´3Dθ̃(θ̃ ¨ Dδθ̃), Dρ̃
)

L2(Σ)
+ ǫ(D2δθ̃, D2ρ̃)L2(Σ). (2.23b)

Remark 10. In [127], the complementary models introduced in §2.3.4 and §2.3.5 were
shown to be equivalent up to quadratic terms in the stretch |Dθ̃| ´ 1, as linearized
around the stress-free state. Also in [127], numerical experiments corroborate that
qualitative and quantitative differences remain small in a representative inflation prob-
lem.

2.4 Transmission conditions

The fluid and the structure interact at their mutual interface via so-called trans-

mission conditions. These transmission conditions can be separated into a kine-

matic condition, which expresses continuity of motion, and a dynamic condi-

tion, which specifies continuity of tractions. The kinematic condition imposes

that on the wetted boundary Γt, the velocities of the fluid and membrane coin-

cide, (this is the well-known no-slip condition)

g = θ1
t ˝ θ´1

t on Γt, (2.24a)

cf. (2.1c) and is complemented by a prescribed inflow

g = qn on Γin, (2.24b)

on the remainder of the boundary. The composition with θ´1
t serves to trans-

port a field from Γ to Γt. In the case of potential flow, only the normal compo-

nent h := g ¨ n is imposed, (this is the slip condition), yielding

h =

#
n ¨ (θ1

t ˝ θ´1
t ) on Γt,

q on Γin.
(2.24c)

The dynamic condition imposes continuity of tractions at the fluid–structure

interface, thus

F(t; ¨) = ´̟xτ, ¨ ˝ θ´1
t yΓt . (2.24d)
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The fluid-to-structure mass ratio ̟ arises from the non-dimensionalization,

cf. [128]. In the case of Stokes flow, the Reynolds number can be absorbed into

̟, eliminating a model parameter, cf. [130].

Remark 11. From the coupling conditions, we see that[viii] the fluid acts as a Dirichlet-

to-Neumann (or Poincaré-Steklov) map on the structure: given Dirichlet data g from
the structure, the solution yields the Neumann data τ required to determine the load
on the structure. In the case of potential flow, roles are reversed: the structure pro-
vides Neumann data h and is, in turn, driven by a load depending on the Dirichlet
data.[ix] The structure, given its unique solvability could, in principle, similarly serve
as a Neumann-to-Dirichlet map for the fluid. However, as is often the case in FSI, this
view is less helpful as the structural response is often of primary interest.

Note that the introduced structure models all represent degenerate solids

with domains collapsed onto the fluid–structure interface. Recall also that the

fluid models will, in the forthcoming chapter, be reformulated to BIEs which

are also defined on the fluid–structure interface. Thus, this class of models is

atypical of FSI problems in that the subproblems are field-coupled, instead of

interface-coupled. Nevertheless, the problems encountered in their numerical

solution are still typical for those arising in FSI problems.

2.5 Compatibility condition

The incompressibility of the fluid engenders a compatibility condition on the

boundary data in the fluid problem. By the divergence theorem, we have, in

the case of (Navier-)Stokes flow, the identities

0 =

ż

Ωt

∇ ¨ udm =

¿

BΩt

u ¨ ndµ =

¿

BΩt

g ¨ ndµ, (2.25a)

and in the case of potential flow

0 =

ż

Ωt

∆φdm =

¿

BΩt

Bnφdµ =

¿

BΩt

hdµ. (2.25b)

Recall the identity h = g ¨ n, so the two conditions above in fact coincide. This

gives a Fredholm alternative (e.g. [115]) for the fluid problem:

1. Either, the fluid problem has a unique solution;

[viii]Provided the unique solvability of the fluid subproblem, which will be treated in later sections.
[ix]The Dirichlet data determines the unknown tangential component ∇Γφ of ∇φ in the Bernoulli

pressure relation (2.3c).
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2. Or, the fluid problem has a solution if and only if the boundary data sat-

isfies the compatibility constraint (2.25), in which case it is non-unique.

Both the potential flow and Stokes problems fall into the second category, the

solutions being unique only up to an arbitrary constant c P R. That is, if φ

satisfies the potential flow problem, so does φ + c; and if (u, p) satisfies the

Stokes problem, so does (u, p+ c).
The Fredholm alternative implies an auxiliary condition on the instanta-

neous structural displacement θt (through the kinematic condition). From (2.5)

we have the stationary point problem for the structure, to which we apply a

constraint Q(t, θt) = 0 by the Lagrange multiplier method. The problem then

transforms to finding a saddle-point of

ż T

0

(

F(t; θt)´ L(t, θt, θ1
t) + λ(t)Q(t, θt)

)

dt,

with λ(t) the Lagrange multiplier. Following the method in §2.3.1 we have

the equivalent of (2.6a), to find θt : Γ Ñ R2, λ P L2(0, T) satisfying for any

µ P L2(0, T) and admissible perturbation ρ:

xθ2
t , ρyΓ + W1(θt; ρ) + λ(t)Q1

t(θt; ρ) + µQt(θt) = F(t; ρ), (2.26)

where Q1
t represents the Fréchet derivative of Qt, not the time-derivative. This

section serves to clarify the relation between the auxiliary condition and the

unspecified p0 acting in the normal direction in the fluid traction. We note that

such an auxiliary coupling between the fluid and the structure is typical for FSI

problems with enclosed incompressible fluids; see also [99]. Departing from

(2.25), we will attempt to find a convenient reformulation of the constraint Q in

order to interpret the Lagrange multiplier λ and will find that

Lemma 12. For d P t2, 3u, the compatibility condition can be formulated as

Qt(θt) =
1

d
xn, xyBΩt

´
(

1

d
xn, xyBΩ0

´
ż t

0

ż

Γin

qdµ dt

)

. (2.27)

Moreover, Q1
t(θt; ¨) is of the form

xn, ¨ ˝ θ´1
t yΓt . (2.28)

Remark 13. In (2.27), 1
d xn, xyBΩt

is simply an alternative expression for the volume
m(Ωt). The term in brackets represents the prescribed volume at time t, which equals
the initial volume plus the total inflow up to time t.
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From the lemma above follows the main result of this section, namely that

Theorem 14. The Lagrange multiplier λ admits the interpretation as the total excess
pressure p0 (scaled by ̟).

We first provide the proof of thm. 14 before proceeding with that of lem. 12.

Proof. The total excess pressure p0(t) enters the dynamic condition (2.24d) as

F0(¨) = ´̟xp0n, ¨ ˝ θ´1
t yΓt . Note that the term λ(t)Q1

t(θt; ¨), which is the contri-

bution of the compatibility condition in the ρ-equation of (2.26), is of the same

form. Thus, by linearity we have

λQ1
t(θt; ¨) ´ F0(t; ¨) = (λ + ̟p0)xn, ¨ ˝ θ´1

t yΓt ,

such that λ furnishes the specification of the undetermined total excess pressure

level.

Proof. (of lem. 12) We first prove (2.27) for d = 2, 3. Inserting (2.24c)

h =

#
n ¨ (θ1

t ˝ θ´1
t ) on Γt,

q on Γin,

into (2.25), we have

´
ż

Γin

qdµ =

ż

Γt

n ¨ (θ1
t ˝ θ´1

t )dµ =

¿

BΩt

n ¨ (θ1
t ˝ θ´1

t )dµ =
d
dt

ż

Ωt

dm

=
1

d
d
dt

ż

Ωt

∇ ¨ xdm =
1

d
d
dt

¿

BΩt

n ¨ (θt ˝ θ´1
t )dµ,

which follows from invoking Reynolds’ transport theorem for the third identity

and using the equality ∇ ¨ x = d, in Rd in the fourth equality. Integrating the

left- and right-hand sides over (0, t) yields the required (2.27).

To prove (2.28), we map back to parametric space S. In the case d = 2, this

coordinate transformation, together with n ˝ θ´1
t = |Dθ̃t|´1rot Dθ̃t, yields

Q̃t(θ̃t) :=
1

2
xrot Dθ̃t, θ̃tyS ´ 1

2
xrot Dχ̃0, χ̃0yS +

ż t

0

ż

Γin

qdµ dt, (2.29a)

The Fréchet derivative is then

Q̃1
t(θ̃t; ρ̃) = 1

2 xrot Dθ̃t, ρ̃yS +
1
2 xrot Dρ̃, θ̃tyS

= 1
2

A
rot Dθ̃t ´ rotT Dθ̃t, ρ̃

E
S
+ 1

2

ż

BS
(rotT θ̃t) ¨ ρ̃dl

=xrot Dθ̃t, ρ̃yS, (2.29b)
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where we have used the skew symmetry of the operator rot. By the periodicity

of the integrand in the (zero-dimensional) integral over the endpoints BS, its

contribution vanishes. Transforming (2.29b) back to the current configuration

yields

Q1
t(θt; ρ) = xn, ρ ˝ θ´1

t yΓt ,

where the restriction of the domain to Γt follows from admissible variation ρ

vanishing at the fixed inflow. We have used the definition ρ = ρ̃ ˝ θ̃
´1

from

§2.3.1.

It is left to prove (2.28) for the case d = 3. Dropping the subscript t of

the configuration for clarity, The integral in Qt(θ) can be performed over the

parametric domain S through the usual coordinate transformation, yielding

Q̃t(θ̃) =
1

3

ż

S
θ̃ ¨ ν̃|z|dµ =

1

3

ż

S
θ̃ ¨ (θ̃,0 ˆ θ̃,1)dµ,

where the last equality follows from the identity

ν̃|z| = θ̃,0 ˆ θ̃,1ˇ̌
θ̃,0 ˆ θ̃,1

ˇ̌
ˇ̌
θ̃,0 ˆ θ̃,1

ˇ̌
,

with |z| the determinant of the transformation θ̃. There is thus a simple cubic

dependence[x] on the configuration θ̃, allowing easy differentiation. Recalling

some cross product identities for vectors a, b, c P R3:

a ˆ b = ´b ˆ a, a ¨ (b ˆ c) = b ¨ (c ˆ a) = c ¨ (a ˆ b),

we have

Q̃1
t(θ̃; ρ̃) =

1

3

ż

Σ

ρ̃ ¨ (θ̃,0 ˆ θ̃,1)dµ +
1

3

ż

Σ

θ̃ ¨ (ρ̃,0 ˆ θ̃,1 + θ̃,0 ˆ ρ̃,1)dµ

=
1

3

ż

Σ

ρ̃ ¨ (θ̃,0 ˆ θ̃,1)dµ +
1

3

ż

Σ

ρ̃,0 ¨ (θ̃,1 ˆ θ̃) + ρ̃,1 ¨ (θ̃ ˆ θ̃,0)dµ,

where the restriction of the integration domain to Σ follows as the admissible

variation ρ̃ vanishes at the inflow[xi]. If we denote by teαuαă2 the chosen basis

in R2, then the two terms in the last integral above can be integrated by parts in

the e0 and e1 direction, respectively. Again, the boundary terms vanish as ρ̃ = 0

[x]In fact the integrand is the formula for the volume of a parallelepiped, the integral summing

these to yield the total volume.
[xi]On the subset Σ we assume sufficient smoothness for the derivatives to exist.
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there. Continuing the chain of identities,

=
1

3

ż

Σ

ρ̃ ¨ (θ̃,0 ˆ θ̃,1)dµ ´ 2

3

ż

Σ

ρ̃ ¨ (θ̃,1 ˆ θ̃,0)dµ ´ 1

3

ż

Σ

ρ̃ ¨ (θ̃,01 ˆ θ̃ + θ̃ ˆ θ̃,01)dµ

=

ż

Σ

ρ̃ ¨ (θ̃,0 ˆ θ̃,1)dµ.

Finally, transforming back to physical coordinates yields

Q1
t(θt; ρ) =

¿

BΩt

ρ ˝ θ´1
t ¨ ndµ,

such that Q1
t(θt; ρ) is of the required form, when the integral is interpreted as

the extension to a duality pairing x¨, ¨yBΩt
.

In implementations via the Newton-Raphson method, the second variation

of Q̃t is also required. It is given in the case d = 2 by

Q̃2
t (θ̃t; ρ̃, δθ̃) = xrot Dδθ̃, ρ̃yS. (2.29c)

For the case d = 3, the definitions of z1 from (2.13a) and A(¨, ¨) from prop. 9 are

used. Then, by the same procedure as for the first variation, Q1
t(θt; ρ), we have

Q̃2
t (θ̃; ρ̃, δθ̃) =

ż

Σ

ρ̃ ¨ (δθ̃,0 ˆ θ̃,1 + θ̃,0 ˆ δθ̃,1)dµ

=

ż

Σ

δθ̃,0 ¨ (θ̃,1 ˆ ρ̃) + δθ̃,1(ρ̃ ˆ θ̃,0)dµ

= ´
ż

Σ

δθ̃ ¨ (θ̃,01 ˆ ρ̃ + θ̃,1 ˆ ρ̃,0 + ρ̃,1 ˆ θ̃,0 + ρ̃ ˆ θ̃,01)dµ

=

ż

Σ

δθ̃ ¨ z1(θ̃; ρ̃)dµ

which, when transported back to Γ yields

Q2
t (θ; ρ, δθ) =

ż

Γ

δθ ¨ A(θ, ρ)dµ. (2.30)

2.6 Partitioned techniques and added mass

This chapter is closed with a discussion of the numerical solution procedure

of the coupled system comprizing a fluid model from §2.2, the structure (2.26)

and transmission conditions (2.24). Although this is somewhat at odds with

the modeling spirit of the previous sections, the solution of a coupled system
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demands specific strategies that are best treated in this general setting, before

proceeding with the discussion of specific cases in chs. 4-6.

In computational FSI (and coupled problems in general, cf. [146]), two com-

plementary strategies exist to resolve a coupled system. On the one hand, mono-
lithic techniques, e.g. [24, 73, 116, 170], where the fluid and structure are solved

concurrently in one system of equations, and on the other hand, partitioned
techniques [24, 68, 117], where the fluid and structure subsystems are solved

alternatingly in a subiteration process, until a convergence criterion is met. A

comparison of these fundamental alternatives is given in, e.g. [24, 49, 100, 116].

In this work a partitioned technique is employed. Motivations for this choice

are

M1. The modularity arising from sequential treatment of the fluid and struc-

ture problems greatly facilitates the extension of existing software by the

FE/BE approach proposed in this thesis. Thus, the BIE-based fluid solvers

of chs. 4-6 or the multiscale model of ch. 7 can be inserted as “black box”

components;

M2. Linearization of the structure-to-fluid coupling is non-trivial on account

of the intricate dependence of the boundary integral operators on the

structural position θt. This will become clear in the next chapter;

M3. Our interest in thin, flexible structures inherently leads to nonlinear mod-

els, that require multiple structure iterations. However, in the proposed

FE/BE paradigm, the fluid models will derive from BIEs and the arising

systems are linear but expensive. Thus, decoupling fluid and structure

solves will enable minimizing the required amount of fluid solves;

M4. Of less importance is the fact that arising systems are smaller, have better

conditioning and sparsity patterns, and, furthermore, that effective pre-

conditioners are available, cf. §3.5.

We moreover note that an existing partitioned solution solver is extendable to

a monolithic solver if the tangent matrices are available and the off-diagonal

blocks (representing the coupling) can be approximated.

However, a partitioned solution strategy in the realm of inflatables meets

formidable challenges, primarily on account of the added mass effect. Although

this effect was already observed experimentally as early as 1828 by Bessel [12]

and investigated theoretically by Stokes [157], the profound ramifications this

effect has on computational techniques for FSI have only been recognized more
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recently, see e.g. [22, 30, 70, 103]. Nevertheless, challenging FSI problems ex-

hibiting a large added mass effect have been solved successfully using parti-

tioned strategies, such as parachutes and hydraulic shock dampers [103, 170].

Inflation problems with incompressible fluids have been solved in a partitioned

manner also, cf. e.g. [38, 99, 144].

The added mass effect encapsulates that, on sufficiently small time-scales,

the load exerted by a fluid on a moving structure appears as additional inertia.

In a partitioned solution strategy, the fluid load is treated explicitly. As the dy-

namics of the coupled system is approximated by advancing with small time

steps δt, the stability of the subiteration process and the accuracy of the time

integration process are essentially determined by the apparent added mass;

see [23].

To clarify the relationship between added mass and stability and accuracy,

we present the relevant results obtained in [22], where the added mass m is

computed explicitly for a model problem where fluid occupies a half-plane and

interacts with a hinged beam of length L. For the case of incompressible flow,

the added mass scales like

m9 ρL

with ρ here denoting the fluid density. It is important to note that the added

mass is independent of the time-step δt. Consider a time integration process

where the structural response θ is approximated at equidistant time levels tn :=

nδt, with n P N and n ă T/δt. We denote the approximation to θ(tn, ¨) by θn.

Suppose that at each time level, we approximate θn by means of K subiterations,

where subiterate k (with K ě k P N) is denoted θn,k. For n = 0, θn,0 is defined by

the initial conditions tχ0, χ1u, and for n ě 1 it is obtained by an extrapolation of

θn´1,K. Then, an upper bound for the error decay in the subiteration process is

given by the the contraction ratio r, shown in [22] to scale with the mass ratio:

}en,k}/}en,k´1} ď r 9 ̟,

where en,k = θn ´ θn,k is the error in θn after k subiterations and } ¨ } is an appro-

priate norm. The contraction ratio r is, like m, independent of the time step δt.
Thus, if the fluid-to-structure mass ratio ̟ is too high, r ą 1 and the subitera-

tion process may diverge.

We now investigate the ramifications of the added mass effect on the accu-

racy of time integration, more specifically, on the iteration error at time step n,

en. This error is composed of the error propagated through previous time in-

tervals, ep,n; and the error incurred by performing only K subiterations (on an
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extrapolation θn,0), en,K. It is found in [22] that en is bounded as

}en} ď Cr
KδtP´1/2,

with K the number of subiterations per time step and P the order of the time

discretization. The constant C[xii] is positive, and independent of ̟, δt, P and

K. The error of a monolithic scheme, which corresponds to the discretization

error, is bounded as }en} ď CδtP+1/2 in a time interval. So, for incompressible

flows with large mass ratios, the accuracy is severely hampered with respect

to the monolithic scheme, unless many subiterations are performed (assuming

convergence): for a fixed δt we require K9 log δt/ log r subiterations to achieve

the accuracy of the monolithic scheme. The arguments pertaining to computa-

tional effort, put forward in M3. and M4., are therefore dependent on the mass

ratio ̟.

[xii]The symbol C denotes a positive constant, the value of which may differ per equation.



3 ¨ Boundary integral theory

The key feature of the proposed FE/BE paradigm is the reformulation of the ap-

proximate fluid models of §§2.2.2-2.2.3 to BIEs. This renders the fluid problem

amenable to discretization by means of the Galerkin boundary element method

(BEM). The weak forms bear close resemblance to the more familiar FEM coun-

terparts, indeed, they fit into the abstract framework of bilinear forms acting

on Hilbert spaces, such that, e.g., the familiar Lax-Milgram lemma and Banach-

Nečas-Babuška theorem hold. However, there are also important and relevant

particularities in both the theory and implementation of the BEM, to which this

chapter is devoted.

In §3.1, a concise overview of the field of BEM is given. Then, in §3.2, the re-

quired weak formulations are introduced, followed by some connected funda-

mental results in §3.3. In §3.4 we discuss the logarithmic capacity, a phenomenon

particular to the planar case (d = 2). We close with some notes on the numerical

treatment of resulting formulations in §3.5.

3.1 The field of boundary integral equations

Long before the rise of the BEM, BIEs gained popularity in mathematical analysis

early in the 19th century, to prove existence and uniqueness for partial differ-

ential equations [42]. It was only in the mid 1960’s that certain numerical dif-

ficulties such as the global singular integrations were overcome, and BIEs were

approximated numerically. Although the origins of the BEM are hard to trace

back to a single contribution, important pioneering work was carried out by

Symm [158], Jaswon [89] and Hess [81]. Other significant contributions include

the work of Hörmander [84], Ladyzhenskaya [101], Costabel [40], and Hack-

busch, Hsiao, Sauter, Steinbach and Wendland [59, 85, 87, 154]. Good introduc-

tions to the BEM, their mathematical foundation and numerical treatment, are

given in, e.g., [86, 87, 135, 145, 153]. The present discussion is restricted to the

material relevant to the models discussed in this thesis.

A wealth of different formulations are available. These fall into two main

categories, cf. e.g. [145, §3.4.3] for a comparison. In the direct method, solution

fields directly have a physical interpretation. In the indirect method, physically

meaningful quantities are computed a posteriori in a postprocessing step. Fur-

41
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thermore, in both the previous categories, hypersingular [109, 150] and sym-

metric [15] formulations have gained attention for the favorable properties of

resulting matrices (h-independent condition numbers, symmetry). With respect

to discretization, the Galerkin technique from [85] is popular due to the min-

imal regularity requirements and the good mathematical understanding. On

the other hand, collocation methods are popular for the reduced computational

costs, especially in combination with smooth approximation spaces (utilizing

e.g. b-splines, NURBS [104, 149] and T-splines [148]).

3.2 Direct boundary integral equations

In this section, we will develop the relevant BIEs, namely the direct BIE for in-

terior problems. It is illustrative to treat first the potential case, which will be

done in §3.2.1. Next, in §3.2.2, the Stokes case is treated. This case is slightly

more involved. Nevertheless, the resulting equations fit in the same abstract

form, simplifying the ensuing analysis of §3.3, which can be performed directly

in the abstract framework.

3.2.1 Potential flow

Recall from (2.3) Laplace’s equation

´∆φ = 0 in Ω,

with appropriate boundary conditions. The fundamental solution E (or influ-

ence function) related to the operator ´∆ is defined through the problem

y P Rd : ´∆E(x ´ y) = δ(x ´ y), x P Rd,

where δ is a Dirac delta load at the origin. Notice that the source point y is

given, and that differential operators are with respect to x, the field point. The

significance of the fundamental solution lies in the fact that linear combinations

can be made that satisfy the boundary conditions of the original problem. It can

be verified that, for Ω Ă R2, the fundamental solution is given as

E(x ´ y) :=
1

2π
log

1

r
, (3.1)

where r denotes the Euclidean distance |x ´ y|. By assuming sufficient differ-

entiability and employing the divergence theorem, Green’s second identity is ob-

tained ż

Ω

v∆u ´ u∆v dm =

¿

BΩ

vBnu ´ uBnv dµ.
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we now substitute u(y) = φ(y) and, for x P Ω, v(y) = E(x ´ y), to obtain

Green’s representation formula, which conveys that the solution in Ω can be re-

constructed from the Cauchy data φ and ψ := Bnφ on the boundary:

φ + Dφ = Sψ, (3.2)

with boundary integral operators

(Sψ)(x) :=

¿

BΩ

E(x ´ y)ψ(y)dµ(y),

(Dφ)(x) :=

¿

BΩ

φ(y)Bn(y)E(x ´ y)dµ(y),

valid @x R BΩ. We have used the notation Bn(y)¨ := n(y)B ¨ /By and the property

BE(x ´ y)/Bx = ´BE(x ´ y)/By. Taking the interior trace γ (cf. L3. on p. 19)

of the representation formula above requires some care on account of the sin-

gularity in E, we refer to e.g. [86] or [135] for the details. The result is the direct
BIE, which, under the standing assumption that BΩ is Lipschitz continuous,[i] is

given by

φ/2+ Kφ = Vψ a.e. on BΩ, (3.3)

with the single-layer and double-layer potentials[i]

Vψ := γSψ, Kφ := γDφ + φ/2,

respectively, cf. [86]. The integral in K above is to be interpreted in the Cauchy-
principal-value sense; see, e.g., [86, 115, 145]. We have for the planar potential

equation, the following explicit expressions for the operators

(Vψ)(x) =
1

2π

¿

BΩ

log
1

r
ψ(y)dµ(y), (3.4a)

(Kφ)(x) =
1

2π

¿

BΩ

(x ´ y) ¨ n(y)
r2

φ(y)dµ(y). (3.4b)

Remark 15. Observe that the direct boundary integral equation defines a direct (but
implicit) relationship between the Dirichlet and Neumann data. In FSI, our interest
pertaining to the fluid subproblem is restricted to this particular relationship; see also
rmk. 11. For this reason, the direct boundary integral equation is the most convenient
formulation, requiring no post-processing (such as in the indirect method mentioned in
§3.1).

[i]At points where n is not defined, (i.e., at kinks in the geometry), the fraction 1/2 in (3.3) should

be changed, see e.g. [86]. This is, however, beyond the scope of the present discussion. It is sufficient

here for (3.3) to hold almost everywhere.



44 Boundary integral theory ¨ 3

In the case of §2.2.2, our interest is in the Neumann-to-Dirichlet (or Steklov-
Poincaré, [145, §3.7]) map, provided by the direct BIE for potential flow. We

postpone the motivation of the functional setting to §3.3, and state the weak

form of the direct BIE:

given h P H´1/2(BΩ), find φ P H1/2(BΩ) such that

xψ, φ/2+ KφyBΩ = xψ, VhyBΩ @ψ P H´1/2(BΩ).

3.2.2 Stokes flow

The derivation of the BIE for Stokes flow closely follows the derivation of §3.2.1

above. It is however more convenient to employ index notation, to clarify

higher-order tensors contractions. We recall the Stokes system (2.4),

´σij,j(u, p) = 0 in Ω,

ui,i = 0 in Ω,

with appropriate boundary conditions and σij(u, p) := ´pδij + (ui,j + uj,i)/Re

in accordance with (2.2). As the velocity is a vector-valued variable, the corre-

sponding fundamental solution, the Stokeslet [101], is tensor-valued. The fun-

damental solution pair is denoted (tEk
i (x ´ y)ui,kăd, tPk(x ´ y)ukăd),

[ii] and cor-

responds to the velocity and pressure variables respectively and satisfies, for

given k P t0, 1, ..., d ´ 1u and y P Rd,

´σij,j(Ek(x ´ y), Pk(x ´ y)) = δikδ(x ´ y), x P Rd,

Ek
i,i(x ´ y) = 0 x P Rdztyu.

Thus, similarly to §3.2.1 above, the defining problem is set in the full space and

has a Dirac-delta loading. However, now E is tensor-valued, and, correspond-

ingly, it is defined through a set of d Stokes systems. The resulting fundamental

solutions are (cf. e.g. [101, 136])

Ek
i (x ´ y) :=

Re

4π

(

δik log
1

r
+

(xi ´ yi)(xk ´ yk)

r2

)

(3.5)

for the case d = 2, and

Ek
i (x ´ y) :=

Re

8π

(

δik
1

r
+

(xi ´ yi)(xk ´ yk)

r3

)

(3.6)

[ii]This notation is in line with the index notation for vectors, and conveys that the fundamental

solution is tensor-valued with components Ek
i where, i, k P t0, 1, ..., d ´ 1u.
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for the case d = 3. To obtain a representation formula similar to (3.2), we will

also require the conjugate stress

ς ij(u, p) := δij p + (ui,j + uj,i)/Re

which has the property that

Byj ς
k
ij(Ek(x ´ y), Pk(x ´ y)) = Bxj σ

k
ij(Ek(x ´ y), Pk(x ´ y)).

In this relation tBxiuiăd denotes the gradient with respect to x. In pursuit of a

BIE, the equivalent of Green’s second identity for the potential equation above,

is furnished by Lorentz’ reciprocal identity [101]:

ż

Ω

viσij,j(u, p)´ ς ij,j(v, q)ui dm =

¿

BΩ

viτi(u, p)´ ti(v, q)ui dµ, (3.7)

with ti := ς ijnj, under the assumption that u and v are sufficiently smooth

solenoidal fields. We now substitute for (u, p) the solution of (2.4) and for (v, q)
the fundamental solution pair (E, P) to arrive at the representation formula:

u + Du = Sτ, @x R BΩ

with boundary integral operators

(Sψ)i(x) :=

¿

BΩ

Ek
i (x ´ y)ψk(y)dµ(y),

(Dφ)i(x) :=

¿

BΩ

φk(y)ti(Ek(x ´ y), Pk(x ´ y))dµ(y).

Note that the conjugate stress t is required to get a positive sign for the

free term[iii] in the left member of the equation. This is consistent with general

boundary integral theory and in line with the previous discussion of potential

flow in §3.2.1. After taking the trace of the equation above, we arrive at the

direct BIE

uk/2 + Kk
i ui = Vk

i τk a.e. on BΩ, (3.8)

which bears close resemblance to the result obtained for the potential case, (3.3),

except that it is now vector-valued. Again, the direct BIE furnishes a relationship

between boundary velocities u and tractions τ. Also, the boundary integral

[iii]In Fredholm’s theory on integral equations the term u, is often called the free term as there is

no integral operator acting on it.
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operators above are again based on the Dirichlet and Neumann traces of the

fundamental solution:

(Vψ)i(x) :=

¿

BΩ

Ek
i (x ´ y)ψk(y)dµ,

(Kφ)i(x) :=

¿

BΩ

ti(Ek(x ´ y), Pk(x ´ y))φk(y)dµ.

Explicitly, the boundary integral operators are given by

(Vψ)i(x) :=
Re

4π

¿

BΩ

(

δik log
1

r
+

(xi ´ yi)(xk ´ yk)

r2

)

ψk(y)dµ(y), (3.9a)

(Kφ)i(x) :=
1

π

¿

BΩ

(xi ´ yi)(xk ´ yk)(xj ´ yj)nj(y)

r4
φk(y)dµ(y), (3.9b)

for the case d = 2, and by

(Vψ)i(x) :=
Re

8π

¿

BΩ

(

δik
1

r
+

(xi ´ yi)(xk ´ yk)

r3

)

ψk(y)dµ(y), (3.10a)

(Kφ)i(x) :=
3

4π

¿

BΩ

(xi ´ yi)(xk ´ yk)(xj ´ yj)nj(y)

r5
φk(y)dµ(y). (3.10b)

for the case d = 3. To summarize, we give the weak formulation of the direct

BIE for the Stokes-Dirichlet problem, which furnishes the Dirichlet-to-Neumann

(or Poincaré-Steklov, [145, §3.7]) map defined in §2.2.3:

given u P H1/2(BΩ), find τ P H´1/2(BΩ) such that

xψ, VτyBΩ = xψ, u/2+ KuyBΩ @ψ P H´1/2(BΩ).

In the above, the notation f P Hr(BΩ) imparts that each of the components fi,

i ă d, is a member of Hr(BΩ), cf. the section on notation: §A.1.

3.3 Properties of the boundary integral operators

In the following, we collect important results from [40] regarding boundary

integral operators on Lipschitz domains. The theory outlined in this section

is valid for the operators defined in (3.4) for potential flow as well as those

in (3.9)-(3.10) for Stokes flow.

First, continuity and ellipticity is shown, which are the two requirements on

the operators for the Lax-Milgram lemma (thm. 57).
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Theorem 16. (Continuous mappings) The following mappings are continuous for ς P
[´1/2, 1/2]:

V : H´1/2+ς(BΩ) Ñ H1/2+ς(BΩ)

K : H1/2+ς(BΩ) Ñ H1/2+ς(BΩ)

where Ω is a bounded Lipschitz domain, and V, K are the single-layer and double-

layer boundary integral operators arising from a second order, strongly elliptic differ-
ential operator with constant coefficients, s.a. (3.4), (3.9) and (3.10).

Theorem 17. (Ellipticity) A compact operator T : H´1/2(BΩ) Ñ H1/2(BΩ) and a
constant C ą 0 exist, such that a Gårding inequality holds:

x(V + T)ψ, ψyH1/2(BΩ) ě C}ψ}2
H´1/2(BΩ)

@ψ P H´1/2(BΩ),

under the same assumptions on V as in thm. 16.

The continuity and ellipticity results above allow the weak formulations in-

troduced in this chapter to be rewritten into the abstract form of §A.3, such that

many results familiar in the FEM are accessible. The ellipticity of the single-layer

potential can be used for the solvability of Fredholm equations of the first kind,

cf. [115], such as (3.8), provided that the given data is appropriate. Solvability

of a second kind integral equation (one in which the operator 1/2 + K is to be

inverted), such as (3.3), is left to ch. 4, where this result is required.

The Gårding inequality conveys the H´1/2(BΩ)-ellipticity of the single-layer

operator V outside a compact subspace, corresponding to the kernel of T. This

is what is also expected from the PDE, for which auxiliary conditions hold for

the boundary data, cf. §2.5. Thus, there is a close relation between ker T and

these compatibility conditions; we elaborate on this in rmk. 37. However, it

turns out that in the case d = 2, the kernel of T may be smaller than that of the

associated PDE, depending on the logarithmic capacity of the domain. This is

the subject of §3.4.

In addition to the above, we also cite a relevant result on the regularity of

the solution.

Theorem 18. (Increased regularity) If for some ς P [0, 1/2], ψ P H´1/2(BΩ) and
φ P H1/2(BΩ) satisfy

Vψ P H1/2+ς(BΩ)

and

Kφ P H1/2+ς(BΩ)
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then ψ P H´1/2+ς(BΩ) and φ P H1/2+ς(BΩ) with the a priori estimates

}ψ}H´1/2+ς (BΩ) ď C
(

}Vψ}H1/2+ς(BΩ) + }ψ}H´1/2(BΩ)

)

and

}φ}H1/2+ς(BΩ) ď C
(

}Kφ}H1/2+ς(BΩ) + }φ}H1/2(BΩ)

)

under the same assumptions on V and K as in thm. 16.

Proof. (of theorems 16-18) See Costabel [40]. The results in [40] are sometimes

more elaborate or stronger than required in this context.

3.4 More on ellipticity: the logarithmic capacity

It is beyond the scope of this thesis to prove the relationships between the log-

arithmic capacity of a set and the invertibility of the single-layer potential. We

merely state the results for the case of potential and Stokes flow, namely that

the invertibility of V depends on the size and shape of BΩ in the planar case

(d = 2). There is a marked difference between the two flow models, however,

in both cases ellipticity of V can be recovered by an appropriate rescaling of the

domain.

We start by introducing the logarithmic capacity, (and the natural density weq),

which will be useful in the subsequent discussion. This definition can be found

in [153, §6.6.1].

Definition 19. For d = 2, the logarithmic capacity of Ω is defined as capBΩ
:=

exp(´2πλ), where λ is the Lagrange multiplier associated with the potential flow
problem

find (weq, λ) P H´1/2(BΩ)ˆ R such that

xτ, VweqyH1/2 (BΩ) ´ λxτ, 1yH1/2(BΩ) + υxweq, 1yH1/2(BΩ) = υ

@(τ, υ) P H´1/2(BΩ) ˆ R. (3.11)

Pivotal in the following interpretation of the logarithmic capacity is the re-

sult that for d = 2, the potential single-layer operator V is H´1/2
KR

(BΩ)-elliptic,

see [153, thm. 6.22]. That is, elliptic for any bounded linear functional F P
H´1/2(BΩ) which has zero mean, F(1) = 0. We shall see that for appropriate

domains, namely those for which capBΩ
ă 1, we can get rid of the constraint

F(1) = 0, such that V becomes elliptic on all of H´1/2(BΩ).
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The solution weq of (3.11) allows the unique decomposition weq = w‖ + wK

with wK = 1/µ(BΩ), where µ(¨) is the surface measure, and w‖ P H´1/2
KR

(BΩ).

With this choice weq automatically satisfies the υ-equation. Next, we set υ = 0

and τ P H´1/2
KR

(BΩ) to find w‖ as V is H´1/2
KR

(BΩ)-elliptic [153, thm. 6.22]. Fi-

nally, λ can be found by choosing τ = weq, yielding λ = xweq, Vweqy. Now, if

λ ď 0 (consequently, if capBΩ
ě 1), we have found, by providing a counterex-

ample, that V is not H´1/2(BΩ)-elliptic. We can always rescale our problem to

ensure that capBΩ
ă 1, where we define the scaled boundary as ωBΩ := tωx :

x P BΩu:

Lemma 20. capBΩ
is bounded from above by diam Ω := supx,yPΩ

|x ´ y|.

Proof. See [85].

An alternative to rescaling is to introduce a Lagrange multiplier to enforce

the constraints on V. The last step is to show that capBΩ
ă 1 is a sufficient

condition for H´1/2(BΩ)-ellipticity of V, this is the subject of the following two

lemmas.

Lemma 21. For potential flow, the single-layer operator V is H´1/2(BΩ)-elliptic if
capBΩ

ă 1. Otherwise, V is H´1/2
KR

(BΩ)-elliptic, with

H´1/2
KR

(BΩ) := tF P H´1/2(BΩ) : F(1) = 0u.

Proof. See [153, thm. 6.22,23].

Lemma 22. For Stokes flow, given a simply-connected domain with smooth boundary,
the single-layer operator V is H´1/2

Kn (ωBΩ)-elliptic, except for at most two critical
scalings ωcr of BΩ, with the property that capωcrBΩ

ě 1.

Proof. See the appendix of [54].

A numerical demonstration of lem. 22 is given in [52].

This peculiarity in the invertibility of V is related to the natural logarithm

appearing in the fundamental solution. This is typical of planar fundamental

solutions, as is seen from (3.1) and (3.5), but also in planar elasticity and the

Helmholtz equation. These solutions grow rather than decay away from Ω,

unlike the fundamental solutions for d = 3, which typically behave as 1/r.

Details can be found in [153].
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3.5 Approximation and solution techniques

The presented boundary integral equations can be brought into weak form for a

Galerkin-type discretization, thereby easing their incorporation into an existing

FEM implementation. However, two main particularities to the BEM, viz. singu-

lar integrals and full matrices, remain to be contended with. In the following,

we review a number of techniques to deal with these issues, although not all of

them are employed in the current work.

Firstly, the involved integrals contain singularities, such that standard quad-

rature schemes are inefficient (the convergence of the Gauss scheme even relies

on boundedness). A number of techniques have been developed to overcome

these difficulties. Many different approaches are offered for the evaluation of

singular integrals. The method of singularity cancellation involves regularizing

coordinate transformations that remove the singularity are given in, e.g. [145].

Also, specialized quadrature schemes can be designed to integrate a particular

kind of singularity (for instance logarithmic) exactly, [94, 98]. Alternatively, the

singularity can be subtracted from the integrand and integrated analytically, by

the method of singularity subtraction, e.g. [48]. In simple cases analytical inte-

gration is also possible, although this technique is generally restricted to simple

geometries such as polygons/polyhedra.

Secondly, the boundary integral operators are global, resulting in a full ma-

trix, unless specific counter measures are taken. This has consequences for both

the assembly as well as the solution of the matrix vector problem. However, it

must be noted that the dimension of the problem is reduced by one, such that

the size of the matrix is much smaller than in conventional FEM.

Several methods have arisen to counter both the assembly and (iterative)

solution issue simultaneously. We mention the fast multipole method [76, 140],

box scheme [6], multigrid techniques [18] and panel clustering [78]. Essentially

by exploiting smoothness and fast decay of boundary integral kernels away

from the singularity, the computational complexity associated with matrix as-

sembly and matrix-vector multiplication can be brought down from O(N2) to

O(N log N), where N is the problem size.[iv]

Another way to bring down the cost of matrix assembly is a collocation

technique, see e.g. [121], which can be seen as a Petrov-Galerkin technique

with Dirac-delta test functions eliminating the outer integral. This method has

received new attention, with the advent of isogeometric analysis [43], which

[iv]The big O denotes the Landau symbol that has the property O(δβ)/|δβ| Ñ C P R as δ Ñ 0 for

all β P R.
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employs smooth approximation spaces, see e.g. [1, 148, 149]. As the Galerkin

technique involves a double integral over a surface, the cost of the evaluation

of the integrand grows with the fourth power of the quadrature order, with

collocation this is brought back to two. We refer to [5] and the references cited

therein for convergence results.

Concerning the solution of the matrix, one way to recover sparsity is by em-

ploying wavelet techniques, as proposed in [13, 39]. Dedicated techniques for

solving matrix problems arising in the BEM have been developed, e.g. precon-

ditioning [154, 175] and multigrid [77].





4 ¨ Potential flow micromodel in R2

In the preceding chapters we have laid the foundation of BIE-based micromod-

els for flow enclosed in inflatable structures. The first micromodel we will treat

is the potential flow model in the planar setting. The aim of this chapter is three-

fold: firstly, to clarify the complete FSI model; secondly, demonstrate numeri-

cally the FE/BE technique; and ultimately, to assess potential flow micromodel

for problems with inflatable structures.[i] This simple setting, where the flow is

described by the archetype elliptic PDE: Laplace’s equation, therefore suits the

present purposes excellently. In forthcoming chapters, the slightly more com-

plex Stokes model will be treated; and investigations extended to R3, physical

space.

The contents of this chapter are organized as follows. The mathematical

model is detailed and analyzed in §4.1. The discretization and solution of the

resulting system of equations is elaborated upon in §4.2. The behavior of this

system is illustrated by means of numerical experiments in §4.3. This chapter

is concluded by an evaluation of the model in §4.4.

4.1 Problem statement

In this section, we present the mathematical formulation of the considered FSI

problem with contact. §4.1.1 considers the boundary-integral formulation for

the fluid subproblem, consisting of an irrotational, incompressible flow. §4.1.2

is concerned with the structure subproblem. The interface conditions which

provide for the connection between the fluid and the structure are specified

in §4.1.3. In §4.1.4, a potential contact force, which reuses computations of the

boundary-integral kernels, is introduced. A recapitulation of the resulting cou-

pled formulation is given in §4.1.5 before a phenomenon particular to potential

flow, which will also be observed numerically, is discussed in §4.1.6.

4.1.1 Boundary-integral formulation of the fluid subproblem

The fluid subproblem consists of the irrotational flow of an incompressible fluid

on the time-dependent domain Ωt. Recall that the partial differential equation

[i]This chapter is based on [128].

53
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governing the harmonic potential φ : Ωt Ñ R associated with the fluid veloc-

ity u = ∇φ is the Laplace–Neumann problem (2.3)

´∆φ = 0 in Ωt,

Bnφ = h on BΩt,

see §2.2.2. The natural setting for the trace of φ and the normal flux Bnφ are

H1/2(BΩt) and H´1/2(BΩt) respectively, cf. e.g. [61, §3.1.1]. However, it is

immediately apparent that the constants R are in the kernel of the partial dif-

ferential equation, i.e., an arbitrary constant can be added to the solution φ. To

fix this constant, we constrain the solution to have a vanishing circumferential

mean (cf. §3.4), and define

H˘1/2
KR

(BΩt) :=
!

φ P H˘1/2(BΩt) : x1, φyH˘1/2(BΩt)
= 0

)
.

To connect the fluid to the structure in the aggregated FSI problem, we shall be

exclusively interested in the trace of φ on BΩt. We cast the Laplace–Neumann

problem into the direct boundary-integral formulation (3.3)

φ/2+ Kφ = Vh,

which holds a.e. on BΩt. We recall the definition of the single- and double-layer

potentials V and K from (3.4),

(Vu)(x) :=
1

2π

¿

BΩ

log
1

r
u(y)dµ(y),

(Kv)(x) :=
1

2π

¿

BΩ

(x ´ y) ¨ n(y)
r2

v(y)dµ(y),

and cast these into the variational statement

given h P H´1/2(BΩt), find φ P H1/2
KR

(BΩt) such that

af(φ, ψ) = Ff(h, ψ) @ψ P H´1/2
KR

(BΩt). (4.1)

with bilinear forms given by

af(u, v) := xv, 1
2 u + KuyBΩt

, (4.2a)

Ff(u, v) := xv, VuyBΩt
. (4.2b)

The well-posedness of this formulation depends on the logarithmic capacity of

BΩt, as explained in §3.4.

Theorem 23. (Well-posedness) If capBΩt
ă 1 the problem (4.1) is well-posed.
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Proof. We verify the conditions of the Banach-Nečas-Babuška (BNB) theorem

(thm. 58 of §A.3), which implies that there exists a unique and stable solution

to (4.1). Firstly, H˘1/2
KR

(BΩt) are closed subspaces of Hilbert spaces and there-

fore themselves Hilbert. The condition on the domain of af of definition (4.2) is

verified.

Both af(¨, ¨) and Ff(h, ¨) in (4.2) are continuous by virtue of thm. 16.

This setting moreover yields, by [145, thms. 3.8.7 and 3.8.9]:

CK}φ}H1/2(BΩt)
ď } 1

2 φ + Kφ}H1/2(BΩt)
@φ P H1/2

KR
(BΩt), (4.3a)

CK}ψ}H´1/2(BΩt)
ď } 1

2 ψ + K1ψ}H´1/2(BΩt)
@ψ P H´1/2

KR
(BΩt), (4.3b)

with K1 : H´1/2(BΩt) Ñ H´1/2(BΩt) the dual operator corresponding to K,

and CK a positive constant. We note that these bounds hold under the re-

quirement on the logarithmic capacity (capBΩt
, see def. 19) as explained in §3.4,

which can always be satisfied by a suitable scaling. These lower bounds on the

norms of 1/2 + K and 1/2 + K1 imply that the bilinear form af satisfies both

conditions of the BNB theorem:

Given the norms on H˘1/2(BΩ) as defined in def. 53, condition (A.3a) fol-

lows from (4.3a) by

CK}φ}H1/2(BΩt)
ď } 1

2 φ + Kφ}H1/2(BΩt)

= sup
0‰ψPH´1/2

KR
(BΩt)

af(φ, ψ)

}ψ}
H´1/2

KR
(BΩt)

@φ P H1/2
KR

(BΩt),

The equality above follows as H´1/2
KR

(BΩt) is a Hilbert space and therefore re-

flexive. Thus, we have the reformulation of } ¨ }
H1/2

KR
(BΩt)

as the standard dual

norm.

Finally, from (4.3b):

CK}ψ}H´1/2(BΩt)
ď sup

0‰φPH1/2
KR

(BΩt)

xφ, 1
2 ψ + K1ψyBΩt

= sup
0‰φPH1/2

KR
(BΩt)

af(φ, ψ),

with the equality following from the definition of K1, being the adjoint of K.

This, in turn, implies condition (A.3b).

To facilitate the implementation, we remove the orthogonality condition

x1, ¨yH˘1/2(BΩt)
from the test- and trial-spaces and instead impose it by means of

a Lagrange multiplier, yielding
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given h P H´1/2(BΩt), find (φ, ζ) P H1/2(BΩt)ˆ R such that

af(φ, ψ) + ζxψ, 1yH1/2(BΩt)
+ υx1, φyH1/2(BΩt)

= Ff(ψ)

@(ψ, υ) P H´1/2(BΩt) ˆ R. (4.4)

We further modify the weak problem above, as the dependence of the func-

tional setting on the solution of the structure subproblem, which governs the

position of BΩt, is undesirable. Rather, we transport the functions to the refer-

ence domain,

φ := φ ˝ θt,

h := h ˝ θt,

and consider the modified problem,

given h P H´1/2(BΩ) and θt, find (φ, ζ) P H1/2(BΩ)ˆ R such that

aft(φ, ψ) + ζxψ, JtyH1/2(BΩ) + υxJt, φyH1/2(BΩ) = Fft(h, ψ)

@(ψ, υ) P H´1/2(BΩ) ˆ R. (4.5)

In this equation Jt is the determinant of the Jacobian of the transformation θt
[ii]

and the bilinear forms are defined by

aft(u, v) := xv, 1
2 Jtu + KtuyBΩ, (4.6a)

Fft(u, v) := xv, VtuyBΩ, (4.6b)

with boundary integral operators

Vtu := Jt
1

2π

¿

BΩ

(

log
1

r

)

˝ (θt, θt)u(y)Jtdµ(y),

Ktv := Jt
1

2π

¿

BΩ

(

(x ´ y) ¨ n(y)
r2

)

˝ (θt, θt)v(y)Jtdµ(y).

The composition of a kernel BΩt ˆ BΩt Ñ R with (θt, θt) serves to transport

the coordinate pair (x, y) P BΩ ˆ BΩ to BΩt ˆ BΩt. By assumption 3, θt is

a Lipschitz diffeomorphism, and the Sobolev space H1(Ω) is invariant under

such transformations (L2. on p. 19). We thus conclude that

H˘1/2(BΩ) = t f ˝ θt : f P H˘1/2(BΩt)u,

and, in particular, φ P H1/2(BΩ) and h P H´1/2(BΩ).

[ii]It will be most convenient to compute these via the parametrization: Jt = det(Dθ̃t)det(Dθ̃)´1.
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Proposition 24. If φ satisfies (4.4), then φ satisfies (4.5).

Proof. This basically follows by rewriting the integrals according to the coordi-

nate transformation θt:
ű
BΩt

f dµ =
ű
BΩ

f ˝ θtJtdµ.

4.1.2 Structure subproblem: linear elastic string

The motion of the wet boundary of the fluid is governed by a membrane cor-

responding to the regularized linearly-elastic string of §2.3.5. In strong form,

these equations are given by

θ̃2
t ´ D

(

(1 ´ |Dθ̃t|´1)Dθ̃t
)

+ ǫD4θ̃t = F̃(t; ¨) in Σ, (4.7a)

θ̃t = χ̃0 on BΣ, (4.7b)

D2 θ̃t = 0 on BΣ, (4.7c)

θ̃0 = χ̃0, (4.7d)

θ̃1
0 = χ̃1, (4.7e)

where (4.7b)–(4.7c) represent hinged boundary conditions. Recall that in the

definition of this constitutive model we have assumed, without loss of general-

ity, that an arc-length parametrization is chosen, such that |Dθ̃| = 1. The load

F̃ on the membrane can be segregated into a fluid traction and a contact force

component as

F̃ : t, ρ̃ ÞÑ ´̟
(

|Dθ̃t|(p ˝ θ̃t)(n ˝ θ̃t), ρ̃
)

L2(Σ)
+
(

|Dθ̃t|ϕθ̃ ˝ θ̃t, ρ̃
)

L2(Σ)
. (4.8)

The fluid traction is proportional to the pressure p and induces a load in the

direction n. The contact force is represented by a nonlinear operator, ϕθ̃, which

associates to any configuration a load on that configuration; see section §4.1.4.

It is to be noted that the normal vector depends explicitly on the configuration.

The multiplication by |Dθ̃t| accounts for the ratio of the surface measures in the

initial and the actual configuration.

To give a more precise specification of (4.7) and (4.8), we recall some elemen-

tary notation from §A.1. Given a normed space (B, } ¨ }B), the Bochner space

L2(0, T; B) contains precisely the functions f : (0, T) Ñ B for which t ÞÑ }θ̃t}B is

square-integrable, cf. def. 54. We furthermore set X := H2(Σ)X H1
0(Σ).

On account of the nonlinear dependence of the stress (1 ´ |Dθ̃|´1) and of

the load F̃ in (4.8) on θ̃, a precise specification of the domain of the structure

operator is nontrivial. The principal part of the operator, corresponding to the

regularizing term ǫD4(¨), is however linear and X-elliptic. A comprehensive
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general theory is available for equations of this type; see, for instance, [47, 63,

105]. In particular, thm. 60 conveys that, provided χ̃0 P X, χ̃1 P L2(Σ) and

F̃ P L2(0, T; L2(Σ)), a unique member θ̃ of the space

χ̃0 + t f P L2(0, T; X) : f 1 P L2(0, T; L2(Σ))u

exists, which satisfies (4.7). As a result, θ̃2 P L2(0, T; X1). Also, the refined

regularity result, thm. 61, holds for the solution of (4.7): Under the above con-

ditions on the data, the configuration θ̃ and velocity θ̃1 are in fact members of

C0(0, T; X) and C0(0, T; L2(Σ)). This refined regularity result is important to as-

sign significance to the transmission conditions in the aggregated FSI problem;

see §4.1.3.

It is to be remarked that the above elementary model for a membrane is in

fact surprizingly difficult to analyze. Refs. [3, 183] derive the model (without

regularization) without regard for the complications related to compression.

Results on existence and uniqueness appear to be nonexistent; see also [4]. A

complete well-posedness proof is beyond the scope of this discussion, we here

merely aim to motivate the model from a mathematical standpoint.

The problem (4.7) is cast into a weak form for numerical analysis:

given F̃ P L2(0, T; L2(Σ)) and (χ̃0, χ̃1) P X ˆ L2(Σ), find for t P (0, T): (θ̃t, λ) P
(θ̃ + X)ˆ R such that

xθ̃2
t , ρ̃yX + W̃1(θ̃t; ρ̃) + λQ̃1

t(θ̃t; ρ̃) + µQ̃t(θ̃t) = F̃(t; ρ̃)

@(ρ̃, µ) P X ˆ R, (4.9)

with

W̃1(θ̃; ρ̃) := ((1 ´ |Dθ̃|´1)Dθ̃, Dρ̃)L2(Σ) + ǫ(D2θ̃, D2ρ̃)L2(Σ),

from (2.23a).

4.1.3 Transmission conditions

The interaction of the fluid and the structure at their mutual interface is given

by the slip condition (2.24c)

h =

#
n ¨ (θ̃1

t ˝ θ̃´1
t ) on Γt,

q on Γin;
(4.10a)

and the dynamic condition (2.24d), the first term in (4.8),

ρ̃ ÞÑ ´̟xρ̃ ˝ θ̃´1
t , τyΓt . (4.10b)
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The fluid traction τ := pn exerted on the structure follows from Bernoulli’s

principle, (2.3c),

p(φ) := p0 ´ 1
2 |∇φ|2

= p0 ´ 1
2 |Bnφ|2 ´ 1

2 |∇Γφ|2

= p0 ´ 1
2 (n ¨ (θ̃1

t ˝ θ̃´1
t ))2 ´ 1

2 |∇Γφ|2 on BΩt. (4.11)

The second equality follows from splitting the gradient into normal and tan-

gential components respectively. The normal component is the Neumann data

provided in (2.24c). Moreover, p0 represents a (possibly time-dependent) pres-

sure level; cf. section §2.5.

To establish the suitability of the Neumann data in accordance with the kine-

matic condition, we will show that the data on the wet boundary resides in

L8(0, T; L2(Γt)) and, a fortiori, is compatible with the domain of the single-layer

potential, as it defines a functional in L8(0, T; H´1/2(BΩt)).

Lemma 25. h P L8(0, T; L2(Γt)).

Proof. By transporting the integral on Γt to the parameter interval Σ and, sub-

sequently, applying Hölder’s inequality (thm. 55), we obtain:

}h}L8(0,T;L2(Γt))
=

›››››

( ż

Γt

(

n(¨, x) ¨ θ̃1 ˝ θ̃´1(¨, x)
)2

dµ

)1/2
›››››

L8(0,T)

ď
›››››

( ż

Σ

|n ˝ θ̃(¨, s)|2|θ̃1(¨, s)|2
ˇ̌
Dθ̃(¨, s)

ˇ̌
dµ

)1/2
›››››

L8(0,T)

ď
››θ̃1

››
L8(0,T;L2(Σ))

››Dθ̃
››1/2

L8(0,T;L8(Σ))
.

(4.12)

In the final inequality we have taken into account that |Dθ̃|´1|rot ∇θ̃| = 1

almost everywhere, as the boundary is Lipschitz, cf. L1. of thm. 2. Sobolev’s in-

equality (cf. for instance thm. 56) implies that the embedding H1(Σ) ãÑ L8(Σ)

is continuous. The refined regularity result, thm. 61, then leads to the conclu-

sion that, indeed, }h}L8(0,T;L2(Γt))
is bounded.

Dynamic equilibrium at the fluid–structure interface (4.10b) imposes that

the fluid exerts a load pn on the structure, with p according to Bernoulli’s re-

lation (4.11). The standard setting of the structure subproblem therefore insists

on (pn) ˝ θ̃ P L2(0, T; L2(Σ)); see §4.1.2. A result of this type however requires

more regularity for θ̃ and ∇Γφ. We shall therefore consider the weaker result

(pn) ˝ θ̃ P X1, which is consistent with the interpretation of (4.7) as an identity

in X1. To this end, we will show that
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Lemma 26. The map

ρ̃ ÞÑ
ż T

0

ż

Σ

ρ̃(t, s) ¨
(

p ˝ θ̃(t, s) rot Dθ̃(t, s)
)

dµ dt, (4.13)

with p according to Bernoulli’s relation (4.11), corresponds to a continuous linear func-
tional on X1 = L2(0, T; H´2(Σ)); cf. (4.8).

Proof. Without loss of generality, we set ̟ = 1. Anticipating that the pressure

level p0 resides in L2(0, T) (see section §2.5), we apply Hölder’s theorem to

bound the term corresponding to p0 according to:

ˇ̌
ˇ̌
ż T

0
p0(t)

ż

Σ

ρ̃(t, s) ¨ rot Dθ̃(t, s) dµ dt

ˇ̌
ˇ̌ ď

(ż T

0
p0(t)

2 dt

)1/2(ż T

0

(ż

Σ

ρ̃(t, s) ¨ rot Dθ̃(t, s) dµ

)2

dt

)1/2

ď

››p0

››
L2(0,T)

(ż T

0

››ρ̃
››2

L2(Σ)

››Dθ̃
››2

L2(Σ)
dt

)1/2

ď
››p0

››
L2(0,T)

››ρ̃
››

L2(0,T;L2(Σ))

››Dθ̃
››

L8(0,T;L2(Σ))
.

By virtue of the refined regularity result, thm. 61, the p0-term is therefore in-

deed continuous. Moreover, by Hölder’s inequality, the term corresponding

to (Bnφ)2 in (2.3c) is bounded according to

ˇ̌
ˇ̌
ż T

0

ż

Σ

ρ̃(t, s) ¨ rot Dθ̃(t, s)
(

θ̃1(t, s) ¨ n ˝ θ̃(t, s)
)2

dµ dt

ˇ̌
ˇ̌

ď
ż T

0

››ρ̃
››

L8(Σ)

››Dθ̃
››

L8(Σ)

››θ̃1
››2

L2(Σ)
dt

ď
››ρ̃
››

L2(0,T;L8(Σ))

››Dθ̃
››

L2(0,T;L8(Σ))

››θ̃1
››2

L8(0,T;L2(Σ))
,

where we have again taken account of the fact that |n| = 1 µ-a.e. The refined

regularity result, thm. 61, and the continuity of the embedding of Hm(Σ) ãÑ
L8(Σ) (m P N) then conveys that the term related to (Bnφ)2 is indeed bounded.

Hence, it remains to bound the term originating from the surface gradient in

Bernoulli’s relation. Hölder’s inequality yields:

ˇ̌
ˇ̌
ż T

0

ż

Σ

ρ̃(t, s) ¨ rot Dθ̃(t, s) (∇Γφ)2 ˝ θ̃(t, s) dµ dt

ˇ̌
ˇ̌

ď
››ρ̃
››

L2(0,T;L8(Σ))

››Dθ̃
››

L8(0,T;L8(Σ))

››∇Γφ ˝ θ̃
››2

L4(0,T;L2(Σ))
.
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Boundedness of the first two factors in the right-hand side again follows from

the refined regularity result and the aforementioned embedding relations.

It is now left to show that ∇Γφ ˝ θ̃ P L4(0, T; L2(Σ)). This is equivalent to

saying ∇Γφ P L4(0, T; L2(BΩt)). By assumption 3, the transformation θ̃t is a

Lipschitz diffeomorphism. Thus, we have that the Jacobian of the pull-back

transformation, |Dθ̃|´1, is in L8(0, T; L8(Σ)), and

ż

Σ

(∇Γφ ˝ θ̃)2dµ =

ż

Γt

(∇Γφ)2|Dθ̃ ˝ θ̃´1|´1dµ ď
ż

BΩt

(∇Γφ)2|Dθ̃ ˝ θ̃´1|´1dµ.

In section 4.1.1 the weak problem 4.1 is seen to provide the map H´1/2(BΩt) Q
h ÞÑ φ P H1/2(BΩt). Given our previous observation that we in fact have

h P L2(BΩt), we can invoke the regularity result in thm. 18 to ascertain that

φ P H1(BΩt). Thus, we have ∇Γφ P L8(0, T; L2(BΩt)) Ă L4(0, T; L2(BΩt)).

Remark 27. Instead of presenting well-posedness of the coupled problem, the fluid and
structure subproblems have been treated separately. In addition, it has been investigated
if the kinematic and dynamic transmission conditions provide a meaningful Dirichlet
condition for the fluid and load on the structure, respectively. Analysis of the full cou-
pled problem entails several complications, and is beyond the scope of this thesis. A first
complication is that solutions θ̃ to the structure equation (4.7) have to verify assump-
tion 3 for the well-posedness result of the fluid problem to hold, which is valid on Lip-
schitz domains. In d = 2, Sobolev embedding conveys that, at least, the structure so-
lution provides at every t P (0, T) sufficient regularity, viz., Dθ̃t P H1(Σ) Ă L8(Σ),
such that θ̃t P C1(Σ), but self-crossing cannot be ruled out. A second complication
is the prerequisite of well-posedness of the nonlinear structure subproblem subjected to
a pre-specified load, which, as remarked above, is unknown in literature. These two
complications also hold for the models used in chs. 5 and 6.

Remark 28. Existence and uniqueness results for simpler FSI problems are available:
this was first shown in [75], for a steady problem set in d = 2. Unsteady problems with
evolving fluid domains in the case d = 3 have also been treated, cf. [32].

4.1.4 Contact force

In the treatment of FSI with complex folded geometries, adequate modeling of

self-contact of the membrane is imperative to avoid self-intersection. Because

our primary interest concerns the coupled problem described in §§4.1.1-4.1.3

and, in this context, contact modeling is only accessory, we shall be contented

with any cogent contact model that prevents self-intersection. For this reason,
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we shall consider a soft-contact model based on repulsive potentials, instead

of a hard-contact model, as the latter requires contact detection, which is non-

trivial. Moreover, the soft-contact model admits an efficient implementation by

recycling the kernels that have already been generated in the boundary-element

method for the fluid subproblem.

In the soft-contact model, each segment of the membrane exerts a force on

every other segment, depending on their relative distance and orientation. We

model the contact-induced traction on the structure, θ̃ ÞÑ ϕθ̃, as the marginal of

a vector-valued traction density, i.e., we postulate:

ϕθ̃(x) = z
¿

BΩ

Z(x, y) dµ(y), (4.14)

for some traction density Z : BΩ ˆ BΩ Ñ R2, with z ą 0 the contact force

magnitude, a model parameter. Let us note that ϕθ̃ depends implicitly on the

structure configuration, θ̃, on account of the dependence of the domain Ω on θ̃.

Moreover, we assume that the inflow boundary Γin also exerts a contact trac-

tion. The time dependence of the structural configuration and of the domain

are irrelevant for the exposition, and will be suppressed. The traction density

should comply with the following elementary conditions:

C1. The traction density should be essentially local, i.e., it should have local

support or decay rapidly as the distance |x ´ y| increases;

C2. The traction density is repulsive and acts in the direction x ´ y of the rel-

ative position of segments of the membrane;

C3. The traction at any point induced by segments in the vicinity of that point

vanishes. This means that for each x P BΩ and each ε ą 0 there exist a

δ ą 0 and a connected subset Γδ Ă BΩ such that x P Γδ and

1

µ(Γδ)

ˇ̌
ˇ̌
ż

Γδ

Z(x, y) dµ(y)

ˇ̌
ˇ̌ ă ε; (4.15)

C4. The contact force should prevent self-intersection of the membrane. To

this end, the traction density must approach infinity if y Ñ x while y and

x are separated on the membrane. In particular, if there exists a sequence

tynu Ă BΩ, yn Ñ x as n Ñ 8, a corresponding sequence of sections Γn,

with Γn the smallest connected subset of BΩ containing x and yn and a

number ε ą 0 such that µ(Γn) ě ε as n Ñ 8, then |Z(x, yn)| Ñ 8 as

n Ñ 8; cf. also condition C3;
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C5. The traction density should satisfy a reciprocity principle in accordance

with Newton’s third law of motion, which implies Z(y, x) = ´Z(x, y).

An important observation pertains to the fact that, in the finite-element approx-

imation, the concomitant computational complexity of the soft-contact model is

proportional to the number of elements squared, as for each element we have

to visit all other elements to determine the relative distances. In the present

setting, however, the relative distances have already been computed in the

boundary-integral formulation of the fluid subproblem. Moreover, we will

show that the dependence of the contact force on the relative distance and ori-

entation can be formulated such that the aforementioned conditions are obeyed,

and that the traction density can be composed of the singular kernel in the

double-layer potential in (3.1). We are not aware of previous work on such

recycling of discrete kernels of a boundary-integral formulation to determine

contact forces.

To facilitate the presentation, we factorize the traction density in four com-

ponents according to Z(x, y) = b(r/ℓ)w(x, y) r´1d(x, y), where r := |x ´ y| is a

condensed notation for the distance between x and y and ℓ ą 0 is a preselected

cut-off radius. The function b serves to localize the traction density in accor-

dance with condition C1. To this end, we apply a smooth window function

based on a cubic b-spline b : R+ Ñ [0, 1]:

b(r) :=

$
’’&
’’%

1 ´ 3r2, r ă 1/3,

3/2 ´ 3r + (3/2)r2, 1/3 ď r ď 1,

0, otherwise.

Let us remark that this is a common kernel in the realm of smooth particle

hydrodynamics. The vector-valued function d accounts for the directional de-

pendence in condition C2.:

d(x, y) = r´1(x ´ y).

The function w serves to impose the non-contiguity condition C3. and the reci-

procity principle C5.:

w(x, y) =
ˇ̌
ˇr´1

(

x ´ y
)

¨
(

n(x)´ n(y)
)

ˇ̌
ˇ. (4.16)

Finally, the factor r´1 serves to introduce the singular behavior of the traction

density to fulfill condition C4. Another important argument for selecting the

particular form of w in (4.16) and the r´1 dependence, is that these lead to a
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traction density that can be conveniently expressed in terms of the singular

kernel Bn(y)E(x ´ y) (which we will henceforth denote BnE) according to (3.1)

in the double-layer potential.

The expression for w in (4.16) warrants some further elaboration. To prove

that the corresponding traction density satisfies condition C3., we consider that

in the limit δ Ó 0, it holds that

Z(θ̃(s), θ̃(s ˘ δ))

= b

( |θ̃(s)´ θ̃(s ˘ δ)|
d

)

¨

¨
ˇ̌
ˇ̌ θ̃(s)´ θ̃(s ˘ δ)

|θ̃(s)´ θ̃(s ˘ δ)|3
¨
(

rot Dθ̃(s)

|Dθ̃(s)|
´ rot Dθ̃(s ˘ δ)

|Dθ̃(s ˘ δ)|

)ˇ̌
ˇ̌ ¨

¨
(

θ̃(s)´ θ̃(s ˘ δ)
)

= b

( |Dθ̃(s) δ + o(δ)|
d

)

¨

¨
ˇ̌
ˇ̌ ´Dθ̃(s) δ+ o(δ)

|Dθ̃(s) δ+ o(δ)|3
¨
(

Dθ̃(s) ¨ D2 θ̃(s) rot Dθ̃(s) δ

|Dθ̃(s)|3
´ rot D2 θ̃(s) δ

|Dθ̃(s)|
+ o(δ)

)ˇ̌
ˇ̌ ¨

¨
(

¯ Dθ̃(s) δ+ o(δ)
)

= ¯Cθ̃(s)δ+ o(1) (4.17)

where the little o notation, o(¨), denotes the Landau symbol with the property

that o(δβ)/|δβ| Ñ 0 as δ Ñ 0 for all β P R and

Cθ̃(s) =

ˇ̌
ˇ̌ Dθ̃(s)

|Dθ̃(s)|
¨
(

Dθ̃(s) ¨ D2 θ̃(s) rot Dθ̃(s)

|Dθ̃(s)|3
´ rot D2 θ̃(s)

|Dθ̃(s)|

)ˇ̌
ˇ̌Dθ̃(s)

supposing that all the above derivatives exist. Hence, the leading order term

of Z(θ̃(s), θ̃(s + δ)) corresponds to an odd function in δ, and its integral on a

symmetric interval around δ = 0 vanishes. More precisely, selecting Γδ in (4.15)

according to

Γδ = tx P Γ : x = θ̃(s + α), |α| ă δu (4.18)

we obtain, in the limit δ Ó 0,

1

µ(Γδ)

ˇ̌
ˇ̌
ż

Γδ

Z(θ̃(s), y) dµ(y)

ˇ̌
ˇ̌

=
1

2δ|Dθ̃(s)|+ o(δ)

ˇ̌
ˇ̌
ż δ

´δ

(

Cθ̃(s)
α

|α| + o(1)

)

|Dθ̃(s) + o(1)| dα

ˇ̌
ˇ̌= o(1), (4.19)
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and, hence, for each ε ą 0 there exists a δ ą 0 such that (4.15) holds with

x = θ̃(s).

Summarizing, the contact-induced traction on the structure reads:

ϕθ̃(x) :=z
¿

BΩ

Z(x, y) dµ(y)

=2z
¿

BΩ

b(x, y)

ˇ̌
ˇ̌(x ´ y) ¨ (n(x)´ n(y))

2r2

ˇ̌
ˇ̌ x ´ y

r
dµ(y)

=2πz
¿

BΩ

b(x, y)
ˇ̌
BnE(x, y)+ BnE(y, x)

ˇ̌x ´ y
r

dµ(y). (4.20)

In a numerical procedure, the expression ϕθ̃(x) is required at certain integra-

tion points, txiu. Moreover, for each x P txiu, the integral on BΩ in (4.20)

is computed by means of a quadrature rule, which involves determining the

value of the integrand at points tyju. Hence, the value of the integrand is re-

quired for all pairs of points (x, y) P txiu ˆ tyju. The final expression in (4.20)

conveys that ϕθ̃ can indeed be efficiently computed, because the values of the

singular kernel BnE(x, y) and of the relative positions x ´ y at txiu ˆ tyju have

already been computed in the numerical approximation of the double-layer po-

tential (3.1).

To establish that the contact-induced traction defines a meaningful load on

the structure, we must show that the map:

ρ̃ ÞÑ
ż T

0

ż

Σ

ρ̃(t, s) ¨ ϕθ̃ ˝ θ̃(t, s) |Dθ̃(t, s)| dµ dt (4.21)

defines a continuous linear functional on L2(0, T; X); cf. (4.8) and (4.13). We

first note that by Hölder’s inequality (thm. 55), we have

ˇ̌
ˇ̌
ż T

0

ż

Σ

ρ̃(t, s) ¨ ϕθ̃ ˝ θ̃(t, s) |Dθ̃(t, s)| dµ dt

ˇ̌
ˇ̌

ď }ρ̃}L2(0,T;L8(Σ))}Dθ̃}L8(0,T;L8(Σ))}ϕθ̃ ˝ θ̃}L2(0,T;L1(Σ)) (4.22)

Hence, by the same arguments as in Section §4.1.3, it remains to bound the

right-most factor in (4.22). The function ϕθ̃ ˝ θ̃(t, s) can be expanded into:

ϕθ̃ ˝ θ̃(t, s) = z
¿

BΩ

Z(θ̃(t, s), y) dµ(y)

= 2πz
¿

BΩ

(

´ BnE
(

θ̃(t, s), y
)

´ BnE
(

y, θ̃(t, s)
))

Θ(θ̃(t, s), y) dµ(y) (4.23)
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where

Θ(x, y) = b

( |x ´ y|
d

)

1supp(w)(x, y)
x ´ y

|x ´ y| (4.24)

with 1supp(w) the characteristic function of the support of w according to (4.16),

i.e., 1supp(w)(x, y) is 1 if w(x, y) ‰ 0 and 0 otherwise. Because Θ in the ul-

timate expression depends on θ̃, we cannot rely on standard results on con-

tinuity of the double-layer potential and its adjoint to bound the right-most

factor in (4.22). A detailed analysis of ϕθ̃ ˝ θ̃(t, s) is technical and is beyond the

scope of this work, and boundedness of }ϕθ̃ ˝ θ̃}L2(0,T;L1(Σ)) is left as a conjec-

ture. However, in support of this conjecture, we note that the asymptotic result

in (4.17) implies that, under suitable smoothness conditions on θ̃, the traction

density Z(θ̃(s), θ̃(s + α)) is bounded at the singularity of BnE, i.e., in the limit

as α Ñ 0.

4.1.5 Coupled problem

We collect the components of the model, which is the aggregate of the potential

flow model (4.5), string-like structure (4.9) and the bilateral coupling (4.10). In

§2.5 it was shown that the fluid incompressibility imposes an ancillary condi-

tion on the structure which can be imposed by the Lagrange multiplier method,

thus the model is completed with the compatibility condition, cf. (2.26). The

coupled problem can be summarized as

given (χ̃0, χ̃1) P X ˆ L2(Σ) and q P L8(0, T; H´1/2(Γin)), find for a.e. t P
(0, T): (θ̃t, φ, λ, ζ) P (θ̃ + X)ˆ H1/2(BΩ) ˆ R ˆ R such that

xθ̃2
t , ρ̃yX + W̃1(θ̃t; ρ̃) + x|Dθ̃t|(τ ˝ θ̃t), ρ̃yX ´ x|Dθ̃t|ϕθ̃ ˝ θ̃t, ρ̃yX

+ aft(φ, ψ) ´ Fft(ν ¨ θ1
t, ψ) + λQ̃1

t(θ̃t; ρ̃) + µQ̃t(θ̃t)

+ ζxψ, JtyH1/2 (BΩ) + υxJt, φyH1/2(BΩ) = Fft(q(t, ¨), ψ)

@(ρ̃, ψ, µ, υ) P X ˆ H´1/2(BΩ) ˆ R ˆ R. (4.25)

4.1.6 Venturi effect

In conclusion of this section, we characterize a well-known phenomenon in po-

tential flow, the Venturi effect. This theoretical discussion is of relevance as the

effect is also observed numerically and plays an important role in the evalua-

tion of potential flow as a micromodel, the ultimate goal of this chapter. The

Venturi effect stipulates that the pressure in a flow through a tube is inversely
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proportional to the cross-sectional area and is, for instance, exploited in carbu-

retors.

Consider an elongated domain A = (´1, 1)ˆ (´h, h) with 0 ă h ăă 1. The

boundary BA has been partitioned into material boundaries BA˘h := (´1, 1)ˆ
t˘hu and in-/outflow regions BA˘1 := t˘1u ˆ (´h, h). The domain A can

be conceived of as an emerging near-contact region between two C1-smooth

segments of the boundary, BA˘h, which advance toward each other with rel-

ative velocity 2v ą 0. The C1 smoothness of BΩt follows from the setting

θt P H2(BΩ), which defines BΩt, and the Sobolev embedding theorem, thm. 56.

Theorem 29. In the limit h Ó 0, the pressure blows up as p = ´Ch´2, C ą 0 on
advancing material boundaries BA˘h.

Proof. It is easily verified that the potential

φ =
v

2h
(x2

0 ´ x2
1)

satisfies the relevant Laplace-Neumann problem on A:

find φ : A Ñ R such that

´∆φ = 0 in A,

Bnφ = ´v at BA˘h,

Bnφ = v/h at BA˘1.

With the tangential component of ∇φ on BA˘h,

∇Γφ = vx0/h at Γ˘h,

the pressure arising from this flow follows from the Bernoulli relation (2.3c) as

p = p0 ´ 1

2
|∇φ|2 = p0 ´ 1

2

(v
h

)2
(h2 + x2

0) at BA˘h.

Thus, if p0 remains constant[iii], the pressure blows up as p = ´Ch´2, C ą 0, in

the limit h Ó 0.

Thus, if the horizontal boundary segments BA˘h approach each other, the

traction τ = pn is observed to enforce the collapsing of the domain.

[iii]We assume that p09h0 = 1, as the total excess pressure depends globally on the movement

of the material boundary as shown in §2.5. The motion on the small subdomain, the near-contact

zone, is thus of negligible influence.
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Remark 30. Recall that the planar case (d = 2) investigated in this chapter serves as
a cheap and simple setting to investigate the potential flow micromodel. We therefore
corroborate that the Venturi effect will also manifest in the case d = 3. The flow problem
is then set in the domain A := (´1, 1)2 ˆ (´h, h) with advancing material boundaries
BA˘h := (´1, 1)2 ˆ t˘hu. Then we see that the conclusion of thm. 29 extends to the
case d = 3, namely, by considering the problem

find φ : A Ñ R such that

´∆φ = 0 in A,

Bnφ = ´v at BA˘h,

Bnφ = v/2h at BA ´ BA˘h.

and investigating the pressure in the limit h Ó 0 generated at BA˘h due to the solution
φ = v

4h (x2
0 + x2

1 ´ 2x2
2).

4.2 Approximation and solution

In this section, we consider the numerical approximation of the aggregated

fluid–structure-interaction problem (4.25). §4.2.1 presents the spatial and tem-

poral discretizations of the fluid and structure subproblems. The aggregated

system is solved by means of a partitioned iterative solution procedure, which

is elaborated in §4.2.2.

4.2.1 Finite-element approximations

For convenience, allow the reference configuration to coincide with the initial

configuration, such that χ0 = Id : Γ Ñ Γ, and recall that this configuration is

parametrized according to its arc length, such that |Dθ̃| = 1. Then, for some 0 ă
L ă Λ ă 8 the parametric domains are Σ = (0, L), S ´ Σ = (L, Λ). We intro-

duce a sequence of nested regular partitions T h of these intervals, parametrized

by a strictly decreasing sequence of mesh parameters h P th0, h1, . . .u. For

each h, the partition T h provides a cover of (0, L) and (L, Λ) by disjoint open

subsets tκh
1, κh

2 , . . .u. The quasi-uniformity of the partitions implies that there

exist moderate, positive constants c and c̄, independent of h, such that for each

κ P T h it holds that ch ď µ(κ) ď c̄h. The nesting of the partitions implies that

whenever h1 ă h0, for each subset κ P T h1 there exists a subset κ P T h0 such

that κ Ď κ. A partition T h and the subintervals it contains are referred to as a

mesh and elements, respectively.
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0

κ

1

BΩt

B pΩt

θ̃h
t θ̂h

t

0

κ

1

Figure 4.1: Schematic of basis functions of the approximation spaces in the parametric

domain. On the left, the Hermite basis of Sh is depicted; and on the right, the linear

basis of Fh. In the center, the isoparametric representation of the fluid and structure in

the current domain at their mutual interface is shown, where ˝ indicates a collocated

node.

The partitions form the substructure of the finite-element approximation

spaces for the structure and fluid subproblems, which are smooth piecewise

cubic and continuous piecewise linear, respectively:

Sh :=
 

M P C1(Σ) : M|κ P P3(κ) @κ P T h, κ Ă Σ
(

, (4.26a)

Fh :=
 

N ˝ θ̃
´1

: N P C0(S), N|κ P P1(κ) @κ P T h, N(0) = N(Λ)
(

, (4.26b)

respectively, where Pp(κ) represents the class of polynomials of degree ď p. We

furthermore define Sh
0 := t f P Sh : f (0) = 0 = f (L)u. The approximation space

Sh
0 Ă X (resp. Fh Ă H1(BΩ)) is X-conforming (resp. H1(BΩ)-conforming). On

account of the regularity and nesting properties of the meshes, the sequence of

approximation spaces Sh
0 has the approximability property [61, def. 2.14]. This

means that Sh
0 is nested and asymptotically dense in X, i.e., S

h0
0 Ă S

h1
0 Ă ¨ ¨ ¨ Ď X

and that dist(Sh
0, X) Ñ 0 as h Ñ 0. Similarly, Fh is a sequence of asymptotically

dense, nested subspaces in H1(BΩ). The basis functions (coinciding with shape

functions) for the spaces Sh
0 and Fh ˝ θ̃ are furnished by the Hermite and linear

functions (cf. [61]) respectively, as illustrated in fig. 4.1.

To facilitate the evaluation of the singular integrals in the boundary-element

formulation of the fluid, we do not use the element-wise polynomial represen-

tation of the boundary provided by the approximation of the structure position

but, instead, we select a continuous element-wise linear approximation of the

domain boundary, which nodally coincides with the structure position or, along

the section associated with the inflow boundary, with the initial configuration.

This is illustrated in fig. 4.1. In particular, for an approximate structural posi-



70 Potential flow micromodel in R2 ¨ 4

tion θ̃h
t P Sh, the boundary of the approximate fluid domain is parametrized

according to

B pΩt := θ̂h
t (S), (4.27)

where θ̂h
t P C0(S) is the unique function defined by:

θ̂h
t |κ P P1(κ) @κ P T h,

θ̂h
t (s) = θ̃h

t (s) s P N h

and N h := YκPT h Bκ is the set of nodes corresponding to T h. The determinant

of the approximate Jacobian, Ĵt ˝ θ̃ := |Dθ̂h
t | is constant on κ by virtue of the

above construction. In analogy with (4.6), we define corresponding approxi-

mate bilinear forms

âft(u, v) := x 1
2 Ĵtu + K̂tu, vyBΩ, (4.28a)

F̂ft(u, v) := xV̂tu, vyBΩ, (4.28b)

with (abbreviating ϑh
t = θ̂h

t ˝ θ̃
´1

)

V̂tu := Ĵt
1

2π

¿

BΩ

(

log
1

r

)

˝
(

ϑh
t , ϑh

t

)

u(y) Ĵtdµ(y),

K̂tv := Ĵt
1

2π

¿

BΩ

(

(x ´ y) ¨ n(y)
r2

)

˝
(

ϑh
t , ϑh

t

)

v(y) Ĵtdµ(y).

We recall that, as in (4.6), the map (ϑh
t , ϑh

t ) : BΩ
2 Ñ B pΩ2

t transports the coor-

dinate pair to the approximate current configuration. Singular contributions

to the integrals in (4.6) occur on elements pairs where both u and v in (4.28)

are supported. Denote the linear basis on θ̃(κ) by Ni, i P t0, 1u. We can then

compute the singular contributions by combinations of the integrals as

xNi, K̂tNjyθ̃(κ) = 0,

xNi, V̂tNjyθ̃(κ) =
(

6 + (´1)i+j ´ 4 log ακ

) α2
κ

2π
.

where we denote the measure of an element in the collocated configuration by

ακ := µ(θ̂h
t (κ)) = Ĵtµ(κ). The contributions of element pairs, including neigh-

boring elements, are computed using standard high-order Gaussian quadra-

ture rules. The convergence tests in §4.3 indicate that this basic approach is

sufficient. However, an essential improvement in efficiency can be attained by

means of, for instance, adaptive quadrature schemes.
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For the temporal discretization of the structure equation (4.9), we apply an

implicit backward-Euler approximation. To facilitate the formulation of the dis-

cretization of the FSI problem, we denote by n P N the time step and by δt the

time step size (such that θ̃h
n = θ̃h(tn) with tn = nδt). Furthermore, we write

ṽh
n := δt´1(θ̃h

n ´ θ̃h
n´1) and ν̃h

n = |Dθ̃h
n|´1rot Dθ̃h

n and identify θ̃h
0 = χ̃0 and vh

0 =

χ̃1. Finally, a hat denotes quantities pertaining to the approximate fluid do-

main (4.27): v̂h
n := δt´1(θ̂h

n ´ θ̂h
n´1) ˝ θ̃

´1
and n̂h

n := |Dθ̂h
n|´1rot Dθ̂h

n ˝ θ̃
´1

. Then

the discrete approximation of the aggregated FSI problem can then be formu-

lated as

given q P L8(0, T; L2(Γin)),[iv] find for T/δt ą n P N:
(

θ̃h
n, φh

n, λn, ζn) P (χ̃0 +

Sh
0) ˆ Fh ˆ R ˆ R such that

δt´2xθ̃h
n, ρ̃yX + W̃1(θ̃h

n; ρ̃) + λn
(

rot Dθ̃h
n, ρ̃
)

L2(Σ)
+ µQ̃t(θ̃

h
n)

+
̟

2

A
|∇Γφh

n|2 ˝ θ̃h
n rot Dθ̃h

n, ρ̃
E

X
+

̟

2

A
(

ṽh
n ¨ ν̃h

n
)2

rot Dθ̃h
n, ρ̃

E
X

´
A

|Dθ̃h
n| ϕθ̃h

n
˝ θ̃h

n, ρ̃
E

X
+ âft(φ

h
n, ψ)´ F̂ft(n̂

h
n ¨ v̂h

n, ψ)

+ υx Ĵt, φh
nyH1/2(BΩ) + ζnxψ, ĴtyH1/2 (BΩ) = δt´2xθ̃h

n´1, ρ̃yX + δt´1xṽh
n´1, ρ̃yX

+ F̂ft(q(tn, ¨), ψ) @(ρ̃, ψ, µ, υ) P Sh
0 ˆ Fh ˆ R ˆ R, (4.29)

where we have (∇Γφ) ˝ θ̃ = D(φ ˝ θ̃). It is to be noted that the term per-

taining to the pressure level p0 in (4.9) has been merged with the Lagrange-

multiplier term, in accordance with the exposition in §2.5. Moreover, in (4.29),

the |∇φ|2 term in (4.10) has been expanded in accordance with the ultimate

identity in (4.11).

4.2.2 Partitioned solution of the coupled system

It is generally infeasible to solve the aggregated system (4.29) simultaneously,

owing to the complexity of the complete linearization that would then be re-

quired. Namely, the fluid bilinear forms âft and F̂ft are dependent on ϑh
n through

their coordinate transformation to a fixed domain of integration. Rather, a parti-

tioned solution approach is preferred, with iterative coupling between the fluid

(ψ, υ) and structure (ρ̃, µ) equations, above a monolithic solution strategy.

We elaborate the partitioned solution procedure of the coupled system, sum-

marized in tab. 4.1. A linear extrapolation of the initial data serves as a first

[iv]Strictly speaking we will ensure that a piecewise linear inflow is supplied, to enable analytical

integration of the singularities.
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approximation of the new coupled solution. Within a fluid–structure subiter-

ation, a structural solve is performed first, to ensure compatibility of the fluid

boundary data. The subiteration is considered converged if the norm of the

structure residual is below the tolerance before a Newton solve is performed.

In performing Newton iterations, the pressure and contact loads are treated

explicitly whereas the stiffness semilinear form and volume constraint are con-

sistently linearized as

W̃2(θ̃h
n; ρ̃, δθ̃) =

(

(1 ´ |Dθ̃h
n|´1)Dδθ̃, Dρ̃

)

L2(Σ)

+
(

|Dθ̃h
n|´3Dθ̃h

n(θ̃
h
n ¨ Dδθ̃), Dρ̃

)

L2(Σ)
+ ǫ(D2δθ̃, D2ρ̃)L2(Σ)

and

Q̃2
t (θ̃

h
n; ρ̃, δθ̃) = xrot Dδθ̃, ρ̃yS

respectively, cf. (2.23b) and (2.29c).

The return statement is not reached if either the coupling iteration or the

structure solve does not converge due to, for instance, large contact forces. This

high temporary stiffness of the problem is resolved by invoking the simplest

possible time adaptivity, where the time step is resolved with increasingly finer

time steps 2´kδt until the iterations converge. At the subsequent time level, k is

coarsened according to k Ð max(k ´ 1, 0).

Though performing a linearization on the aggregate fluid–structure system

is known to improve convergence of the discrete coupled problem, the com-

plexity rises considerably. The variation of the fluid subproblem w.r.t. the con-

figuration θ̃h
n is highly nontrivial due to the θ̃h

n-dependence of the kernels. For

this reason, a partitioned solution strategy was preferred above a monolithic

scheme.

4.3 Numerical experiments

To demonstrate the performance of the fluid micromodel proposed in this chap-

ter, we first perform a convergence study on the case of a pancake-shaped do-

main, adapted from [38, 144], see §4.3.1. Secondly, in §4.3.2, we consider a sim-

ple folded configuration to observe the response and convergence rates in the

presence of contact forces. Let us note that the derivation of convergence rates

for coupled problems is very technical, see for instance [72]. In the exposition

below, we restrict ourselves to the experimentally observed convergence rates.
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Table 4.1: Partitioned solution algorithm in Python™ pseudo code, given numerical

parameters (δt, imax, jmax, TOL), and input (θ̃h
n, vh

n, φh
n, q). For simplicity, we have incor-

porated the Lagrange multipliers into the respective solution vectors. Note that indices

do not denote tensor entries, but iterates. Hence, repeated indices in this schematic do

not imply summation.

θ̃00, φ0 = extrapolate( δt, θ̃h
n, vh

n, φh
n )

# Coupling iteration

for 0 ď i ă imax:

..# Nonlinear structure solve

..for 0 ď j ă jmax:

....Rij = assembleResidual( θ̃ij, θ̃h
n, φi, q, δt )

....if |Rij| ă TOL: break

....R1
ij = assembleTangent( θ̃ij )

....θ̃ij+1 -= solve( R1
ij, Rij )

..# Return statement

..if j == 0: return θ̃ij

..# Fluid solve

..Vhi, Ki = assembleFluid( θ̃ij, θ̃h
n, δt )

..φi+1 = solve( 1/2 + Ki, Vhi )

4.3.1 Pancake-shaped domain

The initial configuration, χ0, is as given in fig. 4.2 with w = 4 and aspect ra-

tio (w/2r =) 6. This limited aspect ratio is necessary to avoid self-contact of

the membrane without employing contact forces. Furthermore we set the mass

ratio θ̃ to 0.1, and perform spatial and temporal convergence tests with flexu-

ral rigidity set to ǫ = 10´4. The parametric domain is divided into elements

of size h P L/t24, 48, 72, 96, 144, 288u. The time domain (0, T) is divided into

increments of δt P per/2t5,...,10u with per = (Λ/π)2 an approximation of the

period of the first eigenmotion (based on the flexural term). Finally, the inflow

is specified as

q =qX(x)T(t), (4.30a)

X(x) =(1 ´ 2x0/r)(1+ 2x0/r), (4.30b)
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Figure 4.2: Pancake-shaped domain, initial geometry.

T(t) =
1

t2

$
’’’’’&
’’’’’%

(1 ´ cos (πt/t1))/2, 0 ă t ď t1,

1, t1 ă t ď t2,

(1 + cos (π(t ´ t2)/t1)) /2, t2 ă t ď t1 + t2,

0, t1 + t2 ă t.

(4.30c)

In these relations we have t1 = 100, t2 = 2t1, T = 4t1 and the mean influx

q = (m(Ω0) ´ m(Ωt))/t2. Recall that m is the volume measure. The initial

volume can be found in terms of w and r[v] and the final volume is specified

as m(ΩT) = 1.05Λ2/4π. Note that the mean flux has a negative sign as it is

directed into the enclosure.

The convergence behavior is assessed in the space-time norm of the struc-

ture, defined by |||θ̃||| := }θ̃}L2(0,T;H2(Σ)), and is plotted in fig. 4.3, with reference

solution θ̃ref obtained from the finest discretization in space and time. Spatial

convergence is given in the left panel. The optimal (quadratic) convergence

rate of the decoupled structural problem seems to be preserved in the initial

response. This trend breaks down when simulation times increase and phase-

lag dominates the errors. This is due to the fact that, on long time intervals,

marginal phase differences cause large deviations in the norm. Snapshots of

the associated response are given at different time-levels in fig. 4.4.

For temporal convergence (right panel) the linear rate expected of the back-

ward Euler scheme is retained. Also, a linear increase in time of the error norm

is observed initially, just like in the spatial convergence case. A reduction in the

convergence rate is observed as the time interval increases because the phase-

lag precludes correlation between the different time-steps. It is however antici-

pated that even for long time intervals, the asymptotic first-order convergence

is recovered at very small time steps.

In the above pancake case, we observe second order h-convergence of the

coupled response θ̃ in the space-time norm |||¨|||. Surprisingly, this is not ham-

[v]We have m(Ω0) = 2wr ´ r2 + πr2/2.
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Figure 4.3: Convergence behavior in the space-time norm with symbols t△, ˝, ‘, b, ˛u

representing time levels t = t0.750, 3.00, 12.0, 192, 400u, respectively.
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Figure 4.4: Snapshots of the pancake response.
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pered by the convergence of the fluid load (see eq. 4.13)

ρ̃ ÞÑ
ż T

0

ż L

0
ρ̃(t, s) ¨

(

p ˝ θ̃(t, s) rot Dθ̃(t, s)
)

dµ dt.

which is expected to exhibit O(h) convergence, as p depends on the Γ-gradient

of φ P Fh, the space of piecewise linears. We conjecture that the higher-order

rate of convergence is caused by the symmetry of the configuration. To verify

this conjecture, we consider the following case. A hierarchy of nested meshes

and corresponding linear spaces is generated on each level. The pancake ge-

ometry of fig. 4.2 and fabricated boundary conditions are projected onto the

coarsest mesh. In this case the boundary conditions are h = (θ1
t ˝ θ´1

t ) ¨ n with

θ1
t = t0.3(|x1| ´ r/2), 0u, (4.31)

thus, h both satisfies the compatibility constraint (2.27) and respects the struc-

tural boundary conditions. These projections form the input of the fluid prob-

lems that are solved at each mesh level. This ultimately yields the desired fam-

ily of load functionals that can be tested against the projection of

ρ̃ = t0, sin(kπs/L)u,

onto a Hermite space on the finest mesh. Note that the test function is thus

identical at each resolution of the convergence analysis, eliminating the effect

of this projection on observed convergence rates. The cases k = 1 and 2 corre-

spond to symmetric and asymmetric test functions ρ̃, respectively.

Employing a hierarchy of equidistant meshes with 16 ¨ t2, ..., 15, 60u elements

and comparing the errors with respect to the finest approximation, we obtain

the convergence behavior in fig. 4.5. Note that the three curves corroborate the

above assertions, namely, that the pressure converges with rate 1 in the L2(Σ)

norm, but that the rate for the load functional is 2 in the case of a symmetric ρ̃.

This enables the structure solution to converge with rate 2 as observed in the

symmetric pancake case of §4.3.1. In the case of an asymmetric ρ̃ the conver-

gence rate clearly does not attain this optimal value of 2, although it is steeper

than 1.

4.3.2 Folded configuration

We next consider a folded configuration (see fig. 4.6), introducing the contact

force with magnitude z = 1.0, and cut-off radius d = 2.0. The contact force

parameters have been chosen to ensure no self-contact occurs throughout the
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Figure 4.5: Convergence of the pressure in the L2(Σ) norm (˝), and corresponding loads

tested against symmetric (ˆ) and asymmetric (+) functions.

simulations. Fig. 4.7 illustrates that the membrane exhibits significant wrin-

kling. These wrinkles are caused by the contact force. The contact force plays

a dominant role in the structural response, on account of the Venturi effect pre-

dicted in §4.1.6. It was shown there that the Venturi effect in fact results in

a singular attractive force between sections of the membrane. This singular

attractive force must be counteracted by a sufficiently strong singular contact

force to avoid collapse of the structure.

Fig. 4.8 displays the error in the position for time step 6.621 ¨ 10´2 and mesh

widths h in L/t160, 280, 320, 400, 480, 640u with the last of these the resolution

for the reference solution. A fine h is observed to be necessary to be in the

asymptotic convergence regime. We consider the error convergence as h Ñ 0 in

fig. 4.8. We see that we also recover optimal convergence rates in the norm |||¨|||
in the case of contact forces.

4.4 Conclusions

In this chapter the planar potential flow model was investigated as a BIE-based

micromodel for the flow inside inflatables. The model is conceptually simple

and the planar, scalar setting allows for easy and cheap investigation of the
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Figure 4.6: Initial configuration of folded domain test case.
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Figure 4.7: Snapshots of the response for the folded domain.
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concept. Though simplified, this model is difficult to analyze on account of the

nonlinearity in the structure, the singular behavior of the introduced contact

force and in general the free-boundary character of the solution.

Contact treatment is imperative in the simulation of folded inflatable struc-

tures. In §4.1.4, an efficient contact force is introduced. The potential contact

force is passive and its computation is feasible because of reuse of components

generated in the BIE of the fluid. An inherent feature of potential flow is the

Venturi effect, where pressure forces cause a narrow section in the flow field

to contract until collapse, hence contact. Numerical experiments for a folded

configuration revealed that a sufficiently strong contact force to counteract this,

immediately dominates the inflation process.

In chs. 5 and 6, we consider an alternative fluid micromodel, Stokes flow,

in an effort to retain the favorable characteristics of the BIE formulation, whilst

avoiding the manifestation of the Venturi effect. In fact, we will observe a com-

plementary effect, the lubrication effect, which, rather, is advantageous.





5 ¨ Stokes flow micromodel in R2

The FE/BE technique demonstrated in the last chapter for potential flow is now

applied to Stokes flow, again in the planar setting (d = 2).[i] Again, we aim

to: firstly, elucidate the full FSI model; secondly, demonstrate its performance

through numerical experiments; and finally, to assess the Stokes flow micro-

model for simulation of inflatable structures. We clarify why Stokes flow is

a surprizingly attractive candidate approximate model for the micro-scales,

paving the way for the extension to the case d = 3.

The setup of this chapter follows closely that of the last chapter. Namely,

we commence by describing the mathematical model in §5.1. Insomuch as the

discretization and solution of the resulting system of equations differs from the

potential case, this is treated in §5.2. The conducted numerical experiments are

presented in §5.3. Conclusions follow in §5.4, with an evaluation of Stokes flow

as micromodel.

5.1 Problem statement

In this section, we treat the mathematical formulation of the FSI problem. In

§5.1.1 the boundary integral formulation for a viscosity-dominated interior flow

is given. This is complemented by an exterior flow in §5.1.2, where the advan-

tages of this additional modeling effort are elucidated. The membrane model is

detailed in §5.1.3. The section is concluded in §5.1.4 with the coupling of these

two subsystems and the closure of the system.

5.1.1 Interior flow and its boundary-integral formulation

Recall that the Stokes flow model for viscosity-dominated flow on Ωt, with

Dirichlet data g prescribed along its circumference BΩt, is given by (2.4):

´∇ ¨ σ = 0 in Ωt,

∇ ¨ u = 0 in Ωt,

u = g on BΩt,

[i]This chapter is based on [129].

81
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with σij := ´δij p + (ui,j + uj,i)/Re the Newtonian stress tensor and Re the fluid

Reynolds number. In the context of the aggregated FSI problem our restricted

interest goes out to the boundary traction τi := σn : BΩt Ñ R2. In this and

the next chapter we will stress that an entity relates to the interior problem by

adding the non-italic subscript i. To obtain an equivalent problem set on BΩt,

the boundary integral formulation (3.8):

Vτi = g/2+ Kg a.e. on BΩt

will furnish the required Poincaré-Steklov (Dirichlet-to-Neumann) map g ÞÑ τi.

The planar single- and double-layer integral operators are given by (3.9) as

(Vψ)i(x) :=

¿

BΩ

Re

4π

(

δik log
1

r
+

(xi ´ yi)(xk ´ yk)

r2

)

ψk(y)dµ(y),

(Kφ)i(x) :=

¿

BΩ

1

π

(xi ´ yi)(xk ´ yk)(xj ´ yj)nj(y)

r4
φk(y)dµ(y),

for arbitrary ψ, φ : BΩ Ñ R2. We will adhere to the standard setting for the

Stokes problem (e.g. [61, §4.1]) and presume g P H1/2(BΩt), τi P H´1/2(BΩt).

It is immediately apparent from the PDE that (u, p) = (0, 1), which gener-

ates τi = n, is in the kernel of the Stokes-Dirichlet problem. Thus, in the BIE, we

look for tractions τi perpendicular to n. This leads to the constraint

0 = x¨, nyH1/2(Γt)
+ x¨, nyH1/2(Γin)

=: B(¨)

which makes sense if n|ω P H1/2(ω), ω P tΓt, Γinu. The inflow boundary Γin is

chosen sufficiently smooth. The wet boundary, Γt, is dictated by the structural

displacement θ̃t, which resides in H2(Σ), cf. §5.1.3. Together with assumption 3,

which conveys that |Dθ̃t| is uniformly bounded away from zero, this is enough

in the case d = 2 to guarantee sufficient regularity for n. The case d = 3, for

which this does not hold, is treated in §6.1.1.

We constrain τi to the kernel of B by means of the Lagrange multiplier

method, leading to the weak formulation

given g P H1/2(BΩt), find (τi, ζ) P H´1/2(BΩt)ˆ R such that

ai(τi, ψ) + b(τi, υ) + b(ψ, ζ) = Fi(g, ψ) @(ψ, υ) P H´1/2(BΩt) ˆ R, (5.1)

with bilinear forms

ai(φ, ψ) := xψ, VφyBΩt
,

b(ψ, υ) := υB(ψ),

Fi(φ, ψ) := xψ, φ/2+ KφyBΩt
.
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We consider well-posedness for the cases d = 2 and d = 3 simultaneously:

Theorem 31. For d P t2, 3u, if Ωt is connected, then the weak problem (5.1) is well-
posed. Moreover, we have the a priori estimates

}τi}H´1/2 (BΩt)
ď 1

α
}Fi(g, ¨)}H´1/2(BΩt)

,

|ζ| ď 1 + }V}/α

β
}Fi(g, ¨)}H´1/2(BΩt)

,

with α the coercivity constant of ai and β the inf-sup constant of b.

Proof. Recognize that (5.1) has a saddle-point structure (A.4). Thus, we verify

the conditions of thm. 59. L2(BΩt) and R are Hilbert spaces.

The bilinear form ai(¨, ¨) and linear functional Fi(g, ¨) are continuous be-

cause, by thm. 16 with ς = 0, the mappings V : H´1/2(BΩt) Ñ H1/2(BΩt)

and K : H1/2(BΩt) Ñ H1/2(BΩt) are continuous. The bilinear form b(¨, ¨) is

continuous for n|ω P H1/2(ω), ω P tΓin, Γtu.

Moreover, by thm. 17, V satisfies a Gårding inequality:

x(V + T)ψ, ψyH1/2(BΩt)
ě C}ψ}2

H´1/2(BΩt)
, @ψ P H´1/2(BΩt), (5.2)

for some α := C ą 0 and some compact operator T. For connected Ωt, T is

given explicitly in e.g. [153, §6.8], and can be simplified to the current setting

by

xu, TvyBΩt := B(u)B(v) @u, v P H´1/2(BΩt),

cf. also [179] and [87, §2.3.2]. The Gårding inequality conveys then that the

operator V is strongly elliptic on ker T(= ker B). As the bilinear form ai is

continuous and coercive on ker B, it satisfies the BNB conditions.

Finally, b(v, q) is required to satisfy the inf-sup condition,

sup
0‰vPL2(BΩt)

b(v, q)
}v}L2(BΩt)

ě β|q| @0 ‰ q P R.

This follows immediately from choosing v = qn, in which case there holds

sup
0‰vPL2(BΩt)

b(v, q)
}v}L2(BΩt)

ě
q2}n}2

L2(BΩt)

|q|}n}L2(BΩt)
ě β|q| @0 ‰ q P R,

with β = µ(BΩt) ą 0.[ii]

[ii]We have ignored the pathological case Ωt = H.
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Remark 32. For the physical problems of interest, it is not overly restrictive to as-
sume that Ωt is connected. The case of a multiple connected domain corresponds to
coexistence of multiple inflatable systems without mass exchange. Under the standing
assumption that the evolution of Ωt follows a Lipschitz diffeomorphism (assumption 3),
connectedness is preserved [51].

5.1.2 Exterior flow and contact mechanics

Viscosity-dominated flow exhibits a feature called lubrication, which can be

leveraged to great advantage of the FSI problems under consideration. The

feature of lubrication has already been exploited in the context of red blood

cells in [176]. It can be shown that a fluid enveloped between two boundary

segments will exert normal tractions inversely proportional to the distance be-

tween these segments to counteract relative movement between the two seg-

ments [139]. We follow the analysis of §4.1.6 where a region of near-contact is

remapped (via a rotation and a uniform scaling) to A = (´1, 1)ˆ (´h, h) with

0 ă h ăă 1, and conclusions are drawn from the local analytic solution. Recall

that the material boundaries BA˘h := (´1, 1)ˆ t˘hu advance with velocity v.

Theorem 33. In the limit h Ó 0, the normal component of the boundary traction blows
up as n ¨ τ = C sgn(v)h´3, C ą 0 on material boundaries BA˘h advancing with
velocity v.

Proof. By substitution, it is observed that the pair

u = c
!

x0(h
2 ´ x2

1), x1(x2
1/3 ´ h2)

)
,

p = p0 + cRe´1
(

x2
1 ´ x2

0

)

with c = 3v/2h3 and p0 P R satisfies the relevant local problem:

find u : A Ñ R2 and p : A Ñ R such that

´∇ ¨ σ = 0 in A,

∇ ¨ u = 0 in A,

u = ¯vn on BA˘h.

The boundary traction then becomes, in the limit h Ó 0,

τ =
!

¯c0vx0h´2, ˘c1vx2
0h´3

)
on BA˘h,

with c0, c1 ą 0 independent of h. Quoting the argumentation from the proof

of thm. 29 for the scaling of p0, the normal (last) component is seen to scale

inversely with the cube of h away from the center x0 = 0.
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Remark 34. We note that

1. Because of the sign of n ¨ τ, the motion of the material boundaries BA˘h is im-
peded by the traction, preventing the inter-penetration of advancing segments
(v ą 0) and providing suction on receding segments (v ă 0);

2. The in-plane component causes tension and compression for advancing and re-
ceding segments, respectively, as is to be expected from physics. However, these
effects are an order smaller than the normal component;

3. This result extends to the setting d = 3, see thm. 40.

For smooth boundaries, this point implies that the fluid boundaries can not

coalesce interior to Ωt in finite time, provided of course that other forces gov-

erning the movement of BΩt are bounded, or at most have an o(h´3)-singularity

in the limit h Ñ 0. The lubrication effect thus provides automatic contact treat-

ment. Despite this fact, much of the work in FSI with contact treatment treats

contact explicitly, cf. e.g. [91, 112, 163, 182], although the lubrication mechanism

is also exploited in [176] to handle contact. In view of the automatic contact

treatment provided by the lubrication effect, it is advantageous to simultane-

ously solve the exterior problem in order to handle exterior contact.

The boundary integral formulation of the exterior problem is found to be

λ´1Vτe = ´u/2+ Ku a.e. on BΩt, (5.3)

with Re/λ the Reynolds number of, and τe the tractions due to the exterior flow.

To find the traction jump τj := τi ´ τe over the interface we exploit the linearity

of the kernels to arrive at [136, §5.2]:

Vτj = (1 + λ)u/2+ (1 ´ λ)Ku a.e. on BΩt, (5.4)

λ ą 0, and note that the interior and exterior problems, (3.8) and (5.3) respec-

tively, are recovered in the respective limits λ Ñ 0 and λ Ñ 8.

Remark 35. In many applications, such as the initial inflation stage of airbags, it may
be assumed that the fluid composition is the same interior and exterior to the membrane,
i.e. λ = 1, thus eliminating the double-layer kernel K.

The weak statement of the combined interior/exterior Stokes boundary in-

tegral problem reads:

given g P H1/2(BΩt), find (τj, ζ) P H´1/2(BΩt)ˆ R such that

ai(τj, ψ) + b(τj, υ) + b(ψ, ζ) = Fj(g, ψ) @(ψ, υ) P H´1/2(BΩt) ˆ R. (5.5)
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with Fj(φ, ψ) := xψ, (1 + λ)φ/2 + (1 ´ λ)KφyBΩt . Because the left-hand side

has not changed, and because the right-hand side is still a bounded linear func-

tional in H´1/2(BΩt) for λ P [0, 8], the following corollary holds:

Corollary 36. (to thm. 31) Under the same assumptions as thm. 31, the weak problem
(5.5) with λ P [0, 8] is well-posed and the a priori estimates

}τj}H´1/2(BΩt)
ď 1

α
}Fj(g, ¨)}H´1/2(BΩt)

,

|ζ| ď 1 + }V}/α

β
}Fj(g, ¨)}H´1/2(BΩt)

,

hold.

Remark 37. (Interpretation of the Lagrange multiplier ζ) In the case that the Reynolds
number of the interior and exterior flow are identical (λ = 1), it is possible to give a
physical interpretation to ζ , namely, mass flow through BΩt:

ζ =

¿

BΩt

g ¨ ndµ.

To see this, split τj and g according to the projection onto ker B: (¨) = (¨)K + (¨)‖,
with (¨)‖ := x¨, nyBΩt n

[iii]. Then x(¨)K, nyBΩt = 0 and (5.5) becomes, by linearity,

Ihkkkkikkkkj
ai(τjK, ψ)+

IIIhkkkikkkj
ai(τj‖, ψ) +

IIhkkkikkkj
b(τj‖, υ)+b(ψ, ζ) =

Ihkkkkkkkkkikkkkkkkkkj
xψ, gKyH1/2 (BΩt)

+ xψ, g‖yH1/2 (BΩt)
@(ψ, υ) P H´1/2(BΩt) ˆ R.

The terms I vanish as τjK is the unique solution in ker B given compatible data gK,
this is e.g. thm. 1 of §IX.5 in [46]. As the term II must vanish separately for all
µ it holds that τj‖ = 0. This in turn implies that term III vanishes. This leaves
xψ, g‖ ´ ζnyBΩt = 0.

If we impose the compatibility constraint (2.25), this yields ζ = 0. It is not easy to
see how these results extend to the case λ ‰ 1, because Kg has no physical interpreta-
tion.

Similarly to §4.1.1, we transport the formulation to the reference domain, to

transfer the θt-dependence from the solution space to the bilinear forms. The

Cauchy data is denoted by

τj := τj ˝ θt, g := g ˝ θt, (5.6)

[iii]For convenience, assume n P H1/2(BΩt).



5.1 ¨ Problem statement 87

and the weak formulation becomes

given g P H1/2(BΩ), find (τj, ζ) P H´1/2(BΩ) ˆ R such that

aft(τj, ψ) + bt(τj, υ) + bt(ψ, ζ) = Fft(g, ψ) @(ψ, υ) P H´1/2(BΩt) ˆ R (5.7)

with bilinear forms

aft(φ, ψ) := xψ, VtφyBΩ,

bt(ψ, υ) := υxψ, Jtn ˝ θtyΓ + υxψ, Jtn ˝ θtyΓin
,

Fft(φ, ψ) := xψ, (1 + λ)Jtφ/2+ (1 ´ λ)KtφyBΩ,

and boundary integral operators

(Vtψ)i := Jt
Re

4π

¿

BΩ

(

δik log
1

r
+

(xi ´ yi)(xk ´ yk)

r2

)

˝ (θt ˆ θt)ψk(y)Jtdµ(y),

(Ktφ)i := Jt
1

π

¿

BΩ

(

(xi ´ yi)(xk ´ yk)(xj ´ yj)nj(y)

r4

)

˝ (θt ˆ θt)φk(y)Jtdµ(y).

We again have the equivalence

Proposition 38. If τj satisfies (5.5), then τj satisfies (5.7).

Proof. This basically follows by rewriting the integrals according to the coordi-

nate transformation θt:
ű
BΩt

f dµ =
ű
BΩ

f ˝ θtJtdµ.

5.1.3 Structure subproblem: univariate Kirchhoff-Love shell

Recall that the structure obeys the Lagrangian equation of motion (2.6). We

write this equation in strong form and transport it to the parametric domain Σ.

The constitutive law is given by the univariate Kirchhoff-Love shell of §2.3.4,

where we assumed an arc-length parametrization of the reference configura-

tion, such that |Dθ̃| = 1. Let the structure operator A : H2(Σ) Ñ H´2(Σ) be

defined by W̃1(θ̃; ρ̃) = xA(θ̃), ρ̃yH2(Γ). Following the discussion in [105, §3.8],

we write the structure equation in strong form:

given (χ̃0, χ̃1, F̃), find (θ̃t, λ) such that

θ̃2
t + A(θ̃t) = F̃(t; ¨) a.e. t P (0, T), (5.8a)

θ̃0 = χ̃0, (5.8b)

θ̃1
0 = χ̃1. (5.8c)
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With the extension to d = 3 in mind, the potential energy W here is chosen

to comply to the univariate reduced Kirchhoff-Love model of §2.3.4, such that

according to (2.21a):

W̃1(θ̃; ρ̃) = ((|Dθ̃|2 ´ 1)Dθ̃, Dρ̃)L2(Σ) + ǫ(D2θ̃, D2ρ̃)L2(Σ).

As in §4.1.2, we set X := H2(Σ)X H1
0(Σ) and note that the principal part of the

structure operator is linear and X-elliptic. Provided that χ̃0 P X, χ̃1 P L2(Σ)

and F̃ P L2(0, T; L2(Σ)); thm. 60 conveys that a unique member θ̃ of the space,

χ̃0 + t f P L2(0, T; X) : f 1 P L2(0, T; L2(Σ))u

exists, which satisfies (5.9). As a result, θ̃2 P L2(0, T; X1). The same refined

regularity result, thm. 61, holds for the solution of (5.9): Under the above con-

ditions on the data, the configuration θ̃ and velocity θ̃1 are in fact members of

C0(0, T; X) and C0(0, T; L2(Σ)). This result will be used to assign significance

to the transmission conditions in the aggregated FSI problem; see §5.1.4.

Imposing the compatibility constraint in accordance with §2.5, and casting

the equations into weak form, we have:

given (χ̃0, χ̃1) P H2(Σ)ˆ L2(Σ) and F̃ P L2(0, T; L2(Σ)), find (θ̃t, λ) P (χ̃0 +

X)ˆ R such that

xθ̃2
t , ρ̃yX + W̃1(θ̃t; ρ̃) + λQ̃1

t(θ̃t; ρ̃) + µQ̃t(θ̃t) = F̃(t; ρ̃)

a.e. t P (0, T), @(ρ̃, µ) P X ˆ R, (5.9a)

θ̃0 = χ̃0, (5.9b)

θ̃1
0 = χ̃1. (5.9c)

5.1.4 Transmission conditions

The interaction of the fluid and the structure at their mutual interface is spec-

ified via transmission conditions. Firstly, the kinematic condition imposes on

the wetted boundary Γt, that the velocities of the fluid and membrane coincide

(2.24a):

g = θ1
t on Γt. (5.10a)

The Dirichlet data g of the fluid is furthermore extended on Γin by a prescribed

normal inflow q, cf. (2.24b):

g = qn on Γin. (5.10b)
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Secondly, the dynamic condition, imposes continuity of tractions at the fluid–

structure interface (2.24d):

F̃(t; ¨) = ´̟x|Dθ̃t|τj ˝ θ̃, ¨yΣ. (5.10c)

We now assess compliance of the transmission conditions with the func-

tional setting of the fluid and structure subproblems, (5.7) and (5.9), respec-

tively. The chosen standard setting for the fluid yields the Poincaré-Steklov

map g ÞÑ F(t, ¨) : H1/2(Γ) Ñ H´1/2(Γ). The structure, in turn provides a map

F(t, ¨) ÞÑ g : L2(Γ) Ñ L2(Γ). This setting yields incompatible data for both the

kinematic and dynamic transmission conditions.

We are unaware of complete solutions to this problem, and providing a so-

lution is beyond the scope of this thesis. However, let us consider two possible

avenues via which a compatible fluid–structure coupling may be sought

1. The fluid subproblem may be cast into a setting of decreased regular-

ity accepting square-integrable data g P L2(BΩt). It is known from [64,

thm. 3.9], that unique solutions u P H1/2(BΩ) and v P H1/2(Rd ´ BΩ)[iv]

exist for the case d ě 3 which is of most concern. It remains an open

question in which space the generated traction jump τj resides, although,

in light of the mapping properties of V, thm. 16, it is cogent that τj P
H´1(BΩ). As the restriction to the transmission interface then resides in

H´1(Γ) (which is a subspace of X1), F̃(t, ¨) can at least be interpreted as an

element of X1.[v] This situation is similar to that of §4.1.3. In conclusion,

this adapted setting verifies the appropriate bound on the kinematic con-

dition, but not the dynamic condition. Moreover, well-posedness results

in literature are restricted to the case d ě 3 and the functional setting for

the corresponding BIE is not known.

2. Alternatively, the fluid problem can be left as is, and extra regularity may

be required of the velocity, viz. θ1
t P H1(Γ). Then an application of the

refined regularity result, thm. 18, reveals that τj P L2(Γ), such that the dy-

namic condition may be appropriately bounded; this follows as in lem. 39

below, where the X, X1 duality pairing is replaced by the L2-inner prod-

uct. In [32], this additional regularity is obtained by adding viscoelasticity

to the structure model.

[iv]The exterior solution v satisfies the appropriate radiation boundary conditions.
[v]The proof is omitted but is analogous to that of lem. 39.
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In conclusion, it seems that it is not possible to obtain appropriate bounds for

both transmission conditions simultaneously. We proceed as in ch. 4 and con-

sider the weaker result that F̃ P L2(0, T; X1), which is consistent with the in-

terpretation of (5.8a) as an identity on X1. The fluid problem presupposes data

g P L8(0, T; H1/2(BΩ)),[vi] yielding a load F̃ with the following regularity:

Lemma 39. F̃ P L2(0, T; X1).

Proof. Without loss of generality we set ̟ = 1. We have the chain of inequalities

|F̃(t; ρ̃)| =
ˇ̌
ˇ̌
ˇ

ż T

0

ż

Σ

|Dθ̃t|(τj ˝ θ̃) ¨ ρ̃dµdt

ˇ̌
ˇ̌
ˇ ď

ˇ̌
ˇ̌
ˇ

ż T

0
}Dθ̃t}L8(Σ)

ż

Σ

τj ˝ θ̃ ¨ ρ̃dµdt

ˇ̌
ˇ̌
ˇ

ď
ˇ̌
ˇ̌
ˇ

ż T

0
}Dθ̃t}L8(Σ)}τj ˝ θ̃}X1}ρ̃}Xdt

ˇ̌
ˇ̌
ˇ

ď }Dθ̃t}L2(0,T;L8(Σ))}τj ˝ θ̃}L8(0,T;X1)}ρ̃}L2(0,T;X).

The first inequality follows from continuity: by Sobolev embedding (thm. 56),

we have, in the present case d = 2, Dθ̃t P H1(Σ) Ă L8(Σ). In the second

equality note that τj ˝ θ̃ P H´1/2(Σ) Ă X1, because of the invariance of H´1/2

under the diffeomorphism θ̃. The last inequality follows from Hölder’s theorem

(thm. 55), in the time domain. The L8-regularity of τj in time is inherited from

g.

5.1.5 Coupled problem

We conclude with the ultimate aggregated FSI weak problem statement. It is

composed of the weak form of the structure equations with compatibility con-

dition (5.9); the weak form of the boundary integral formulation of the interior

and exterior flow (5.5); completed with the transmission conditions (5.10):

given (χ̃0, χ̃1) P H2(Σ) ˆ L2(Σ) and q P L8(0, T; L2(Γin)), find (θ̃t, τj, λ, ζ) P
(χ̃0 + X)ˆ H´1/2(BΩ) ˆ R ˆ R such that

xθ̃2
t , ρ̃yX + W̃1(θ̃t; ρ̃) + λQ̃1

t(θ̃t; ρ̃) + µQ̃t(θ̃t) + ̟x|Dθ̃t|(τj ˝ θ̃t), ρ̃yX

+ aft(τj, ψ) + bt(ψ, ζ) + bt(φ, υ)´ Fft(θ
1
t, ψ) = Fft(q(t, ¨)n, ψ)

a.e. t P (0, T), @(ρ̃, ψ, µ, υ) P X ˆ H´1/2(BΩ) ˆ R ˆ R, (5.11a)

θ̃0 = χ̃0, (5.11b)

θ̃1
0 = χ̃1. (5.11c)

[vi]We momentarily abuse notation and identify the time-dependent fluid boundary data by the

same symbols as previously used for the instantaneous data.
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5.2 Approximation and solution

In this section, we consider the numerical approximation of the aggregated FSI

problem, (5.11). The spatial and temporal discretizations of the fluid and struc-

ture subproblems are presented in §5.2.1. The aggregated system is solved

by means of a partitioned iterative solution procedure, which is elaborated

in §5.2.2. The approach is very much similar to the case of potential flow, hence

we restrict this discussion to highlighting the differences with respect to §4.2.

5.2.1 Finite-element approximations

The parametric domain is divided as Σ = (0, L), S ´ Σ = (L, Λ) and tT huh

is a h-parametrized family of nested partitions forming the substructure of the

approximation spaces for the structure and fluid subproblems

Sh :=
 

M P C1(Σ) : M|κ P P3(κ) @κ P T h(, (5.12a)

Fh :=
 

N ˝ θ̃
´1

: N P D(S) : N|κ P P1(κ) @κ P T h(, (5.12b)

respectively.[vii] As before, we define Sh
0 := t f P Sh : f (0)= 0= f (L)u. We note

that Sh and Sh
0 remain unchanged w.r.t. §4.2.1, but that Fh now allows for inter-

element discontinuities. The approximation space Fh retains the same proper-

ties with respect to the solution space H´1/2(BΩ) as in §4.2.1: the family tFhuh

is H´1/2(BΩ)-conforming, nested, and asymptotically dense in H´1/2(BΩ).

As in (4.27), we facilitate the evaluation of the singular integrals by intro-

ducing a polygonal approximation to the boundary:

B pΩt := θ̂h
t (S),

with, as before, θ̂h
t is the polygonal configuration collocated at nodes, and ϑh

t =

θ̂h
t ˝ θ̃

´1
its transportation to the reference configuration. In analogy to (4.28),

this yields approximate bilinear forms

âft(φ, ψ) := xV̂tφ, ψyBΩ,

b̂t(ψ, υ) := υxψ, Ĵtn̂yBΩ,

F̂ft(φ, ψ) := x 1
2 Ĵtφ + K̂tφ, ψyBΩ,

where we recall that Ĵt ˝ θ̃ := |Dθ̂h
t ||Dθ̃|´1 = |Dθ̂h

t |, the determinant of the

approximate Jacobian, is constant on θ̃h
t (κ). Finally, the approximate kernels

[vii]The space of discontinuous functions over A is denoted D(A), see §A.1.
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are given by

(V̂tψ)i := Ĵt
Re

4π

¿

BΩ

(

δik log
1

r
+

(xi ´ yi)(xk ´ yk)

r2

)

˝
(

ϑh
t ˆ ϑh

t

)

ψk(y) Ĵtdµ(y),

(K̂tφ)i := Ĵt
1

π

¿

BΩ

(

(xi ´ yi)(xk ´ yk)(xj ´ yj)nj(y)

r4

)

˝
(

ϑh
t ˆ ϑh

t

)

φk(y) Ĵtdµ(y).

Singular contributions to the integrals in (5.5) occur on elements where both ar-

guments of the bilinear forms âft and F̂ft are supported. Denote the linear basis

on θ̃h(κ) by eiNm, i, m P t0, 1u, with ei the Cartesian basis vectors. For conve-

nience of notation we introduce ακ := µ(θ̂h
t (κ)), the measure of the element κ

in the current collocated configuration θ̂h. We thus find the following closed,

analytical expressions for the singular contributions:

xeiNm, K̂tekNnyθ̃(κ) = ακ
δik

24
(3 + (´1)m+n),

xeiNm, V̂tekNnyθ̃(κ) =
(ακ

8

)2 δik

π

(

6 + (´1)m+n ´ 4 log ακ + 4 sgn(Dθ̂h
t )i

)

,

thus bypassing quadrature in the immediate vicinity of the singularities.

For the temporal discretization of the structure equation (5.11), we apply an

implicit backward-Euler approximation. Let n P N denote the time step and δt
the time step size (such that θ̃h

n = θ̃h(tn) with tn = nδt).

Furthermore, we write ṽh
n := δt´1(θ̃h

n ´ θ̃h
n´1) and identify θ̃h

0 = χ̃0 and

vh
0 = χ̃1. Finally, a hat denotes quantities pertaining to the approximate fluid

domain (4.27): v̂h
n := δt´1(θ̂h

n ´ θ̂h
n´1) ˝ θ̃

´1
and n̂h

n := |Dθ̂h
n|´1rot Dθ̂h

n ˝ θ̃
´1

.

The discrete approximation of the aggregated FSI problem can then be formu-

lated as

given q P L8(0, T; L2(Γin)),[viii] find for T/δt ą n P N:
(

θ̃h
n, τj

h
n, λn, ζn) P

(χ̃0 + Sh)ˆ Fh ˆ R ˆ R such that

δt´2xθ̃h
n, ρ̃yX + W̃1(θ̃h

n; ρ̃) + λn
(

rot Dθ̃h
n, ρ̃
)

L2(Σ)
+ µQ̃t(θ̃

h
n ˝ θ̃

´1
)

+ ̟x|Dθ̃h
n|τj

h
n, ρ̃yX + âft(τj

h
n, ψ)´ F̂ft(v̂

h
n, ψ) + b̂t(υ, τj

h
n) + b̂t(ψ, ζn)

= δt´2xθ̃h
n´1, ρ̃yX + δt´1xṽh

n´1, ρ̃yX + F̂ft(q(tn, ¨)n̂h
n, ψ)

@(ρ̃, ψ, µ, υ) P Sh ˆ Fh ˆ R ˆ R. (5.13)

[viii]Strictly speaking we will ensure that a piecewise linear inflow is supplied, to enable analytical

integration of the singularities.
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5.2.2 Partitioned solution of the coupled system

The partitioned algorithm employed here is detailed in tab. 5.1, and is very

similar to the procedure outlined in §4.2.2. A linear extrapolation of the initial

data (provided by the solution at the previous time interval) serves as a first

approximation of the new coupled solution. Within a fluid–structure subiter-

ation, a structural solve is performed first, to ensure compatibility of the fluid

boundary data. The subiteration is considered converged if the norm of the

structure residual is below the tolerance before a Newton solve is performed.

In performing Newton iterations, the fluid traction is treated explicitly, whereas

the stiffness semilinear form and volume constraint are consistently linearized

as

Table 5.1: Partitioned solution algorithm in Python™ pseudo code, given numerical

parameters (δt, imax, jmax, TOL), and input (θh
n, vh

n, τj
h
n, q). For simplicity, we have incor-

porated the Lagrange multipliers into the respective solution vectors. Note that indices

do not denote tensor entries, but iterates. Hence, repeated indices in this schematic do

not imply summation.

θ00, τj0 = extrapolate( δt, θh
n, vh

n, τj
h
n )

# Coupling iteration

for 0 ď i ă imax:

..# Nonlinear structure solve

..for 0 ď j ă jmax:

....Rij = assembleResidual( θij, θh
n, τji, q, δt )

....if |Rij| ă TOL: break

....R1
ij = assembleTangent( θij )

....θij+1 -= solve( R1
ij, Rij )

..# Return statement

..if j == 0: return θij

..# Fluid solve

..gi = (θij ´ θh
n)/δt

..Vi, Ki = assembleFluid( θij )

..τji+1 = solve( Vi, (1 + λ)gi/2 + (1 ´ λ)Kigi )
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Table 5.2: Parameter settings for the numerical experiments.

§ # ̟Re λ ǫ h δt

§5.3.1 2 ¨ 102 0 1 ¨ 10´6 3.06 ¨ 10´1 6.47 ¨ 10´2

§5.3.2 2 ¨ 102 0 1 ¨ 10´4 1.12 ¨ 10+0 7.93 ¨ 10´1

§5.3.3 2 ¨ 102 1 1 ¨ 10´6 4.42 ¨ 10´1 2.49 ¨ 10´2

W̃2(θ̃h
n; ρ̃, δθ̃) =

(

(|Dθ̃h
n|2 ´ 1)Dδθ̃, Dρ̃

)

L2(Σ)

+ 2
(

Dθ̃h
n(Dθ̃h

n ¨ Dδθ̃), Dρ̃
)

L2(Σ)
+ ǫ(D2δθ̃, D2ρ̃)L2(Σ)

and

Q̃2
t (θ̃

h
n; ρ̃, δθ̃) = xrot Dδθ̃, ρ̃yS

respectively, cf. (2.21b) and (2.29c).

The return statement is not reached if either the coupling iteration or the

structure solve does not converge due to, for instance, large tractions. This

high temporary stiffness of the problem is resolved by invoking the simplest

possible time adaptivity, where the time step is resolved with increasingly finer

time steps 2´kδt until the iterations converge. At the subsequent time level, k is

derefined according to k Ð maxtk ´ 1, 0u.

5.3 Numerical experiments

We now demonstrate the performance of the Stokes micromodel elaborated

above. In §5.3.1 we consider the inflation of a pancake-shaped domain, cf. [38,

128, 144], with a high aspect ratio, such that viscous effects become apparent.

In §5.3.2, the bulbous final configuration is again deflated to investigate the sta-

bility of the numerical scheme under severe tractions resulting from the lubri-

cation effect. In §5.3.3, a folded configuration with high aspect ratio is inflated

to verify that both interior and exterior inter-penetration of the membrane are

correctly handled. The parameters of the different test cases have been collected

in tab. 5.2, where h denotes the maximum diameter of the elements.

5.3.1 High aspect ratio

The initial configuration is as given in fig. 4.2 of §4.3.1, but now with w = 20 and

much higher aspect ratio (w.r.t. the potential flow case) of 30. Inflow is specified
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as in (4.30), quadratic in space and constant in time between a sinusoidal ramps

to ensure a smooth evolution:

q =qX(x)T(t),

X(x) =(1 ´ 2x0/r)(1+ 2x0/r),

T(t) =
1

t2

$
’’’’’&
’’’’’%

(1 ´ cos (πt/t1)) /2, 0 ă t ď t1,

1, t1 ă t ď t2,

(1 + cos (π(t ´ t2)/t1)) /2, t2 ă t ď t1 + t2,

0, t1 + t2 ă t.

In these relations, we have chosen t1 = 730, t2 = 2t1, T = 5t1 and the mean

influx q = (m(Ω0) ´ m(ΩT))/t2. The final volume is specified as m(ΩT) =

1.05Λ2/4π, and represents a 5% overinflation, i.e., the steady inflated configu-

ration is anticipated to be a circular arc between the hinged supports and the

membrane has to exhibit tension to accommodate overinflation. The overin-

flation promotes the stability of the steady solution. Note that the mean flux

has a negative sign as it is directed into the enclosure. A refined resolution is

used wherein χ0 has a high curvature, see the t = 0 snapshot of fig. 5.1, where

the mesh nodes have been plotted. In this way the initial geometry can be rep-

resented efficiently. We have 1.25 ¨ 10´1 ă µ(κ) ă 3.06 ¨ 10´1 and an average

mesh width of 2.68 ¨ 10´1.

Fig. 5.1 depicts the response at equidistant time increments t = kt1, with

k P t0, 1, . . . , 5u. Initially, the domain bulges at the inflow boundary as the fluid

travels only slowly into the folds due to viscosity, see rmk. 34.1. It is thus appar-

ent that viscosity significantly affects the response, and is qualitatively different

from the uniform pressure assumption often employed in industry, see [127] for

a more detailed comparison. At later time-levels the membrane is fully inflated

and enters into a periodic breathing motion. This motion is slowly damped due

to the dissipation of the Stokes flow and the time-integration scheme.

5.3.2 Deflation

The initial configuration is a circular arc of diameter 12, closed with a straight

inflow segment of width 2. The prescribed outflow q(t, ¨) is taken constant in

time and parabolic along Γin with a rate such that 4000 time units elapse before

the volume is collapsed to 0. In theory, this point is not reached because bound-

ary tractions become infinite as the distance between boundary segments goes

to zero. With this test case we can thus verify the presence as well as assess



96 Stokes flow micromodel in R2 ¨ 5

t = 0t = 0

t = 730

t = 1460

t = 2190

t = 2920

t = 3650

Figure 5.1: Snapshots of the high aspect ratio inflation problem.
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the performance of the lubrication effect in the discrete setting and evaluate the

stability of the coupled scheme as coupling forces increase.

In fig. 5.2 snapshots of the response at equal time increments (t = kt1, k P
t0, 1, . . . , 5u) are given. After a brief initial uniform shrinking of the domain,

the membrane buckles as seen at t = t1. As volume further decreases, the fluid

domain starts necking at several places, see the snapshot at t = 4t1. It is to be

noted that self-intersection is prevented by the lubrication effect up to a volume

reduction of 91%. At this instant the time integration scheme fails, because the

adaptively-decreased time-step drops below a predefined threshold value (in

this case 2´20δt). At this point self-intersection has just occurred.

Two main reasons prevent the theoretical finite distance in near-contact to

be maintained. Firstly, the approximation of the configuration by a polygon

violates the assumption on smoothness of the boundary, used in thm. 33 to

predict the lubrication effect. Retaining this smoothness is expected to yield

more accurate traction fields. Secondly, as lubrication occurs at small space and

time scales, the limited resolution prevents accurate traction approximations.

This could be improved by, for instance, adaptivity. Nevertheless, for the crude

approximation B pΩt, lubrication already serves our purposes quite decently.

5.3.3 Folded configuration

Employing the same inflation profile as in §5.3.1, we inflate a more advanced

folded configuration and resolve the internal and external flows by setting λ =

1. Note that with this setting flow computations are faster as the assembly of

the discrete double layer kernel can be bypassed. The assembly of this vector

is seen to consume a significant part of the simulation time. The aspect ratio

(= w/d in fig. 5.3) for this problem is 9.5.

As in the case of the pancake-shaped domain of §5.3.1, again some initial

bulging at the inlet is observed. This deformation is seen to push away the folds

on both sides, due to the resolution of the internal and external flows, according

to the lubrication effect. The resolution is sufficient to properly treat the unfold-

ing membrane (see time level t = 30) and self-crossing is prevented throughout

the simulation. The same breathing motion as in §5.3.1 is observed when the

membrane has been fully inflated. The goal of this test case is to demonstrate

the capabilities of the FE/BE paradigm in the presence of large deformations.

Especially in the initial inflation process, where the Stokes assumption is still

valid, large deformations are stably resolved. This test case reaches beyond the

scope of applicability of many volume-discretized methods and clearly evinces
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Figure 5.2: Snapshots of the deflation problem.
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the tractability of a boundary-discretized fluid.

We finally observe, for all the presented simulations, that the symmetry of

the configuration is preserved throughout the entire simulation.

5.4 Conclusions

In this chapter, a Stokes micromodel for flows enclosed in inflatable structures

has been presented. The model, developed in the planar setting is extendable

to the case d = 3, which is of practical use. The Stokes model is observed

to exhibit the lubrication effect, which is leveraged to the great advantage of

automatic prevention of self-contact. The theoretical results are corroborated

by numerical demonstration.

It is observed that a significant reduction in computational complexity is ob-

tained in the case that the viscosity ratio (or Reynolds number ratio) λ between

internal and external flow can be assumed unity, as the double-layer kernel

vanishes. We expect this assumption is reasonable in the focal application of

this work, a stowed airbag, as well as in many other applications.

A number of test cases demonstrate the applicability and stability of the nu-

merical scheme. In comparison with an assumed pressure distribution, which is

common practice in industry for complex stowed airbag geometries, the Stokes

micromodel possesses the obvious advantage that it is able to capture more

physics. The added advantage is that it can take over the role of the contact

model employed in these simulations. With respect to the assumed pressure

model the Stokes model has a lot to offer. Comparing with the potential flow

micromodel of ch. 4, the system response is now not dominated by an auxiliary,

non-physical force that precludes self-intersection. And finally, in comparison

with different volume-discretization-based schemes, the capabilities in terms of

complex geometries and large deformations are strongly enhanced, provided

that the assumptions on the fluid flow hold.

The Stokes flow model is therefore considered to be the better candidate for

a micromodel in a FE/BE approach.
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Figure 5.3: Snapshots of the folded membrane inflation problem.



6 ¨ Stokes flow micromodel in R3

In the previous two chapters, we investigated in the planar setting the viability

and performance of the potential and Stokes boundary integral formulations

as micromodels. It was concluded in §5.4, that the Stokes model is the best

alternative. In this chapter, the approach with the Stokes model is extended to

three spatial dimensions.[i]

Apart from extending the planar case, the numerical approach is slightly re-

fined. The discrete representation of the fluid geometry is not anymore the col-

located polyhedron as in chs. 4 and 5, but is copied directly from the structure.

For the structure a b-spline basis is employed. This necessitates the use of reg-

ularizing coordinate transformations to integrate the singular kernels, instead

of precomputing the singular contributions analytically. Counterbalancing this

minor issue, this approach yields many advantages. Most importantly, the loss

of accuracy incurred in the geometrical approximation, which is quite severe

for the BEM (cf. [148]), is now avoided. Secondly, the approach is now more

flexible, allowing for instance arbitrary polynomial order approximations.

6.1 Problem statement

The model introduced here is an extension of the planar Stokes model of §5.1 to

the case d = 3. Thus, the description is purposefully concise, focusing on those

aspects that differ from the planar case.

6.1.1 Interior and exterior Stokes flow

The weak formulation (5.5) for the combined interior and exterior Stokes flow

is:

given g P H1/2(BΩt), find (τj, ζ) P H´1/2(BΩt)ˆ R such that

ai(τj, ψ) + b(τj, υ) + b(ψ, ζ) = Fj(g, ψ) @(ψ, υ) P H´1/2(BΩt) ˆ R, (6.1)

[i]This chapter is based on [130].

101



102 Stokes flow micromodel in R3 ¨ 6

with bilinear forms

ai(φ, ψ) := xψ, VφyBΩt
,

b(ψ, υ) := υxψ, nyΓt + υxψ, nyΓin
,

Fj(φ, ψ) := xψ, (1+ λ)φ/2+ (1 ´ λ)KφyBΩt
,

and extends to the present setting d = 3, provided the appropriate boundary

integral operators (3.10)

(Vψ)i(x) :=
Re

8π

¿

BΩ

(

δik
1

r
+

(xi ´ yi)(xk ´ yk)

r3

)

ψk(y)dµ(y),

(Kφ)i(x) :=
3

4π

¿

BΩ

(xi ´ yi)(xk ´ yk)(xj ´ yj)nj(y)

r5
φk(y)dµ(y),

are used. Well-posedness of this formulation was already shown in corol. 36

for the case that structural configurations are sufficiently smooth to ensure

n P H1/2(Γt). The case d = 3 is more involved than the planar case (which

was treated in §5.1.1), as more regularity is required to perform the normaliza-

tion, namely θt P W2,p(Γ), p ą 2. The regularity requirement can be averted by

regularizing the constraint by means of the (H1/2(BΩt)-elliptic) Laplace single-

layer potential (3.4): B(¨) := xni, V(¨)iyBΩt , see [153]. This regularization is well-

defined for Lipschitz boundaries, but impractical from an implementation per-

spective. In our implementation, we therefore retain the original form of the

constraint.

Again, we transport the formulation to the reference domain, to transfer the

θt-dependence from the solution space to the bilinear forms. The Cauchy data

is denoted by

τj := τj ˝ θt, g := g ˝ θt, (6.3)

and the weak formulation becomes:

given g P H1/2(BΩ), find (τj, ζ) P H´1/2(BΩ)ˆ R such that

aft(τj, ψ) + bt(τj, υ) + bt(ψ, ζ) = Fft(g, ψ) @(ψ, υ) P H´1/2(BΩ)ˆ R (6.4)

with bilinear forms

aft(φ, ψ) := xVtφ, ψyBΩ,

bt(ψ, υ) := υxψ, Jtn ˝ θtyΓ + υxψ, Jtn ˝ θtyΓin
,

Fft(φ, ψ) := x(1 + λ)Jtφ/2+ (1 ´ λ)Ktφ, ψyBΩ,
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and boundary integral operators

(Vtψ)i := Jt
Re

8π

¿

BΩ

(

δik
1

r
+

(xi ´ yi)(xk ´ yk)

r3

)

˝ (θt ˆ θt)ψk(y)Jtdµ(y),

(Ktφ)i := Jt
3

4π

¿

BΩ

(

(xi ´ yi)(xk ´ yk)(xj ´ yj)nj(y)

r5

)

˝ (θt ˆ θt)φk(y)Jtdµ(y).

We again have, from prop. 38, the equivalence of the two weak formulations

above.

It remains to verify that the lubrication effect observed in the planar setting

carries over to the case d = 3. We consider, similarly to the planar setting, the

domain A = (´1, 1)2 ˆ (´h, h) with 0 ă h ăă 1, denoting the material bound-

aries by BA˘h := (´1, 1)2 ˆ t˘hu. These boundaries advance with velocity v.

Theorem 40. In the limit h Ó 0, the normal component of the boundary traction blows
up as n ¨ τ = Ch´3, C ą 0 on the advancing material boundaries BA˘h.

Proof. By substitution, it is observed that the pair

u = c
!

x0(h
2 ´ x2

2), x1(h
2 ´ x2

2), 2x2(x2
2/3 ´ h2)

)
,

p = p0 + cRe´1
(

2x2
2 ´ x2

0 ´ x2
1

)

,

with c = 3v/4h3 and p0 P R satisfies the relevant local problem:

find u : A Ñ R3 and p : A Ñ R such that

´∇ ¨ σ = 0 in A,

∇ ¨ u = 0 in A,

u = ¯vn on BA˘h.

The boundary traction then becomes, in the limit h Ó 0,

τ =
!

¯c0vx0h´2, ¯c0vx1h´2, ˘c1v(x2
0 + x2

1)h
´3

)
,

with c0, c1 ą 0 independent of h. The normal (last) component is seen to scale

inversely with the cube of h away from the center x0 = 0.

6.1.2 Structure subproblem: the Kirchhoff-Love shell

As in the planar setting, Lagrange’s equation of motion describes the structural

response. In accordance with [105, §3.8.1], let A : H2(Γ) Ñ H´2(Γ) denote
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the operator defined by W1(θ; ρ) = xA(θ), ρyH2(Γ). Staying close to the theory

of [105, §3.8], we write the structure equation as

given (χ0, χ1, F), find (θt, λ) such that

θ2
t + A(θt) = F(t; ¨) a.e. t P (0, T), (6.5a)

θ0 = χ0, (6.5b)

θ1
0 = χ1. (6.5c)

Set X := H2(Γ) X H1
0(Γ). The constitutive behavior is given by the (parametri-

zation free) Kirchhoff-Love shell formulation of §2.3.3, given in (2.18a) as

W1(θ; ρ) =

ż

Γ

Ξ
ijkl (ε ij(θ)ε

1
kl(θ; ρ)+ ǫκij(θ)κ

1
kl(θ; ρ)

)

dµ,

with

ε ij(θ) := 1
2 (Πij ´ θm;iθm;j),

κij(θ) := Πmiνm;j ´ θm;iνm;j,

Ξ
ijkl := υδijδkl +

1
2 (1 ´ υ)(δikδjl + δil δjk),

and Πij := δij ´ νiνj the projection into the tangent space of Γ.

Well-posedness results for the Kirchhoff-Love shell model are scant, cf. [35,

36, 44]. In general, uniqueness cannot be expected, for instance due to buck-

ling modes in regions of compression. It is beyond the scope of this thesis to

investigate if the regularization provided by inertia and fluid viscosity can re-

cover uniqueness in the present case of the nonlinear structure. However, for

the linearized plate, well-posedness can be shown [34, §1.5]. This model cor-

responds to the linearization of the structure operator around a flat reference

configuration.

If we assume that the character of the linearized plate extends to the nonlin-

ear structure operator, the theory of second order evolution equations is appli-

cable, and the model can be assessed from a mathematical perspective. From

the assumption, the BNB theorem (thm. 58), and the symmetric definiteness of

the bilinear form of the linearized plate on X, it follows that the bilinear form

is necessarily bounded and coercive on X, thus satisfying the requirements of

thm. 60. If the data χ0, χ1, F reside in H2(Γ), L2(Γ) and L2(0, T; L2(Γ)), then

thm. 60 conveys that a unique solution θ to (6.5) exists in χ0 + L2(0, T; X) with

θ1 P L2(0, T; L2(Γ)). Moreover, thm. 61, conveys that in fact θ P C0(0, T; X) and

θ1 P C0(0, T; L2(Γ)).
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If we impose the compatibility constraint by means of the Lagrange multi-

plier method in accordance with §2.5, and cast the equations into a weak for-

mulation, we arrive at:

given (χ0, χ1) P H2(Γ) ˆ L2(Γ) and F P L2(0, T; L2(Γ)), find (θt, λ) P (χ0 +

X)ˆ R such that

xθ2
t , ρyX + W1(θt; ρ) + λQ1

t(θt; ρ) + µQt(θt) = F(t; ρ)

a.e. t P (0, T), @(ρ, µ) P X ˆ R, (6.6a)

θ0 = χ0, (6.6b)

θ1
0 = χ1. (6.6c)

6.1.3 Transmission conditions

We recall from (2.24a) and (2.24d), the kinematic and dynamic transmission

conditions, respectively:

g =

#
θ1

t on Γ,

qn on Γin,
(6.7a)

F(t; ¨) = ´̟xJtτj, ¨yΓ, (6.7b)

with

Jt := ((t0 ¨ ∇Γθt)ˆ (t1 ¨ ∇Γθt)) ¨ n (6.8)

the determinant of the Jacobian of the map θt. At every point x on Γ where n
exists, we can find a non-unique pair of mutually orthogonal tangent vectors

ttαuα Ă R3 with unit norm (i.e. |tα| = 1), that spans the tangent plane of Γ at

x. In practice, Jt is computed through a parametrization of the surface: Jt =

|z(θ̃t)||z(θ̃)|´1 with z(θ̃) = θ̃,0 ˆ θ̃,1 as in (2.10).

We have elaborated in §5.1.4 that the kinematic and dynamic transmission

conditions are incompatible with the functional setting of the fluid and struc-

ture subproblems. We similarly deduce the weaker result that F P L2(0, T; X1),

which is consistent with the interpretation of (6.5) as an identity on X1. We

recall that the fluid problem presupposes data g P L8(0, T; H1/2(BΩ)).

Lemma 41. F P L2(0, T; X1).

Proof. We will first bound Jt at some point x P Γ where n exists, which is µ-

almost everywhere (cf. L1. of lem. 2 on p. 19). For any A P R3ˆ3 we define

}A}L(R3) to be the operator norm for linear operators on R3. Then, for α P t0, 1u
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we have |tα ¨ ∇Γθt| ď }∇Γθt}L(R3). Combining this with the knowledge that, for

any a, b P R3: |a ¨ b| ď |a||b| and |a ˆ b| ď |a||b|, we have[ii]

Jt = ((t0 ¨ ∇Γθt) ˆ (t1 ¨ ∇Γθt)) ¨ n ď }∇Γθt}2
L(R3) ď |∇Γθt|2.

Now we can bound Jt over all of Γ. By the standing assumption that θt is a dif-

feomorphism between Γ and Γt (assumption 3), θt P C1,1(Γ) and thus |∇Γθt| P
L8(Γ), but then also |∇Γθt|2 P L8(Γ) such that Jt P L8(Γ).

With the above, we can proceed as in the proof of lem. 39 on p. 39 and set

̟ = 1, to obtain

|F(t; ρ)| =
ˇ̌
ˇ̌
ˇ

ż T

0

ż

Γ

Jtτj ¨ ρdµdt

ˇ̌
ˇ̌
ˇ ď

ˇ̌
ˇ̌
ˇ

ż T

0
}Jt}L8(Γ)

ż

Γ

τj ¨ ρdµdt

ˇ̌
ˇ̌
ˇ

ď
ˇ̌
ˇ̌
ˇ

ż T

0
}Jt}L8(Γ)}τj}X1}ρ}Xdt

ˇ̌
ˇ̌
ˇ

ď }Jt}L2(0,T;L8(Γ))}τj}L8(0,T;X1)}ρ}L2(0,T;X).

In the second equality note that τj P H´1/2(Γ) Ă X1. The last inequality fol-

lows from Hölder’s theorem (thm. 55), in the time domain. Because the prob-

lem (6.1) is well-posed, we have }τj}H´1/2 (Γ) ă C}g}H1/2(Γ) and τj inherits the

L8-regularity in time from g.

6.1.4 Coupled problem

Collecting the fluid subproblem (6.4) and structure subproblem (6.6) with the

compatibility constraint and transmission conditions (6.7), the aggregate FSI

problem reads:

given q P L2(0, T; L2(Γin)) and (χ0, χ1) P X ˆ L2(Γ), find (θt, τj, λ, ζ) P (χ0 +

X)ˆ H´1/2(BΩ) ˆ R ˆ R such that

xθ2
t , ρyX + W1(θt; ρ) + λQ1

t(θt; ρ) + µQt(θt) + ̟xJtτj, ρyX

+ aft(τj, ψ) + bt(τj, υ) + bt(ψ, ζ)´ Fft(θ
1
t, ψ) = Fft(q(t, ¨)n, ψ)

a.e. t P (0, T), @(ρ, ψ, µ, υ) P X ˆ H´1/2(BΩ) ˆ R ˆ R, (6.9a)

θ0 = χ0, (6.9b)

θ1
0 = χ1, (6.9c)

where we extend q and θ1
t by 0 on Γ and Γin, respectively.

[ii]The Euclidean norm of a tensor-valued field A : Γ Ñ Rdˆd is defined through |A|2 =ř
i,jăd |Aij|

2 .
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Figure 6.1: Schematic of the bivariate discretization, with the structure Dirichlet bound-

ary in blue and the periodic boundary in red. By periodicity, the coordinates at token

0 in the parametric domain are mapped to the coordinate 0 in the current domain, and

similarly for token 1.

6.2 Approximation and solution

In this section, we consider the numerical approximation of the aggregated FSI

problem, (6.9). §6.2.1 presents the spatial discretizations of the fluid and struc-

ture subproblems. The aggregated system is advanced in time by means of a

partitioned iterative solution procedure, which is elaborated in §6.2.2.

6.2.1 Finite-element approximations

B-spline functions are chosen to construct a basis for the discrete space. The

primary motivation for their utilization is the C1-continuity for polynomial or-

ders p ě 2. This yields a so-called rotation-free set of degrees-of-freedom. The

term rotation-free delineates the category of discretizations that have no mixed

displacement and rotation degrees of freedom, which arise in, e.g., mixed meth-

ods or particular C1-bases with mixed types of nodal degrees of freedom, such

as the Argyris and Bell elements, see [19]. The term was originally referred to

schemes reconstructing the curvature based on displacement degrees of free-

dom [125], but was later also applied to smooth discretizations [95]. Algorithms

for implementing b-splines can be found in [133]. Other C1-continuous bases

have been used in the context of shells for the same reason, for instance isogeo-

metric analysis [8, 95] and subdivision surfaces [37].

Recall that a configuration θ̃t provides a map S Ñ BΩt. We will take the

parametric domain to be the unit square and the left half, Σ = (0, 1/2)ˆ (0, 1),

to correspond to the pre-image of the wet boundary, Γt, i.e., θ̃tΣ = Γt, see

fig. 6.1. A family of uniform Cartesian meshes tT huhPH (composed of elements
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κ, with h the element size) is defined over S. On these meshes, tensorial b-

spline bases of polynomial order p ě 2 are defined, spanning the approxima-

tion spaces for the fluid traction τj
h P Fhp and structure position θh

t P Shp.

We denote by X h := t(nh, (n+ 1)h)ună1/h the sequence of uniform parti-

tions, with 1/h P 2N. Considering only even 1/h serves to guarantee that the

image of all elements lie either completely within or completely outside Σ, cf.

fig. 6.1. The tensor product X h0 ˆ X h1 , 1/hα P 2N defines the mesh T h, with

h the pair of element sizes (h0, h1). An element κ P T h is then the rectangle

I0 ˆ I1, Iα P X hα . We assume that the family of meshes tT huhPH is nested, i.e.,

@h, h̄ P H, h ă h̄ implies @κ P T h : Dκ̄ P T h̄ : κ Ď κ̄.

The partitions X hα are used to define univariate b-spline bases of polyno-

mial order p P N. The product of these bases (mapped back to the reference

configuration by θ̃
´1

) form the tensorial b-spline approximation space Fhp for

the discrete fluid traction τj
h. A similar construction, involving the half parti-

tion tI P X h0 : I Ă Σu, namely those elements constituting the wet boundary Γ,

is used to construct the approximation space Shp for the structure position θh
t |Γ.

We will use the same mesh T h and polynomial orders p for Fhp and Shp. We

have,

Fhp :=
!

f ˝ θ̃
´1

: f P Cp´1
p,BSP

(S), f |κ P Pp(κ) @κ P T h
)

, (6.10a)

Shp :=
!

f |Γ : f P Fhp
)

, (6.10b)

with p ě 2, where Pp(κ) represents the class of polynomials of degree ď p
over κ, and Cp

p,ω(S) the class of p-times continuously differentiable functions

which are periodic and p-times continuously differentiable across ω Ă BS. We

furthermore introduce S
hp
0 := t f P Shp : f |BΓ = 0u. The approximation space

S
hp
0 is X-conforming, and Fhp is H´1/2(BΩ)-conforming.

On account of the regularity and nesting properties of the meshes, the se-

quence of spaces S
hp
0 has the approximability property [61, def. 2.14]. This

means that S
hp
0 is nested and asymptotically dense in X: S

h0 p
0 Ă S

h1 p
0 Ă ¨ ¨ ¨ Ď X

and dist(S
hp
0 , X) Ñ 0 as h Ñ 0. Similarly, Fhp is a sequence of asymptotically

dense, nested subspaces in H´1/2(Γ).

6.2.2 Partitioned solution of the coupled system

The semidiscretized version of the coupled problem of (6.9) is not tractable for

solution in a monolithic fashion as this requires an approximation of the lin-

earization of the coupling terms. This is highly non-trivial on account of the
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intricate dependence of the boundary integral operators on the structural solu-

tion, through the domain of integration. Despite the strongly coupled nature of

this problem, a partitioned scheme is therefore preferred, thus, (6.4) and (6.5)

are solved separately. The required damping for stable coupling is introduced

through the dissipative implicit Euler time-integration scheme applied to (6.5).

For the implicit Euler technique, we choose a time-step δt and solve an ap-

proximate problem at a discrete set of time levels ttnunăN with N = T/δt. We

abuse of notation and denote θh
tn
= θh

n, with θh
0 := χ0. The velocity vh

n is ob-

tained by the backward difference δt´1(θh
n ´ θh

n´1) with vh
0 := χ1. The fully

discrete version of (6.5), with Galerkin approximation in space and implicit Eu-

ler in time reads

for n = 1, 2, . . . , N : find (θh
n, λn) P (χ0 + S

hp
0 )ˆ R such that

δt´2xθh
n, ρyX + W1(θh

n; ρ) + λnQ1
tn
(θh

n; ρ) + µQtn(θ
h
n) =

δt´2xθh
n´1, ρyX + δt´1xvh

n´1, ρyX + F(tn, ρ)

@ρ, µ P S
hp
0 ˆ R. (6.11)

This nonlinear system is solved via Newton’s method. Thus the variation of

the left member of (6.11) is required. The expressions for W2 and Q2
t are given

in (2.18a) and (2.30).

The Dirichlet data g
n

is given by (θh
n ´ θh

n´1)/δt on Γ and q(tn, ¨)n on Γin.

Accordingly, the discrete fluid problem reads

given gh
n

P L2(BΩ), find (τj
h
n, ζn) P Fhp ˆ R such that

aft(τj, ψ) + bt(τj, υ) + bt(ψ, ζ) = Fft(g, ψ) @(ψ, υ) P Fhp ˆ R. (6.12)

Note that in bypassing the geometrical approximation performed in the last

chapters (cf. §4.2.1 and §5.2.1) the discrete (bi-)linear forms are exact, up to

quadrature errors, similar to the forms arising in the FEM-discretized structure

of (6.11). Thus, the approach adopted here can be seen as a matching-grid ap-

proach (where the discrete transmission interfaces of the fluid and structure

meshes coincide in the current configuration). The advantages are twofold.

Firstly, errors due to geometrical approximation, which are significant in the

BEM [148], are now entirely eliminated. One can imagine especially in the per-

vading near-contact modes, that inaccuracies in the tractions due to geometri-

cal approximation may easily become disastrous, due to the third-power de-

pendence on the separation between adjacent boundary segments, see thm. 40.

Secondly, we completely eliminate the fluid meshing step (which, in the pla-
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nar discretizations discussed in of chs. 4 and 5 amounted to nodal collocation),

which is one of the prime advantages of the BIE-based micromodel for the fluid.

On the other hand, the analytical calculations of singularities are not trac-

table in the present case of curvilinear geometries, which are a result of the

matching-grid approach. The computation of aft and Fft is based on regulariz-

ing coordinate transformations. We refer to [79, 145] for their derivation, and

convergence properties.[iii] From the point of view of implementation this can

be seen as a dedicated set of quadrature rules.

The partitioned solution procedure on an abstract level corresponds to the

approach for the planar problem, see the schematic in tab. 5.1 on p. 93. Within

a fluid–structure subiteration, first the structure (6.11) is solved such that the

data gh
n

supplied to the fluid, is compatible with the fluid incompressibility.

Then the fluid problem (6.12) is solved. This process is repeated until the struc-

ture residual is below a specified tolerance before entering the Newton scheme,

at which point the subiteration is considered converged.

6.3 Numerical experiments

We now present some numerical results. First, in §6.3.1, we corroborate the

claim in §2.3, that the different Kirchhoff-Love parametrizations are equiva-

lent. Then, in §6.3.2, we investigate the convergence behavior of the aggregated

FSI system. Most importantly, the parametrization-free formulation introduced

and used in this thesis is equivalent to the classical formulation found in litera-

ture. Finally, in §6.3.3, we show the performance of the micromodel for a case

that more closely resembles an airbag-deployment simulation.

6.3.1 Comparison of Kirchhoff-Love formulations

To compare the different formulations given in §2.3, a static structure problem

will be considered, viz., the well-known Scordelis-Lo roof benchmark [110].

In accordance with this benchmark, we set the dimensionless parameters to

ǫ = 1/192, ̟ = 1, and apply a dead load in negative vertical direction with

magnitude 5/3 ¨ 10´6. The geometry is specified in fig. 6.2.

In this experiment the discretization space is spanned by quadratic b-splines

defined over a uniform mesh consisting of 642 elements. The exact (and non-

polynomial) geometry is used as the reference configuration, instead of a pro-

[iii]There seems to be a minor typo in scheme II.4 on p. 318, which does not entirely upset conver-

gence but significantly hampers it.
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BΩD

BΩD

A
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R

φ

x0 x1

x2

Figure 6.2: Schematic of the Scordelis-Lo roof reference configuration, the values of R

and φ are 25 and 4π/9, respectively. The homogeneous Dirichlet boundaries at BΩD are

enforced only in the x0 and x2 directions.

jection. To rule out any other sources of error in a comparison between the

different formulations, a 10th order Gaussian quadrature rule is used for nu-

merical integration and the algebraic system is solved with a direct method. It

is observed that these settings give a four digit accuracy in the output quantity

θ2(A).

Table 6.1: Comparison of Kirchhoff-Love shell formulations for the Scordelis-Lo roof.

In the first row, the classic formulation with linear map (constant |z|); in the second,

the classic formulation where the parametrization is such that |z| has a half-period sine-

shape vanishing at both constrained boundaries; in the third, the parametrization-free

formulation; and then results from two literature references. The last column indicates

the relative error w.r.t. θh
2(A) of the classic formulation with linear parametrization.

θh
2(A) rel. err.

§2.3.2 (linear) ´0.3006 -

§2.3.2 (sine) ´0.3006 O(10´12)

§2.3.3 (par. free) ´0.3006 O(10´12)

MacNeal et al [110] ´0.3024

Kiendl et al [95] ´0.3006

The results are reported in tab. 6.1. Firstly, it is verified numerically (for the
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Scordelis-Lo roof benchmark) that the different Kirchhoff-Love formulations

are indeed equivalent, as claimed in thm. 8, see the last column of tab. 6.1.

Secondly, we conclude that these results compare favorably with literature.

In [110], ´0.3024 is taken as a reference value for the vertical displacement of

point A in fig. 6.2, θ2(A). The results reported in [110] for different element

types attain roughly two digits of accuracy. In [95], a converged solution of

´0.3006 was obtained with a NURBS-discretization, where the reference config-

uration is also exact.

6.3.2 Convergence analysis

We consider the convergence rates of the fluid and structure subsystems sepa-

rately, due to the computational expenses incurred with a coupled convergence

analysis in the d = 3 setting. For the BEM discretization of the fluid, we consider

shear flow g = tx2, 0, 0u interior to a torus geometry with radii (r, R) = (1, 3):

θ̃ :=
 
(r cos ξ + R) cos η, (r cos ξ + R) sin η, r sin ξ

(
, ξ , η P S := (´π, π)2,

which gives rise to the traction τi = tn2, 0, n0u. The torus geometry is chosen

as it allows a non-singular parametrization from a unit square. Although the

natural norm for this problem is } ¨ }H´1/2(BΩ), convergence to the solution τi

is investigated in the L2(BΩ)-norm. It is immediately apparent that, for this

chosen test case, τi P L2(BΩ).

The discretization is based on a uniform partitioning of S with t4, 5, 8, 11u
elements[iv] along each side with a quadratic b-spline basis defined over the

resulting mesh. Departing from the isoparametric concept, integration is per-

formed over the exact geometry of the torus. Interpolation estimates then con-

vey that the discretization can attain a convergence rate of three (p + 1), which

is also attained numerically, cf. the left panel of fig. 6.3.

Next, we consider convergence in the natural norm } ¨ }H2(BΩ) for the struc-

ture. As a test case, we use the Scordelis-Lo roof of the last section. Again a

sequence of uniform partitions with t4, 8, 16, 32, 64u elements along each side

generates a mesh on which a bivariate quadratic b-spline space is defined. The

richest of this sequence of nested partitions is used to compute the reference so-

lution θ h̄. It is observed in the right panel of fig. 6.3, that convergence is linear,

as expected from interpolation theory.

[iv]We remark that due to periodicity of the parametrization in both directions dictates that the

element count in one direction should exceed two, as the singular integration scheme of §6.2.2

assumes knowledge about the location of the singularity, and does not consider the case of two

distinct overlap regions, e.g. both the left and right element edges.
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Figure 6.3: Mesh convergence study with h the mesh width. Left panel: L2(BΩ)-norm

of the error in the traction τi for the shear flow case. Right panel: H2(BΩ)-norm of the

error in the linear response θ for the Scordelis-Lo roof case.

6.3.3 Airbag inflation

To demonstrate the coupled formulation, the airbag-deployment simulation re-

ported in [38] is mimicked. There are four important differences with respect

to [38]:

1. the presented interior/exterior Stokes flow and BEM discretization is used

instead of the finite volume discretization with an immersed boundary

method for the compressible Euler fluid model (with obvious implica-

tions for the inflow profile, namely that velocities should vanish at BΓin in

the Stokes case);

2. although there is no fundamental limitation to using the triangular sub-

division surface structure discretization of [38], the b-spline setting of this

discussion (cf. 6.1) is retained here;

3. instead of a constant influx evolution (as used in [38]), a regularized ver-

sion is adopted, where the influx is gradually increased to a constant level

(cf. §4.3.1), which is compatible with an incompressible fluid and a struc-

ture initially at rest;
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Figure 6.4: Reference configuration for the three-dimensional pancake-shaped geome-

try, to be revolved around x0 = 0.

4. finally, the aspect ratio of 29.6 has been reduced to 20.

Concerning this last point, it is clear that this test case does not demonstrate

that the capabilities of the FE/BE method extend to beyond those of mesh-based

techniques in terms of geometry. This test case has been chosen to resolve the

solution within the available computational resources, and is also due to the

fact that the focus here has not been on code optimization.

The model parameters are set to ̟ = 1, Re = 1, ǫ = 4.4 ¨ 10´8 and the inflow

evolution is prescribed as:

q = qX(x0, x1)T(t),

X(x0, x1) = (1 ´ x2
0 ´ x2

1),

T(t) =
1

t2

$
’’’’’&
’’’’’%

(1 ´ cos (πt/t1)) /2, 0 ă t ď t1,

1, t1 ă t ď t2,

(1 + cos (π(t ´ t2)/t1)) /2, t2 ă t ď t1 + t2,

0, t1 + t2 ă t.

where t1 = 1, t2 = 2 and q = (m(Ω0) ´ m(ΩT))/t2. The reference configura-

tion is given by revolving the geometry in fig. 6.4 around the symmetry axis.

To attain an aspect ratio of 20, the dimensions are set to r = 1, w/2 = 20, yield-

ing an initial volume[v] of m(Ω0) « 2.5 ¨ 103. The final volume is specified as

m(ΩT) = 20m(Ω0).

The discrete configuration θh
n and traction jump τh

j are elements of the same

bivariate quadratic b-spline space, defined on an 18 ˆ 18 element mesh. As

the parameter domain at the line 0–0 in fig. 6.1 is contracted to a point, C1-

continuity (required by the structure formulation) is ensured by imposing ho-

mogeneous Neumann conditions for the vertical component. As the reference

[v]Setting r = 1, the initial volume is given by m(Ω0) = π/6(3w2 ´ 12w + 3πw ´ 12π + 104/3).
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Figure 6.5: Snapshots of the response for the d = 3 airbag inflation problem, with colors

representing the magnitude of the dimensionless traction.
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configuration is non-polynomial, it was observed that a 5th order Gauss quad-

rature scheme is required for the structure. For the fluid, a 5th order singular

quadrature scheme is used. The time step is chosen as δt = 5.6 ¨ 10´2. The con-

vergence criterion for the Newton iteration of the structure is set to TOL = 10´7.

In fig. 6.5, snapshots of the response are given. The structure is seen to bulge

locally at the inflow under action of the viscosity. This effect, typical of Stokes

flow in slender domains, is visible already for the low aspect ratio of 20. This is

an indication that a uniform pressure assumption inside the folded subdomain,

which is common in industrial codes, already gives rise to errors in this simple

setting. The banded pattern of the traction magnitude in panel 6.5c is due to

the limits of the color legend and the folds in the geometry. For the panels

t ą 3, the inflation process is completed and the airbag enters the breathing

motion observed in the planar case, e.g. §5.3.1. Finally, the reduced aspect ratio

and different fluid model cause the results to differ qualitatively from those

reported in [38].

6.4 Conclusions

In this chapter, we have extended the Stokes flow micromodel to the case d = 3.

For the fluid, much of the theory could be inherited verbatim from the planar

case of ch. 5. For the structure, the parametrization-free Kirchhoff-Love shell

model was employed. A smooth discretization of the structure via b-splines

yields a rotation-free set of degrees-of-freedom. The geometry on which the

discrete fluid problem is posed, is exact, circumventing geometrical approxi-

mation errors and any meshing for the fluid.

A rudimentary coupled simulation for a pancake geometry points out that

the proposed numerical technique is extensible to the three-dimensional case.

In order to treat more complex geometries that go beyond the reaches of volume-

based techniques it would be advisable to exploit efficient algorithms for BEM

matrix assembly and solution, cf. §3.5. These are two major contributors to the

simulation cost, especially when upscaling.

We have, in the last three chs. 4-6, focused on three micromodels for the flow

inside airbags, and more general, inflatable structures. In the next chapter, we

discuss a method of coupling these micromodels to high-fidelity macromodels,

with special reference to the Navier-Stokes equations.
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In the previous chapters we have evaluated different microscale models for

inflatables with multiscale geometrical features. The assumptions underlying

these microscale models are however only appropriate in the subdomain where

typical length scales are sufficiently small. the complexly folded inflated part of

the domain and are therefore only used on a subdomain. Indeed, these models

embody the first of a two-stage strategy outlined in the introduction, ch. 1. This

chapter is devoted to the second stage, where the microscale model is coupled

adaptively to macroscale fluid model set on the rest of the domain.[i] In the

present discussion, model-adaptivity is explored using a simpler model prob-

lem that avoids auxiliary complications, such as moving domains [186] and

time-dependence.

We have moreover concluded that the Stokes model furnishes the more ap-

propriate microscale model. Thus, the investigations here focus on the Stokes

approximation to Navier-Stokes flow. Earlier work on coupling Navier-Stokes

to linear approximations (Oseen, Stokes) was performed by Fatone and co-

workers in [66, 67]. However, in the work of Fatone, the modeling error not

estimated and, moreover, the subdomain partition remains fixed. This study

can be conceived of as an extension of Fatone’s work in these two senses.

This chapter is organized as follows. After a concise introduction in §7.1, we

present two formulations for the multiphysics problem, §7.2. First, in §7.2.1,

a monolithic formulation which is easily implemented; and then, in §7.2.2, a

partitioned formulation which is a first step to a FE/BE formulation. Modeling

error estimation and adaptivity is treated in §7.3. In §7.4, first, in §7.4.1, the

discretization and adaptive algorithm are detailed; then, in §7.4.2-§7.4.4, the

numerical results are presented. We close with a discussion in §7.5.

7.1 Introduction to adaptive modeling

In many numerical simulations, the mathematical model of choice accurately

describes the physical processes but is unfortunately intractable for some rea-

son. Often this pertains to current computer resources, in this case to the limi-

tations of state-of-the-art algorithms for mesh generation and motion. The idea

[i]This chapter is based on [126].

117
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of model adaptivity is to replace this fine model by a simpler or coarser model in

some subregions of the computational domain where it is deemed “sufficient”.

Approximations by means of a surrogate model based on the coupling of multi-

ple models using a domain decomposition-type approach is already quite well

established and desirable in several scenarios, e.g.,

1. in the case that the coarse model can be equivalently recast into a bound-

ary integral formulation, the dimension of the computational domain can

simply be reduced by one [28, 190], this is also the case in the present

discussion;

2. in the case where the fine model is nonlinear, it may be advantageous to

replace it by a linear model to avoid using an iterative solver [67];

3. finally, in the case of multiscale simulations, one may selectively reduce

the number of degrees of freedom (in terms of resolution requirements or

the size of the system of equations) by considering a coarse scale model

instead of the full fine scale model [7, 137].

A essential question that arises when using a coarse model on a subdomain

is, when is that coarse model sufficient? We deem a certain domain decomposi-

tion sufficient when the solution is accurate, which in turn requires a measure

for accuracy. In many cases, a user has a very restricted interest in the solution,

which can be formulated as a functional of the solution, the goal functional. In

terms of the error in the goal functional, we want to know how large the mod-

eling error is that arises from using an approximate model on a subdomain.

A natural following question is, how to choose this subdomain in an optimal

way. Goal-oriented model adaptivity [17, 122, 151] provides a tractable frame-

work to tackle this question. This framework has been applied to, e.g., het-

erogeneous materials [123], flow problems [138], atomistic-to-continuum prob-

lems [7], free-surface flows [132], turbulence modeling [83] and arterial or river

flow [62]. It will now serve as the framework for the adaptive partitioning of

the Stokes and Navier-Stokes subdomains.

7.2 A sharp interface multi-model problem

We consider again the domain Ω of §2.1 in the planar case (d = 2), and its

partitioning into two open subdomains ΩN and ΩS as in fig. 7.1. We will of-

ten use the index m P tN, Su to denote the Navier-Stokes and Stokes domains,

respectively. A partitioning implies ΩN Y ΩS = Ω, and ΩN X ΩS = H. We
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Figure 7.1: Schematic of domain-decomposition approach for model adaptivity.

will furthermore assume that Ωm are also Lipschitz domains so that we can

define Sobolev spaces and their traces on them, as well as their external nor-

mals nm (almost everywhere). The boundary BΩ is partitioned into BΩD and

BΩN , along which resp. Dirichlet (g) and Neumann data (h) are prescribed. In

this section we consider the partitioning, and hence the interface between these

subdomains, G := BΩN ´ BΩ, to be predefined.

Recall from (2.1) the steady incompressible Navier-Stokes equations on ΩN

in strong form

given g : BΩD Ñ Rd and h : BΩN Ñ Rd, find u : Ω
N Ñ Rd and p : Ω

N Ñ R

such that

uN ¨ ∇uN ´ ∇ ¨ σ(uN, pN) = 0 in Ω
N, (7.1a)

∇ ¨ uN = 0 in Ω
N, (7.1b)

uN = g on BΩD X BΩ
N, (7.1c)

σ(uN, pN) ¨ nN = h on BΩN X BΩ
N; (7.1d)

and from (2.4) the Stokes equations on ΩS

given g : BΩD Ñ Rd and h : BΩN Ñ Rd, find u : ΩS Ñ Rd and p : ΩS Ñ R

such that

´∇ ¨ σ(uS, pS) = 0 in Ω
S, (7.2a)

∇ ¨ uS = 0 in Ω
S, (7.2b)

uS = g on BΩD X BΩ
S , (7.2c)

σ(uS, pS) ¨ nS = h on BΩN X BΩ
S; (7.2d)
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and suitable transmission conditions on the interface:

uS = uN on G, (7.3a)

σ(uS, pS) ¨ nS + σ(uN, pN) ¨ nN = 0 on G. (7.3b)

We define the global fields u and p as

u :=

#
uN, in ΩN

uS, in ΩS
, p :=

#
pN, in ΩN

pS, in ΩS
,

where we leave the definition of (u, p) on G undefined for now. The Newto-

nian stress is given by (2.2) as, σij(u, p) := ´pδij + (ui,j + uj,i)/Re, with Re the

Reynolds number.

7.2.1 Heterogeneous domain decomposition formulation

We derive a formulation based on [66]. To this end we introduce test- and trial

spaces. The velocity is sought in the space

V := tv P H1(Ω) : v = 0 on BΩDu, (7.4)

equipped with the norm } ¨ }H1(Ω). Recall that the volume and surface measures

are denoted by m and µ, respectively. For the pressure function space we have

Q :=

$
’&
’%

L2(Ω), µ(BΩN) ą 0"
p P L2(Ω) :

ż

Ω

pdm = 0

*
, otherwise

(7.5)

equipped with the usual norm } ¨ }L2(Ω). We denote by (cf. §2.1)

γBΩ : H1(Ω) Ñ H1/2(BΩ) : γBΩ(u) = u at BΩ (7.6)

(in the distributional sense) the standard trace operator, and its right inverse, the

lifting operator, by ℓBΩ : H1/2(BΩ) Ñ H1(Ω). Both exist, and are linear and

bounded, see [115]. We will stress they are operators by putting their argument

in brackets. The space H1/2(ω), with ω Ă BΩ, is the restriction of functions in

H1/2(BΩ) to ω. In particular, we have, cf. e.g. [147],

H1/2
00 (G) := tu P H1/2(G) : the zero extension of u

to all of BΩ is in H1/2(BΩ)u. (7.7)

The space H´1/2(ω) is then defined as the dual space of H1/2
00 (ω).
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We multiply equations (7.1)-(7.2) by test functions v P V and q P Q and

integrate by parts to obtain:

ż

ΩN

(u ¨ ∇u) ¨ v dm

+
ÿ

m

"
Re´1

ż

Ωm
∇u : ∇v dm ´ Re´1

¿

BΩ
m
(n ¨ ∇u) ¨ v dµ

´
ż

Ωm
p∇ ¨ v dm +

¿

BΩ
m

pn ¨ v dµ ´
ż

Ωm
q∇ ¨ u dm

*
= 0.

We insert boundary conditions into the boundary integrals, replacing them by

ÿ

m

"¿

BΩ
m

pn ¨ v dµ ´ Re´1
¿

BΩ
m
(n ¨ ∇u) ¨ v dµ

*
=

=
ÿ

m

¿

BΩ
m
(σ ¨ nm) ¨ v dµ

=

ż

BΩN

h ¨ v dµ +

ż

G
(σ ¨ nN + σ ¨ nS) ¨ v dµ.

The latter of the two integrals vanishes for v P H1(Ω) on account of the dy-

namic transmission condition (7.3b). We introduce the familiar bi- and trilinear

forms

a(u, v) := Re´1(∇u,∇v)0,Ω, (7.8)

b(u, p) := ´(∇ ¨ u, p)0,Ω, (7.9)

c(u, v, w) := (u ¨ ∇v, w)0,Ω, (7.10)

and their restrictions to subdomain m: am, bm, cm. We arrive at the weak formu-

lation

given g P H1/2(BΩD), h P H´1/2(BΩN) and a Lipschitz partitioning through G,
find (u, p) P (ℓBΩ(g) + V)ˆ Q such that

a(u, v)+ b(v, p)+ cN(u, u, v)+ b(u, q) = (h, v)0,BΩN
@(v, q) P V ˆ Q.

(7.11)

We introduce the condensed notation

Υ := tg, hu as in (7.11)

NG((u, p); (v, q)) := a(u, v)+ b(v, p)+ b(u, q)+ cN(u, u, v)

F((v, q)) := (h, v)0,BΩN
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such that (7.11) is equivalent to

given G and Υ, find (u, p) P V ˆ Q such that

NG((u, p); (v, q)) = F((v, q)) @(v, q) P V ˆ Q. (7.12)

Remark 42. We thus find that on the interface G, the kinematic condition (7.3a) is im-
posed strongly through (7.4). The dynamic condition (7.3b) is imposed weakly, and in
a variationally consistent way [25] through those test functions v which are supported
on G.

Remark 43. Proving the well-posedness of the the system (7.12), is not trivial and
beyond the scope of this article. Use of the skew-symmetric form of the convective term
cN(¨, ¨, ¨) facilitates such a result. Considering the homogeneous Dirichlet case, any
v P V and a (weakly) solenoidal vector field uN P V (any solution uN of (7.12) will
satisfy this condition), we have (see e.g. [71, 102, 166]) the identity

cN(uN, uN, v) = ´cN(uN, v, uN) +

ż

G
(uN ¨ v)(uN ¨ nN)dµ.

This property motivates the introduction of the skew-symmetric convection

term

dN(u, v, w) =
1

2
cN(u, v, w)´ 1

2
cN(u, w, v) (7.13)

and the reformulation of the transmission condition (7.3b), equating the Oseen
fluxes along the interface:

σ(uS, pS) ¨ nS +

(

σ(uN, pN)´ 1

2
uN b uN

)

¨ nN = 0 on G, (7.14)

yielding a formulation for which an existence and uniqueness result is known,

this is the main result of [67], thm. 6.1. In the sequel, however, we will work

with the standard dynamic condition (7.3b) and convective term (7.10). A com-

parison between the choices (7.3b) and (7.14) is given in [66].

7.2.2 Partitioned iterative scheme

An alternative approach to the problem (7.1)-(7.3), is to treat the two subdo-

mains, ΩN and ΩS, separately, and to iterate the coupled formulation until con-

vergence. Then a choice has to be made in the enforcement of the transmission

conditions (7.3). This results in a partitioned solution approach, which gives a

user the freedom to select specialized solvers for each subproblem. In this set-

ting, for instance, a Galerkin discretization of the Stokes problem typically gives
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a linear, symmetric matrix. In the context of this thesis, the Stokes problem will

be discretized by the BEM, as it enables flow calculations on highly complex,

evolving domains. A partitioned solution technique is then not mandatory, but

minimizes the impact of extending an existing FSI solver with a FEM discretiza-

tion of a macroscale fluid model, to a model-adaptive FE/BE approach with a

BIE-based micromodel. In this section, we present a partitioned formulation,

and show its equivalence to the monolithic formulation (7.12).

We consider only the multi-model case m(Ωm) ą 0. The homogeneous cases

have been treated in e.g. [71, 102, 166]. The choice of a partitioned formulation

includes a particular imposition of interface conditions, and for a well-posed

iterative scheme this depends on the presence of a Neumann boundary and

on the domain partition it falls into. For convenient definitions of the function

spaces in (7.15)-(7.16), we consider here only the case that the subdomains Ωm

are connected and that the Neumann boundary is entirely encapsulated within

the Navier-Stokes partition, but the analysis extends with minor modifications

to other configurations. The relevant function spaces are

Vm := tv P H1(Ω) : v = 0 on Ω ´ Ω
m, v = 0 on BΩDu, (7.15)

Qm := tp P L2(Ω) : p = 0 on Ω ´ Ω
mu, (7.16a)

and in the case µ(BΩN) = 0,

QN :=

"
pN P L2(Ω) : pN = 0 on Ω

S,

ż

ΩN

pNdm = ´
ż

ΩS

pSdm

*
. (7.16b)

The space QS requires no modifications, the Neumann boundary G has positive

measure, such that the (mean) pressure in the Stokes subproblem is uniquely

determined. For the same reason, we ignore the case where ΩN is not connected

and one of the closed boundary segments does not contain such a Neumann

boundary of positive measure. Throughout this section we use the notations

um and pm, m P tN, Su, but these do not denote the classic solution of §7.2.

Rather, we denote by them elements of the spaces Vm and Qm.

For the purpose of discussion, let us restrict ourselves to the case where the

interface is away from the Neumann boundary, i.e. dist(G, BΩN) ą 0. There

is a trace operator γG : V Ñ H1/2
00 (G) (choosing Ω as ΩN in (7.7)), such that

γG(v) = v on G. In the case that G is a closed contour we simply have γG :

V Ñ H1/2(G). We define a lifting operator ℓG : H1/2
00 (G) Ñ V, a right inverse

of γG. Then, we have the splitting
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Lemma 44. V = VN ‘ ℓGH1/2
00 (G)‘ VS, Q = QN ‘ QS.

Corollary 45. There exists @(v, q) P V ˆ Q and @x P Ω
m a splitting (which we

actually construct in the proof of lem. 44)

v = vN + ℓG(v00) + vS

q = qN + qS
(7.17)

with vm P Vm; v00 P H1/2
00 (G) and qm P Qm for m P tN, Su. Conversely, any such

combination of vm and ℓG(v00) yields an element v in V, and any combination qm

yields an element q P Q.

Proof. (of lem. 44) The forward inclusion, “Ą”, of the first equality is straight-

forward. Note that V is a vector space, so we prove the separate conclusions.

V Ą Vm is readily seen from the definitions (7.4) and (7.15), and V Ą ℓGH1/2
00 (G)

follows from the range of ℓG(¨).
For the backward inclusion, “Ă”, note that v̆ := v ´ ℓG(v00) = 0 on G by the

definition of ℓG. Then vm := v̆|Ωm P Vm, such that the first of (7.17) holds.

For the second equality we simply define qm = q|Ωm which is clearly an

element of Qm. Noting that Q =
 

q P L2(Ω) : q|Ωm P Qm
(

, by comparing (7.5)

and (7.16) we also have Qm Ă Q.

Motivated by the splitting provided by (7.17), we directly cast the mono-

lithic formulation (7.11) into the partitioned scheme below. Introducing the

functionals

NN
k

(

(uN, pN); (vN, qN)
)

:= aN
(

uN, vN
)

+ bN
(

vN, pN
)

+ cN
(

uN, uN, vN
)

+ cN
(

uN, ℓG(u00
k´1), vN

)

+ cN
(

ℓ
G(u00

k´1), uN, vN
)

+ bN
(

uN, qN
)

,

FN
k

(

(vN, qN)
)

:=
(

h, vN
)

0,BΩN
´ aN

(

ℓ
G(u00

k´1), vN
)

´ bN
(

ℓ
G(u00

k´1), qN
)

´ cN
(

ℓ
G(u00

k´1), ℓ
G(u00

k´1), vN
)

,

and[ii]

NS
k

(

(uS, pS, u00), (vS, pS, v00)
)

:= a
(

uS + ℓ
G(u00), vS + ℓ

G(v00)
)

+ bS
(

vS + ℓ
G(v00), pS

)

+ cN
(

ℓ
G(u00), uN, ℓG(v00)

)

[ii]If indeed dist(G,BΩN ) ą 0, and the implemented lift ℓG maps to functions with local sup-

port, away from BΩN , the first term in the last functional, FS
k , may drop. This is quite common in

implementation.
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+ cN
(

uN + ℓ
G(u00

k´1), ℓ
G(u00), ℓG(v00)

)

+ bS
(

uS + ℓ
G(u00), qS

)

,

FS
k

(

(vS, qS, v00)
)

:=
(

h, ℓG(v00)
)

0,BΩN
´ aN

(

uN, ℓG(v00)
)

´ cN
(

uN, uN, ℓG(v00)
)

´ bN
(

ℓ
G(v00), pN

)

,

we have the following partitioned scheme.

Given the input g P H1/2(BΩD) and h P H´1/2(BΩN) and initial guess(es)

u00
0 P H1/2

00 (G), and, in the case of (7.16b), pS P QS we solve for k P N

find (uN
k , pN

k ) P (ℓBΩD (g) + VN)ˆ QN such that

NN
k

(

(uN
k , pN

k ); (v
N, qN)

)

= FN
k

(

(vN, qN)
)

@(vN, qN) P VN ˆ QN, (7.18a)

and subsequently, given uN
k ,

find (uS
k, pS

k, u00
k ) P (ℓBΩD (g) + VS) ˆ QS ˆ H1/2

00 (G) such that

NS
k

(

(uS
k, pS

k, u00
k ), (vS, pS, v00)

)

= FS
k

(

(vS, qS, v00)
)

@(vS, qS, v00) P VS ˆ QS ˆ H1/2
00 (G), (7.18b)

and returning to (7.18a) with, for some ϑ P (0, 1],

(um
k , pm

k ) Ð ϑ(um
k , pm

k ) + (1 ´ ϑ)(um
k´1, pm

k´1) (7.18c)

and k Ð k + 1.

Thus, the kinematic condition (7.3a) is imposed strongly in the Navier-Stokes

subproblem (7.18a), whereas the dynamic condition (7.3b) is imposed weakly

in the linear Stokes subproblem (7.18b), by evaluating the residual FN
k (¨) ´

NN
k ((u

N, pN), ¨) against functions (ℓG(v00), ¨).

Theorem 46. The problems (7.11) (or its compact notation (7.12)) and (7.18) are
equivalent, in the sense that (u, p) is the solution of (7.11) if and only if its splitting
through lem. 44, (uN, uS, u00, pN, pS), is the limit solution of (7.18), i.e.,

um = lim
kÑ8

um
k P Vm,

u00 = lim
kÑ8

u00
k P H1/2

00 (G),

pm = lim
kÑ8

pm
k P Qm,

where the limits reside in the trial spaces by completeness. The partitioned scheme is
assumed to converge as k Ñ 8.
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Proof. For the forward implication, ñ, invoke lem. 44 to substitute the split-

ting (7.17), into (7.11) for both test and trial functions. Using the abridged nota-

tion f G := ℓG( f 00) and f BΩ := ℓBΩ( f ) yields, for each of the terms in (7.11),

a(uN + uS + uG, vN + vS + vG) = aN(uN, vN) + aN(uG, vN)looooooooooooooomooooooooooooooon
(a)

+

+ aN(uN, vG) + aS(uS, vS) + aS(uS, vG) + aS(uG, vS) + a(uG, vG)looooooooooooooooooooooooooooooooooooooooomooooooooooooooooooooooooooooooooooooooooon
(b)

,

b(uN + uS + uG, qN + qS) = bN(uN, qN) + bN(uG, qN)looooooooooooooomooooooooooooooon
(a)

+ bS(uS, qS) + bS(uG, qS)looooooooooooomooooooooooooon
(b)

,

b(vN + vS + vG, pN + pS) = bN(vN, pN)looooomooooon
(a)

+ bN(vG, pN) + bS(vS, pS) + bS(vG, pS)looooooooooooooooooooooomooooooooooooooooooooooon
(b)

,

cN(uN + uS + uG + gBΩ, uN + uS + uG + gBΩ, vN + vS + vG) =

= cN(uN, uN, vN) + cN(uN, uG + gBΩ, vN) + cN(uG + gBΩ, uN, vN)loooooooooooooooooooooooooooooooooooooooooomoooooooooooooooooooooooooooooooooooooooooon
(a)

+

+ cN(uG + gBΩ, uG + gBΩ, vN)looooooooooooooooomooooooooooooooooon
(a)

+ cN(uN + gBΩ, uN + gBΩ, vG)looooooooooooooooomooooooooooooooooon
(b)

+

+ cN(uN + gBΩ, uG, vG) + cN(uG, uN + gBΩ, vG) + cN(uG, uG, vG)loooooooooooooooooooooooooooooooooooooooooomoooooooooooooooooooooooooooooooooooooooooon
(b)

,

(h, vN + vS + vG)0,BΩN
= (h, vN)0,BΩNloooooomoooooon

(a)

+ (h, vG)0,BΩNloooooomoooooon
(b)

,

a(gBΩ, vN + vS + vG) = aN(gBΩ, vN)loooooomoooooon
(a)

+ a(gBΩ, vG) + aS(gBΩ, vS)looooooooooooooomooooooooooooooon
(b)

,

b(gBΩ, qN + qS) = bN(gBΩ, qN)loooooomoooooon
(a)

+ bS(gBΩ, qS)looooomooooon
(b)

.

We sum the terms (a), i.e. those tested against (vN, qN), and observe that these

correspond to (7.18a). Conversely, terms (b) correspond to (7.18b). Thus, the

solution (u, p) of (7.11) is a fixed point of the partitioned iteration (7.18).

Conversely, for the reverse implication ð, if (uN, uS, u00, pN, pS) is the limit

of the partitioned process (7.18), the summation of (7.18a)-(7.18b) is equivalent

to the monolithic formulation (7.11), by virtue of the same splitting.
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7.3 A posteriori error estimation and adaptivity

In this section, we shall consider that one is interested, not in the solution (u, p)
of (7.12), but in the prediction of some (differentiable) functional of the solution

J((u, p)), the goal quantity, for example:

1. the vorticity in subregion ω Ă R2 (e.g. in lower right corner of the cavity,

in fig. 7.2 on page 134):

J((u, p)) =
ż

ω
curl udm =

ż

ω
(u0,1 ´ u1,0)dm; (7.19)

2. the v-weighted traction τ(u, p) := σ(u, p)n, for some v P H1/2(BΩ):[iii]

J((u, p)) =
¿

BΩ

τ(u, p) ¨ vdµ

= F((ℓBΩ(v), 0))´ NG((u, p), (ℓBΩ(v), 0)),

with γBΩ as in (7.6), where the last equality follows by interpreting the

boundary integral as a H´1/2(BΩ) ˆ H1/2(Ω) duality pairing such that

the functional is bounded;

3. kinetic energy (nonlinear goal):

J((u, p)) =
1

2
}u}2

L2(Ω);

4. average or mollified versions of pointwise values, as in [138].

In general, it may not be necessary to solve the Navier-Stokes equations on the

whole domain Ω to achieve an acceptable accuracy in the goal quantity, and

it may suffice to use an approximation, the Stokes equations, on a subdomain

(when the convective term is small with respect to the diffusive term, for ex-

ample). Goal oriented model adaptivity provides a systematic way to arrive at

an optimal discretization. In this section we present the methodology, based

on [122, 138], beginning with the introduction of some notation.

[iii]This is similar to a residual evaluation at a function with support on (part of) BΩD , see also [25].
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Fréchet derivatives of the nonlinear operator J(¨) and semilinear operator

N(¨; ¨) are defined as

J1((u, p); (v, q)) =

lim
tÑ0

t´1 [J((u + tv, p + tq))´ J((u, p))]

J2((u, p); (v, q), (w, r)) =

lim
tÑ0

t´1
[

J1((u + tw, p + tr); (v, q))´ J1((u, p); (v, q))
]

and

N1((u, p); (v, q), (w, r)) =

lim
tÑ0

t´1 [N((u + tw, p + tr); (v, q))´ N((u, p); (v, q))]

N2((u, p); (v, q), (w, r), (x, s)) =

lim
tÑ0

t´1 [N((u + tx, p+ ts); (v, q), (w, r))´ N((u, p); (v, q), (w, r))] ,

@u P H1(Ω); @v, w, x P V and @p, q, r, s P Q, provided the existence of the limits.

Now consider the nonlinear fine model (where, as in (7.12), Υ denotes the

data)

given G1 and Υ, find (u1, p1) P (ℓBΩD (g) + V)ˆ Q such that

NG1
((u1, p1); (v, q)) = F((v, q)) @(v, q) P V ˆ Q, (7.20)

where G1 is such that ΩN = Ω and hence ΩS = H. The residual at an approxi-

mation (u0, p0) is given by

R1((u0, p0); (v, q)) := F((v, q))´ NG1
((u0, p0); (v, q)). (7.21)

We solve an approximate mixed-model problem

given G0 and Υ, find (u0, p0) P (ℓBΩD (g) + V)ˆ Q such that

NG0
((u0, p0); (v, q)) = F((v, q)) @(v, q) P V ˆ Q. (7.22)

We can find the dual (or adjoint) solution, related to (7.20) and the the goal

quantity J through the dual (adjoint) problem

given G1, find (z, ζ) P V ˆ Q such that

N1
G1
((u0, p0); (v, q), (z, ζ)) = J1((u0, p0); (v, q)) @(v, q) P V ˆ Q. (7.23)

In the case that this problem is too expensive to solve, one can also approximate

the dual solution by solving the adjoint equation of the forward problem (7.22)
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as explained in [17, 187]. Alternatively, an enriched problem can be considered,

where the interface Ğ is obtained by considering an enlarged fine scale region

Ω̆N Ą ΩN, see for instance [7]. If the modeling error is denoted by (e, ǫ) = (u1 ´
u0, p1 ´ p0), the error in the goal can be stated exactly, as

Theorem 47. (Error representation) In the case that (z, ζ) is the exact dual solution,
we have the error representation:

J((u1, p1))´ J((u0, p0)) = R1((u0, p0); (z, ζ))+ r,

with integral remainder term

r = ´
ż 1

0

(

N2
G1
((u0 + se, p0 + sǫ); (z, ζ), (e, ǫ), (e, ǫ))+

J2((u0 + se, p0 + sǫ); (e, ǫ), (e, ǫ))
)

(1 ´ s)ds.

Remark 48. The above result differs from [122] as the dual problem is the linearization
of the fine-scale problem (7.20) rather than the mixed-model problem (7.22) as in [122].

Proof. (of thm. 47) Using appropriate Taylor expansions with integral remain-

ders:

J((u + e, p+ ǫ))´ J((u, p)) =

J1((u, p); (e, ǫ))+

ż 1

0
J2((u + e, p + ǫ); (e, ǫ), (e, ǫ))(1 ´ s)ds (7.24a)

and

N((u + e, p + ǫ); (z, ζ))´ N((u, p); (z, ζ)) =

N1((u, p); (z, ζ), (e, ǫ))+
ż 1

0
N2((u + e, p + ǫ); (z, ζ), (e, ǫ), (e, ǫ))(1´ s)ds, (7.24b)

the error in the goal can be developed as

J((u1, p1))´ J((u0, p0)) =

(7.24a)
= J1((u0, p0); (e, ǫ))´

ż 1

0
J2((u + e, p + ǫ); (e, ǫ), (e, ǫ))(1´ s)ds

(7.23)
= N1

G1
((u0 + se, p0 + sǫ); (z, ζ), (e, ǫ))´

ż 1

0
J2((u + e, p + ǫ); (e, ǫ), (e, ǫ))(1 ´ s)ds
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(7.24a)
= NG1

((u, p); (z, ζ))´ NG1
((u0, p0); (z, ζ))´

ż 1

0

(

N2
G1
((u0 + se, p0 + sǫ); (z, ζ), (e, ǫ), (e, ǫ))+

J2((u + e, p+ ǫ); (e, ǫ), (e, ǫ))
)

(1 ´ s)ds

(7.20)´(7.21)
= R1((u0, p0); (z, ζ))+ r,

as required.

In the case under consideration, we have the error estimate of the error in the

goal

R1((u0, p0); (z, ζ)) =

= (h, z)0,BΩN
´ a(u0, z)´ b(z, p0)´ b(u0, ζ)´ c(u0, u0, z)

= ´cS(u0, u0, z) + F((z, ζ))´ NG0
((u0, p0); (z, ζ))

= ´cS(u0, u0, z). (7.25)

In addition, we also have upper and lower bounds for the error estimate:

Lemma 49. For the case of a linear quantity of interest, and homogeneous Dirichlet
boundary conditions (u = 0 on BΩ), the error estimate (7.25) of the error in the goal
is bounded from above and below as

|J((u1, p1))´ J((u0, p0))´ R1((u0, p0); (z, ζ))| ď 2
?

2CPF}∇z}L2(Ω)}∇e}2
L2(Ω),

(7.26)

with CPF the Poincaré-Friedrichs constant.

Proof. We have, for the second variation of NG1
,

N2
G1
((u, p); (v, q), (w, r), (x, s)) = c(x, w, v)+ c(w, x, v),

and for the second variation of J, J2(¨, ¨, ¨) = 0. Substituting these relations into

the error representation from thm. 47, yields

J((u1, p1))´ J((u0, p0)) ´ R1((u0, p0); (v, q)) = c(e, z, e)+ c(z, e, e).

We invoke the continuity of the trilinear form, as given in e.g. [71, 102, 166]:

|c(u, v, w)| ď
?

2CPF}∇u}L2(Ω)}∇v}L2(Ω)}∇w}L2(Ω) @u, v, w P V,

where use has been made of a Ladyzhenskaya inequality [101] which, consis-

tent with our definition of Ω in §7.2, is valid for subdomains of R2. We can thus

bound the left member of (7.26) by 2
?

2CPF}∇z}L2(Ω)}∇e}2
L2(Ω)

as asserted.
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Remark 50. The bounds for nonlinear J depend on the type of nonlinearity and have
to be assessed on a case-by-case basis. Note that in the current case of a mixed Stokes/
Navier-Stokes model, the estimated error in the goal is the convective term on the Stokes
domain. According to (7.26), it converges as O(}∇e}2

L2(Ω)
), i.e., twice as fast as the

modeling error in the norm.

To elaborate the goal-adaptive procedure, we now consider a tessellation

of the domains ΩN and ΩS into disjoint open sets (elements) κ P Th with a

maximum diameter h. Constructed this way G does not dissect elements. The

error can be split up into element contributions ηκ (indicators) such that

J((u1, p1))´ J((u0, p0)) À ř
κPTh

ηκ, (7.27)

with ηκ P R a estimation of the local contribution to the error at element κ.

In the following we derive an error indicator ηκ that is designed to be conve-

nient (viz., easily implemented and cheaply computed in standard finite ele-

ment software), and moreover forms a sufficiently sharp upper bound for the

error. We first make a few notes on discretization.

In practice, the primal problem (7.22) is approximated on finite dimensional

conforming subspace (uh
0, ph

0) P Vh ˆ Qh Ă V ˆ Q. In the context of the present

work, we shall only consider modeling errors and assume that discretization

errors are at least an order of magnitude smaller. For concurrent treatment of

modeling and discretization errors, see [151, 152]. Then, the dual problem (7.23)

may be solved in the same finite-dimensional subspace. The approximation

space often consists of polynomial functions on each element κ P Th. This space

is spanned by a basis tφiuiăN with φi : Ω Ñ R3, to each of which a unique point

xi P Ω, a node, is assigned. Every basis function φi maps to R3 as it has two

velocity components and one pressure component.

Our goal now is to derive a simple error indicator ηκ, and our departure

point is the nodal contributions to the dual-weighted residual. This approach

is adopted as we work in the continuous Galerkin setting and the residual of

the fine model R1((u1, p1); ¨) is in general not orthogonal to element-wise re-

strictions of the dual z|κ, as these are not in the approximation space. On the

other hand, the basis functions of course are, thus

J((u1, p1)) ´ J((u0, p0)) = R1 ((u0, p0); (z, ζ))+ r

«
ÿ

iăN

R1 ((u0, p0); φi)loooooooomoooooooon
=:R̂1i

ẑi
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where the hat denotes the ith component of a function(al), and r the integral

remainder term, which is assumed negligible. We note that on the discrete level,

tR̂1iui is just the residual vector, and tẑiui contains the coefficients of the already

computed dual solution. We define Iκ := ti ă N : xi P κ̄u, the set of indices of

nodes near element κ; and Th,i := tκ P Th : xi P κ̄u, the set of elements near node

xi. Recall that our goal is to define an element-wise rather than node-wise error

indicator ηκ. This is because the indicators should inform the adaptation of the

domain decomposition, which, like elements (unlike nodes), is a topological

entity. We thus choose to redistribute contributions locally:

R1 ((u0, p0); (z, ζ)) =
ÿ

κPTh

ÿ

iPIκ

=:βi,κhkkkikkkjş
κ φidmş
Ω

φidm
R̂1iẑi

loooooooooomoooooooooon
=:ηκ

.

The equality follows by the construction of βi,κ such that

ÿ

iăN

αi =
ÿ

κPTh

ÿ

iPIκ

βi,καi (7.28)

for any real sequence tαiuiăN . In the case of a non-uniform grid it may be hard

to compute the integral of φi, as the elements in the support may be far from the

node. This is because a basis function φi may have support on elements κ R Th,i

through constraints ensuring C0(Ω)-continuity of the basis. Information on the

large support of such φi may not be readily available as the design philosophy

of many finite element packages is to keep calculations local to elements. To

handle such situations, we propose a simpler scheme, requiring only the local

quantities m(κ), the volume of the element; and #Th,i, the number of elements

neighboring node xi. We may approximate βi,κ by

1. splitting the contribution at i equally over the neighboring elements κ P
Th,i, i.e. βc

i,κ = 1/#Th,i;

2. or slightly more refined, by splitting according to the element volumes,

i.e. βv
i,κ = m(κ)/m(YκPTh,i

κ).

We denote the resulting approximate indicators by ηc
κ and ηv

κ , respectively. Note

that βc
i,κ and βv

i,κ satisfy the condition (7.28) so that we have the equalities

R1 ((u0, p0); (z, ζ)) =
ÿ

κPTh

ηκ =
ÿ

κPTh

ηc
κ =

ÿ

κPTh

ηv
κ
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The final step is to select an algorithm for enhancing the model, i.e. updating

G0, based on the error indicators. Some common strategies are to refine those

elements κ for which

1. ηκ ě θ maxκ ηκ, with 0 ď θ ď 1 (greedy algorithm);

2. κ belongs to the fraction 0 ă θ ď 1 of elements with the largest indicator

ηκ (fixed-fraction marking);

3. ηκ belongs to a minimal set of indicators such that their ℓ1-sum is at least

0 ă θ ď 1 of the total sum of indicators. This marking strategy is of the

Dörfler type [55].

7.4 Numerical experiments

We investigate the flow in a channel with a cavity, the geometry of which is

shown in fig. 7.2. It represents a square cavity hewn out of a channel side.

The Reynolds number (Re := |v|H/ν) is defined through the maximum inflow

velocity maxBΩD
|g|, the sectional height H (which we both fix to unity) and

kinematic viscosity ν. We consider only laminar flow and restrict the Reynolds

numbers accordingly. The goal is to compute vorticity in the lower right cor-

ner of the cavity. Accordingly, J((u, p)) is defined by (7.19). We prescribe the

following boundary conditions

1. quadratic inflow profile: g = t4y(1 ´ y), 0u at Γin, see fig. 7.2;

2. outflow boundary conditions: h = 0 at Γout;

3. no-slip boundary conditions: g = 0 along the remainder of the boundary.

In this section we first discuss the discretization and solution of the problem

in §7.4.1. The influence of the Reynolds number on the two error indicators ηc
κ

and ηv
κ is investigated. The model-adaptive process is studied in detail for the

cases Re = 10, 1000 in §7.4.2 and §7.4.3, respectively. Then, in §7.4.4, the evolu-

tion of the error estimate, -bound and effectivity are investigated. Throughout

this section we denote by

ǫ J :=
(J((u1, p1))´ J((u0, p0)))

J((u1, p1))
,

the relative error in the goal, and by

EEJ :=
R1((u0, p0); (z, ζ))

J((u0, p0))
, EBJ :=

ř
κ |ηκ|

J((u0, p0))
,
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Figure 7.2: Schematic of cavity flow problem.

the normalized error estimate and the normalized ℓ1-norm of the indicators,

respectively. The latter provides an upper bound for the error estimate
ř

κ ηκ

but is not a certified bound, as the nonlinear remainder is neglected.

7.4.1 Discretization details

A uniform Cartesian mesh Th0
is defined over the domain Ω, along with a set

of uniform refinements Th0/2i , i P N. Also, an h-adapted grid T0 is gener-

ated, based on the fine model, G1, with dual-weighted-residual-based indica-

tors ηκ := }R1((u1, p1), ¨)}L2(κ)}(z, ζ)}L2(κ), where the dual solution is calculated

on a uniformly h-refined grid with a goal functional corresponding to that of the

model adaptive simulation. The h-adapted mesh is introduced to ground the

assumption that the modeling error is larger than the discretization error, as

mentioned in §7.3. On this mesh we use the inf-sup stable, Q2 ´ Q1 Lagrange

basis for Vh ˆ Qh, see [21, 61].

The model-adaptive algorithm is outlined in tab. 7.1. The input G0 is chosen

such that ΩS = Ω, thus, we assume nothing about the location of the highest

error contributions. The initial guess (u0, p0) is taken zero for low Reynolds

numbers, and is obtained by Reynolds continuation for higher Reynolds num-

bers. The primal problem is solved with Newton’s method, until a prescribed

tolerance is reached in the Euclidean norm of the residual vector. In analogy

with (7.21), the notation R0((v, q); ¨) := F(¨) ´ NG0
((v, q); ¨) denotes the resid-

ual of the coarse problem. Note that the adjoint problem and the error esti-

mator can recycle many components of the primal problem, that is, the rou-
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Table 7.1: Pseudo code for the model-adaptive algorithm, given numerical parameters

(TOLN , TOLQ and θ) input G0, Υ and initial guess (u0, p0).

do

..\\ Newton solve forward problem

..do ....R0((u0, p0); ¨) = assembleResidual(G0,Υ,(u0, p0),0)

....N1((u0, p0); ¨, ¨) = assembleJacobian(G0,(u0, p0))

....(u0, p0) = solve(N1((u0, p0); ¨, ¨),R0((u0, p0), ¨))

..while |R0((u0, p0), ¨)| ą TOLN

..\\ Solve adjoint problem

..R1((u0, p0); ¨) = assembleResidual(G1,Υ0,(u0, p0),Q1((u0, p0); ¨))

..N1((u0, p0); ¨, ¨) = assembleJacobian(G1,(u0, p0))

..(z, ζ) = solve(N1((u0, p0); ¨, ¨)T, R1((u0, p0); ¨))

..\\ Compute error,indicators and adaptively refine

..R1((u0, p0); ¨) = assembleResidual(G1,Υ,(u0, p0),0)

..tηκuκ = computeIndicators(R1 ((u0, p0); ¨),(z, ζ))

..G0 = refineModel(tηκuκ,θ)

while |R1((u0, p0), (z, ζ))| ą TOLQ

tine for assembling a residual vector and Jacobian. We have also reused the

assembleResidual() method for the error indicator, not just the convective

term, as these are equivalent by (7.25). We have chosen in this schematic, and in

our numerical investigations, to use the full model G1 for the adjoint problem.

The model refinement, which is the update of G0 in the algorithm, follows the

greedy algorithm.

These computations were performed in the General Reacting Incompress-

ible Navier-Stokes (GRINS) software package [7], which builds on libMesh [97].

7.4.2 Re = 10

We first consider the case Re = 10, on a uniform grid with 25600 elements

(h = 1/80). Throughout we use the refinement fraction θ = 0.1. In fig. 7.3,

the error indicators; primal velocity magnitude and domain decomposition are

plotted at successive model adaptive iterations i. Note that on a uniform grid

ηc
κ = ηv

κ . The first plot, i = 0, is obtained using the full Stokes primal problem,

before the governing equation is switched to the Navier-Stokes model on any
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element.

We observe that, of the competing error contributions, the two re-entrant

corners dominate the error. This is due to the singularities in the pressure so-

lution. The marked clefts in the error distribution that emanate from these cor-

ners become more pronounced under mesh refinement, and are related to a

sign change in the indicator ηc
κ. We see that the error indicators are negligible

inside the refined region, suggesting that the indicator indeed represents a local

contribution to the error. This is as expected from the small support of the basis

functions. In the coarse region, ηc
κ decreases on elements away from the inter-

face, suggesting that a shape-gradient approach to model adaptivity [11, 187]

would also be interesting in this setting. In this approach, G is perturbed in the

direction that yields an optimal error reduction. Furthermore, an approach with

an enriched adjoint problem [7], where the interface is advanced uniformly to

increase the fine region of the dual problem with respect to the primal problem,

also looks promising. We also note that model refinement at the no-slip bound-

aries is postponed to the later iterations, due to the small values of the primal

and dual velocities.

We now consider the same test case on a pre-computed h-adapted grid as

plotted in fig. 7.4. Mesh refinement is concentrated around the reentrant cor-

ners and the integration region for the quantity of interest, and is thus seen to

follow a different pattern than the model refinement. In figs. 7.5 and 7.6 we

have plotted the model-adaptive iterations using indicators ηc
κ and ηv

κ respec-

tively. Comparison reveals that the refinement patterns are very similar for the

two indicators. We see roughly the same refinement patterns as for the uniform

case of fig. 7.3, verifying that the indicators also work in the case of non-uniform

meshes. The coarseness of the interface G is only a by-product of the lack of res-

olution. Note that the relative error in the quantity of interest is of equal order

of magnitude for refinements of equal volume fraction m(ΩN)/m(Ω). How-

ever, the fraction of refined elements, #T N
h /#Th, is 2-4 times lower than this

volume fraction with both indicators. Thus, the chosen measure of computa-

tional expense does lead to different conclusions.

7.4.3 Re = 1000

At higher Reynolds numbers convection will play a more important role, es-

pecially in the cavity, where a stronger primary vortex forms and a larger sec-

ondary vortex entirely encapsulates ω, the goal quantity region. We immedi-

ately turn to the adaptive grid, shown in fig. 7.7. The h-refinement pattern is
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(a) i = 0, ǫJ = ´4.12 ¨ 10´2, #T N
h /#Th = 0.000 = m(ΩN)/m(Ω)

(b) i = 1, ǫJ = 4.43 ¨ 10´3 , #T N
h /#Th = 0.195 = m(ΩN)/m(Ω)

(c) i = 2, ǫJ = 2.12 ¨ 10´3 , #T N
h /#Th = 0.392 = m(ΩN)/m(Ω)

(d) i = 4, ǫJ = ´2.56 ¨ 10´5 , #T N
h /#Th = 0.743 = m(ΩN)/m(Ω)

(e) i = 13, ǫJ = 1.08 ¨ 10´14 , #T N
h /#Th = 1.000 = m(ΩN)/m(Ω)

Figure 7.3: Counting-based indicators ηc
κ (left) and primal velocity magnitude |u0|

(right) at model-adaptive step i for the case Re = 10, computed on a uniform mesh

with resolution h = 1/80. The darker shading in the right-hand side plots indicates

the Stokes domain. The relative error in the goal quantity is denoted by ǫJ , the frac-

tion of refined elements by #T N
h /#Th and the volume fraction of the refined region by

m(ΩN)/m(Ω).
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Figure 7.4: Precomputed h-adapted mesh for the case Re = 10.

less concentrated and refines more along the wall of the domain.

We again plot error indicators and velocity magnitudes, in fig. 7.8. The high-

valued errors are more localized and concentrated around the upstream pres-

sure singularity and the primary vortex. These marked changes in refinement

pattern should be ascribed to convection. Errors from the upstream reentrant

corner are convected to the primary vortex, of which the shape is highly de-

pendent on the contribution of the convection term c(¨, ¨, ¨). Model refinement

is thus very much concentrated in the cavity, restoring quickly the parabolic

profile inside the channel. This, in turn, renders Stokes flow a much better ap-

proximation to the flow (as the flow gradient is orthogonal to the flow direction,

such that the convective term is small).

7.4.4 Effectivity and error decay

For the Reynolds numbers 10, 100 and 1000, we have also plotted the estimated

relative error in the quantity of interest against the two different measures of

cost: the fraction of fine elements #T N
h /#Th and the volume fraction of the fine

region m(ΩN)/m(Ω), see fig. 7.10. As the Reynolds number increases, the error

evolution becomes less smooth. Considerable model refinement is required to

gain accuracy as the initial slope of the graphs is quite low, this is the case in

the lower panel of fig. 7.10, where cost is measured in terms of the volume frac-

tion. It would be more desirable to gain many orders of magnitude accuracy

by refining a small part of the domain. This behavior is not observed due to
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(a) i = 0, ǫJ = ´4.11 ¨ 10´2 , #T N
h /#Th = 0.000, m(ΩN)/m(Ω) = 0.000

(b) i = 1, ǫJ = ´3.26 ¨ 10´3 , #T N
h /#Th = 0.044, m(ΩN)/m(Ω) = 0.178

(c) i = 2, ǫJ = ´1.35 ¨ 10´3, #T N
h /#Th = 0.130, m(ΩN)/m(Ω) = 0.453

(d) i = 4, ǫJ = ´6.32 ¨ 10´6 , #T N
h /#Th = 0.362, m(Ω

N)/m(Ω) = 0.806

(e) i = 12, ǫJ = ´5.93 ¨ 10´15, #T N
h /#Th = 0.986, m(ΩN)/m(Ω) = 1.000

Figure 7.5: Counting-based indicators ηc
κ (left) and primal velocity magnitude |u0|

(right) at model-adaptive step i for the case Re = 10, computed on the mesh of fig. 7.4.

The darker shading in the right-hand side plots indicates the Stokes domain. The rel-

ative error in the goal quantity is denoted by ǫJ , the fraction of refined elements by

#T N
h /#Th and the volume fraction of the refined region by m(ΩN)/m(Ω).
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(a) i = 0, ǫJ = ´4.11 ¨ 10´2 , #T N
h /#Th = 0.000, m(ΩN)/m(Ω) = 0.000

(b) i = 1, ǫJ = ´5.59 ¨ 10´3 , #T N
h /#Th = 0.041, m(ΩN)/m(Ω) = 0.168

(c) i = 2, ǫJ = ´1.96 ¨ 10´3 , #T N
h /#Th = 0.119, m(ΩN)/m(Ω) = 0.432

(d) i = 4, ǫJ = 1.01 ¨ 10´5, #T N
h /#Th = 0.379, m(Ω

N)/m(Ω) = 0.827

(e) i = 12, ǫJ = ´2.21 ¨ 10´14, #T N
h /#Th = 0.985, m(ΩN)/m(Ω) = 1.000

Figure 7.6: Volume-based indicators ηv
κ (left) and primal velocity magnitude |u0| (right)

at model-adaptive step i for the case Re = 10, computed on the mesh of fig. 7.4. The

darker shading in the right-hand side plots indicates the Stokes domain. The relative

error in the goal quantity is denoted by ǫJ , the fraction of refined elements by #T N
h /#Th

and the volume fraction of the refined region by m(ΩN)/m(Ω).



7.5 ¨ Numerical experiments 141

Figure 7.7: Adaptive mesh for the case Re = 1000 with #T0 = 4807, h = 1/10 and 10

refinement levels.

the chosen test case, where the channel is relatively short. Note that the differ-

ent indicators ηκ and their error bounds
ř

κ |ηκ| perform approximately equally

well. It can also be deduced that the model adaptive strategy shows how much

refinement is necessary (i.e. what #T N
h or m(ΩN) is necessary) to get a certain

level of accuracy. Mesh-independence is investigated in fig. 7.11, we see that

the graphs corresponding to the same Reynolds numbers are indeed clustered,

despite the low mesh resolution of the coarsest level.

In fig. 7.12, the effectivity of the estimator,

θeff =
R1((u0, p0); (z, ζ))

J((u1, p1))´ J((u0, p0))
, (7.29)

is plotted. We expect the effectivity to be close to unity as the errors in this es-

timate are o(}e}2
H1(Ω)

+ }ǫ}2
L2(Ω)

) as shown in lem. 49. Errors are indeed small,

especially at low Reynolds numbers, where the contribution of convection is

relatively small. The evolution of the effectivity is rather erratic where the so-

lution has not been resolved. This is because the error in primal velocity, e is

still large, hence, the integral remainder term in thm. 47 is not negligible with

respect to the dual weighted residual. Note that the effectivity becomes un-

defined when the fractions #T N
h /#Th and m(ΩN)/m(Ω) are exactly 1, where

the limit to the exact solution is attained. Numerically, before this limit is at-

tained, round-off errors start to dominate both the numerator and denominator

of (7.29) already at #T N
h /#Th Á 0.95 as observed in the upper panel of fig. 7.12.
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(a) i = 0, ǫJ = 1.73 ¨ 100, #T N
h /#Th = 0.000, m(ΩN)/m(Ω) = 0.000

(b) i = 1, ǫJ = 1.42 ¨ 100 , #T N
h /#Th = 0.046, m(ΩN)/m(Ω) = 0.103

(c) i = 2, ǫJ = 7.86 ¨ 10´1 , #T N
h /#Th = 0.193, m(ΩN)/m(Ω) = 0.268

(d) i = 3, ǫJ = ´1.48 ¨ 100 , #T N
h /#Th = 0.311, m(Ω

N)/m(Ω) = 0.301

(e) i = 4, ǫJ = 4.04 ¨ 10´1 , #T N
h /#Th = 0.424, m(ΩN)/m(Ω) = 0.392

Figure 7.8: Volume-based indicators ηv
κ (left) and primal velocity magnitude |u0| (right)

at model-adaptive step i for the case Re = 1000, computed on the mesh of fig. 7.7. The

darker shading in the right-hand side plots indicates the Stokes domain. The relative

error in the goal quantity is denoted by ǫJ , the fraction of refined elements by #T N
h /#Th

and the volume fraction of the refined region by m(ΩN)/m(Ω). Continued in fig. 7.9.
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(a) i = 7, ǫJ = ´1.26 ¨ 10´2 , #T N
h /#Th = 0.698, m(ΩN)/m(Ω) = 0.750

(b) i = 10, ǫJ = 1.44 ¨ 10´5 , #T N
h /#Th = 0.861, m(ΩN)/m(Ω) = 0.976

(c) i = 16, ǫJ = ´1.85 ¨ 10´10 , #T N
h /#Th = 0.996, m(ΩN)/m(Ω) = 1.000

Figure 7.9: Continuation of fig. 7.8.
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Figure 7.10: Error estimate for different estimators and Reynolds numbers, plotted

against different measures for the cost. Plot marks represent the simulation cases ηc
κ

(˝) and ηv
κ (△). Line styles represent the plotted value, the error estimate EEJ (—) and

bound EBJ (´´). Colors represent different Reynolds numbers: Re = 10, 100, 1000.
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Figure 7.11: Error estimate for different meshes at Re = 1000, plotted against different

measures for the cost. Plot marks represent different mesh levels: h = 1/10 (+), h =

1/20 (ˆ), h = 1/40 (△), h = 1/80 (l) and the mesh of fig. 7.7 (˝).
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Figure 7.12: Effectivity of the error estimator for the grid of fig. 7.7, plotted against

different measures for the cost. Plot marks represent the simulation cases ηc
κ (˝) and ηv

κ

(△). Colors represent different Reynolds numbers: Re = 10, 100, 1000.
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7.5 Conclusions

We have presented two formulations for multi-model, viscous, incompressible,

steady flow for the use in a model-adaptive scheme. A monolithic formulation

was given and the derived partitioned formulation was proven to be equiva-

lent. Simple but effective element-wise error indicator were presented, based

on nodal components of the dual-weighted residual. Finally, a simple model-

adaptive algorithm was presented where, at each iteration, first a forward prob-

lem is solved, an adjoint problem is solved, error indicators are computed and,

finally, the model is locally refined.

The behavior of the error indicators and algorithm were demonstrated nu-

merically for the monolithic formulation, for uniform as well as non-uniform

grids. The developed technique automates the non-trivial process of domain

decomposition, provides estimates (and bounds to the estimate) of the model-

ing error, and moreover offer insight into the flow features relevant to a specific

quantity of interest. The refinement process behaves qualitatively the same on

both h-adapted meshes and uniform meshes of different resolutions. Error in-

dicators are seen to decrease smoothly in space, and monotonously (provided

there is sufficient resolution) and suggest that adaptive approaches based on a

shape-gradient approach, or an enriched adjoint solution would be effective in

this context too.





8 ¨ Discussion

We have presented in this thesis a family of numerical methods for inflatable

structures with multiscale geometries. First, two boundary-integral micromod-

els for the flow in complex folded geometries were explored in the planar set-

ting. The Stokes micromodel presented itself as the most viable alternative, and

was subsequently extended to the three-dimensional setting. Furthermore, we

have investigated its integration with existing methods for high-fidelity macro-

models of the flow, through the framework of adaptive modeling. In doing so,

we hope to have advanced the modeling of inflatable structures and in partic-

ular capture more of the dynamics of airbag-deployment.

8.1 Conclusions

In §1.1 a two-fold goal was stipulated. We presently assess to what extent these

goals have been attained. Concerning G1., the development of a numerical

technique to tackle the microscale problem of simple flow on a highly complex

and evolving geometry, we have proposed the use of a boundary integral for-

mulation as micromodel and assessed the BIEs corresponding to potential and

Stokes flow. The advantages of such a formulation were already outlined in the

introduction, most importantly, that the complex task of fluid mesh generation

is obviated; and that the remeshing issues pertaining to the large displacements

and near self-contact events are avoided.

Efficient and robust contact treatment is imperative to simulation of realis-

tic stowed configurations. Hard contact laws, with solid physical grounds, are

of prohibitive complexity in the light of the ubiquitous modes of self-contact.

Therefore, for the potential flow micromodel, a repulsive potential force was

devised, in §4.1.4, which was able to recycle much of the fluid computations.

Potential flow was observed to exhibit the Venturi effect, both in numerical ex-

periments (§4.3.2) and theoretical considerations (thm. 29). This effect promotes

self contact and, concomitantly, the mentioned contact law is required to con-

trol this, thereby inadvertently dominating the response of the FSI system. For

this inherent reason, potential flow was discarded as a micromodel for fluid

flow in narrow folds.

Stokes flow proved to furnish a superior micromodel, overcoming the dif-

149
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ficulties mentioned with respect to the potential flow model. Namely, Stokes

flow exhibits the lubrication effect, observed both theoretically (thms. 33 and 40)

and numerically (§5.3, §6.3), the action of which is essentially opposite to the

Venturi effect. This eliminates the pollution of the system response by an arti-

ficial contact force. Moreover, the exterior self-contact problem can be handled

with at most the same computational expense, but under a mild assumption at

considerably lower cost than the original problem. Numerical tests were per-

formed on a folded geometry, where both interior and exterior self-contact had

to be resolved; and on a deflation problem, to explore the limits of the intrinsic

contact mechanism.

The Stokes model was subsequently tested in the three-dimensional setting.

The fluid meshing step (which in the planar setting only involved nodal collo-

cation) was entirely eliminated, thereby corroborating the claimed advantage of

eliminating the fluid meshing step. In addition, the error incurred with the ge-

ometry approximation is eliminated, which, in the case of the BEM can be quite

considerable. In conclusion, the three-dimensional results confirm that Stokes

a very attractive micromodel, and its performance is numerically verified.

The second goal, G2., was to develop an adaptive multiscale technique to

couple the micromodel to existing macromodels. The necessity of an adaptive

multiscale technique was already pointed out in the introduction, namely that

the full inflation process cannot be simulated on the basis of the macromodel,

and that the validity of the micromodel is restricted to the receding subdomain

containing the microscale geometrical features (narrow folds). Rudimentary

steps were taken in ch. 7, demonstrating in a simplified setting (with a FEM-FEM

coupling on a fixed domain) the performance of a goal-oriented model adaptive

approach to coupling the micro- and macromodels.

Although the stated goals put an emphasis on fluid modeling, some aspects

of structure modeling required investigation in further detail, producing ancil-

lary results worthy of mention at this point. Firstly, it was observed that, de-

spite the extraordinary flexibility of inflatable structures, bending stiffness is an

essential physical phenomenon to be incorporated into the model, supporting

claims in literature. The bending stiffness acts as a regularization, eliminating

the multiplicity of zero-energy modes of the membrane. Also, it renders the

geometry smooth, allowing for the characterization of near-contact behavior

(Venturi and lubrication) of the fluid models. In assessing the respective micro-

models in the planar setting, selecting an appropriate model turned out to be

nontrivial. Two complementary approaches were developed and observed to

be equivalent under the reasonable assumption of small strains. In extending



8.2 ¨ Recommendations 151

the study to the case d = 3, the incongruity in the Kirchhoff-Love shell model

of introducing a parametrization was investigated. Ultimately, this lead to a

parametrization-free formulation and to a verification by theory (§2.3.3) and

experiment (§6.3.1) of the equivalence of the two, in other words, the irrele-

vance of the choice of this arbitrary parametrization.

8.2 Recommendations

The goals set in this thesis represent what we consider the most crucial chal-

lenges in accurate airbag-deployment simulations. However, these are by no

means the last hurdles to take. In the type-A concurrent multiscale setting,

one avenue for extension of the present work pertains to incorporating mov-

ing grids for integration with ALE or space-time FSI methods for high-fidelity

FSI-models. An accumulation of a more elaborate model hierarchy, which now

contains merely two models, is most probably required to capture the full range

of physical phenomena effectively, for instance temperature effects, supersonic

flow and chemical reactions. With this rise in complexity it becomes increas-

ingly important to improve computational efficiency.

Another crucial aspect of high-fidelity airbag-deployment simulations is

their validation. The highly nonlinear physics, cause the solution to be sen-

sitive to small perturbations in the norm. Typically, in airbag-deployment sim-

ulations for out-of-position failure, it is important to capture the dynamics of

the unfolding process. It is valuable to know to what extent this methodol-

ogy, in which the fluid is actually modeled in the folded geometry, has superior

predictive power over conventional methods with either assumed pressures or

simplified geometries.

We finally list the requirements for implementation of the proposed model-

adaptive FE/BE methods into existing FEM software for FSI, to facilitate the exten-

sion to analysis of out-of-position airbag-deployment. First, the infrastructure

for a domain decomposition is required, where the FEM domain can adaptively

grow, and the complementing closed surface which corresponds to the BEM do-

main. Secondly, the mesh needs to be extended into the BEM domain and error

indicators need to be computed using a Green’s representation formula. This

mesh extension needs to be dynamic, as the FEM mesh will typically be required

to grow in the course of the evolution. The BEM can be supplied as a module,

which takes as input: the structure mesh, current configuration, current ve-

locity and yields as output the fluid tractions. The BEM module will contain

components which are possibly alien to regular FEM software, such as singular
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integration schemes and double integrations over surfaces. Thus, the structure

solver and partitioned iterative coupling scheme will remain untouched.



A ¨ Elementary results and notation

This appendix summarizes some basic results in functional analysis and FEM

that are used in this thesis. We first introduce the notational conventions ad-

hered to throughout this text.

A.1 Notation

Throughout, problems with either two (d = 2) or three (d = 3) spatial dimen-

sions are considered, i.e., set in Rd, d P t2, 3u. The terms volume and surface refer

to a set of codimension 0 and 1, respectively. The Lebesgue volume measure of

Ω is denoted m(Ω), the surface measure of Γ µ(Γ). The same is used to indicate

the type of measure used in integrals, where, optionally the integration variable

is appended in brackets, e.g. I(x) =
ű

f (x, y)dµ(y).

The convention for enumeration is that indices run from 0 in N0 := N Y t0u.

The set taiuiăN with i, N P N0 thus has N items. In general, unless the con-

text suggests otherwise, Latin subscripts i, j, k, l, m, n P t0, 1, ..., d ´ 1u, whereas

Greek subscripts α, β, γ, δ P t0, 1, ..., d ´ 2u. Moreover, the Einstein summation

convention is employed throughout.

The notation of Sobolev spaces closely follows standard notation as found

in, for instance [20, 61, 71, 115, 153]. We have summarized this notation in the

definition below. We denote by D = ∇ the gradient, by α a multi-index, by | ¨ |
the Euclidean norm and by f ¨ g with f , g P Rd the inner product in geometrical

space. Furthermore, we do not distinguish in notation between scalar- and

tensor-valued functions and their corresponding spaces, i.e., f P Ck(Ω) and

g := tgiuiăd P Ck(Ω) are both valid notations.

Definition 51. We employ the following notations for function spaces defined over a
Lipschitz domain Ω Ă Rd:

D1. Ck(Ω), k P N0 is the space of k-times continuously differentiable functions
(those f : Ω Ñ Rd for which Dα f with |α| ď k is continuous), and C8(Ω) :=

XN0
Ck(Ω). The space of discontinuous functions is denoted D(Ω), which is

equivalent to the notation C´1(Ω) commonly found in engineering literature;

153
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D2. Ws,p(Ω), s P N0, p P [1, 8) is the Sobolev space equipped with the norm

} ¨ }Ws,p(Ω) :=





ÿ

|α|ďs

ż

Ω

|Dα ¨ |pdm





1/p

with the definition extended to p = 8 by

} ¨ }Ws,8(Ω) := ess sup(| ¨ |);

D3. Hs(Ω), s ‰ 0 denotes the Hilbert spaces Ws,2(Ω) equipped with inner product

( f , g)Hs(Ω) :=
ÿ

|α|ďs

ż

Ω

(Dα f ) ¨ (Dαg)dm;

D4. Lp(Ω) denotes W0,p(Ω).

Definition 52. (Duality) The dual space of A is denoted A1. For F P A1, g P A
we sometimes use duality brackets and write xF, gyA := F(g). Often the duality
pairing is an extension of the L2(Ω) inner product, and we instead insert the domain
of integration Ω into the subscript, avoiding specification of the pairing: xF, gyΩ.

Definition 53. The inner product for non-integer exponents s ą 0, is furnished
by [145, prop. 2.3.7],

( f , g)Hs(Ω) := ( f , g)Hk(Ω)+

ÿ

|α|ďk

ż

Ω

ż

Ω

(Dα f (x)´ Dα f (y))(Dαg(x)´ Dαg(y))

|x ´ y|d+2µ
dm(x)dm(y)

with k = tsu[i] and µ = s ´ k. The derived norm follows as

} f }Hs(Ω) :=
b
( f , f )Hs(Ω),

and the dual norm as

}g}H´s(Ω) := sup
f PHs(Ω)

x f , gyHs(Ω)

} f }Hs (Ω)
.

Definition 54. Considering a time interval (0, T) and a normed space (B, } ¨ }B), we
denote by Lq(0, T; B), 1 ď q ă 8, the Bochner space (cf. e.g. [105]) of functions

[i]The floor operation t¨u : R Ñ Z returns the largest integer smaller than its argument.
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θ : (0, T) Ñ B such that the function t ÞÑ }θt}B is q-integrable, equipped with the
norm

}θ}Lq(0,T;B) := }}θt}B}Lq(0,T).

These definitions are extended to q = 8 by setting

}θ}L8(0,T;B) := ess supt}θt}B : t P (0, T)u.

A.2 Functional analytic tools

Theorem 55. (generalized Hölder’s inequality) If for r P (1, 8) and pk P (1, 8] with
k ă n ă 8, k P N0 we have ÿ

kăn

1

pk
=

1

r
,

then ›››
ź

kăn

fk

›››
Lr(Ω)

ď
ź

kăn

} fk}Lpk (Ω) .

Proof. The case n = 1 is trivial. For n ě 2, set q = pn´1/r and p the conjugate

exponent, i.e. p = 1/(1 ´ 1/q) if q ă 8 and p = 1 otherwise. Then,
›››
ź

kăn

fk

›››
Lr(Ω)

ď
›››

ź

kăn´1

fk

›››
Lpr(Ω)

} fn´1}Lqr(Ω)

by Hölders’s inequality, e.g. [142, thm. 3.8]. Because

ÿ

kăn´1

1

pk
=

1

r
´ 1

pn´1
=

1

pr
, (A.1)

the result holds for n if it holds for n ´ 1, by induction it then holds for finite

n.

Theorem 56. (Sobolev embedding) Let Ω Ă Rd be Lipschitz, k P N and p P [1, 8)

such that

k ě d if p = 1,

k ą d/p if p ą 1,

then
DC P R : }u}L8(Ω) ď C}u}Wk,p(Ω) @u P Wk,p(Ω),

and there is a continuous function in the equivalence class of u.

Proof. See [20, thm. 1.4.6].
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A.3 Well-posedness results

Consider the abstract linear problem

find u P U such that

a(u, v) = F(v) @v P V, (A.2)

with a : U ˆ V Ñ R and F : V Ñ R both linear.

Lemma 57. (Lax-Milgram) If U = V is a Hilbert space; the bilinear form a is bounded
and coercive on V with coercivity constant α; and F P V 1, then (A.2) is well-posed with
a priori estimate }u}V ď 1

α}F}V1 .

Proof. See, e.g., [61, lem. 2.2].

The requirements of the Lax-Milgram lemma are not optimal,[ii] in some

cases it is too restrictive to demand that U is Hilbert, or to choose a Bubnov-

Galerkin setting U = V. The following result is optimal in that it not only

provides sufficient but also necessary conditions on a.

Theorem 58. (Banach–Nečas–Babuška) If U is Banach, V is reflexive and Banach, a
is a bounded linear form on U ˆ V and F P V 1, then the problem (A.2) is well-posed if
and only if the following two conditions hold:

Dα : inf
0‰wPU

sup
0‰vPV

a(w, v)
}w}U}v}V

ě α ą 0, (A.3a)

@v P V : (@0 ‰ w P U : a(w, v) = 0) ñ (v = 0). (A.3b)

In this case we have the a priori estimate }u}U ď 1
α }F}V1 .

Proof. See e.g. [61, thm. 2.6].

We next quote a result for a particular type of bilinear form, arising from a

saddle-point problem, which is of the form

find (u, p) P V ˆ Q such that

a(u, v)+ b(v, p)+ b(u, q) = F(v) @(v, q) P V ˆ Q, (A.4)

with a : V ˆ V Ñ R, b : V ˆ Q Ñ R and F : V Ñ R. We introduce furthermore

W := tv P V : b(v, q) = 0 @q P Qu. Well-posedness follows if and only if the

conditions of thm. 58 are satisfied with the left member of (A.4) a bilinear form

on (V ˆ Q)2. However, it may be more convenient to verify the requirements

on a and b separately:

[ii]Unless a is both symmetric and positive, cf. [61, rmk. 2.9(iii)].
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Theorem 59. (Mixed) If V, Q are Hilbert; F P V 1; and the bilinear forms a, b are
continuous, then the problem (A.4) is well-posed if and only if a satisfies the BNB con-
ditions (A.3):

Dα : inf
0‰wPW

sup
0‰vPW

a(w, v)
}w}W}v}W

ě α ą 0,

@0 ‰ v P W : sup
wPW

a(w, v) ą 0;

and moreover, b satisfies the inf-sup condition

inf
0‰qPQ

sup
0‰vPV

b(v, q)
}v}V}q}Q

ě β ą 0. (A.5)

In this case, we have the a priori estimates

}u}V ď }F}V1

α

}p}Q ď 1 + }a}/α

β
}F}V1.

Proof. Cf. [61, thm. 2.34].

Finally, our interest also extends to time-dependent problems of second-

order in t. Adhering to the presentation in [105, §3.8], we let A : V Ñ V 1 be

defined as a(u, v) =: xAu, vyV and present the equations in strong form:

given (u0, u1, F), find u such that

u2(t) + Au(t) = F(t, ¨) a.e. t P (0, T), (A.6a)

u(0, ¨) = u0, (A.6b)

u1(0, ¨) = u1, (A.6c)

where the Hilbert space V is a dense subset of the Hilbert space H, with H = H1,

i.e., H is a pivot space. As before, a : V ˆ V Ñ R, but now F : (0, T) Ñ V 1. A

comprehensive general theory is available for evolution equations of this type;

see, for instance, [47, 63, 105]; where it is shown that

Theorem 60. (Hyperbolic evolution) Assume F P L2(0, T; H), u0 P V and u1 P
H. If the bilinear form a is continuous and coercive on V, then there exists a unique
solution u P L2(0, T; V) to (A.6) satisfying u1 P L2(0, T; H). As a consequence,
u2 P L(0, T; V 1).

Proof. See [105, §3.8.2].
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A refined regularity result holds for the solution u:

Theorem 61. The unique solution u of thm. 60 in fact satisfies, possibly after a modi-
fication on a set of measure 0, u P C0(0, T; V), u1 P C0(0, T; H). The map

tF, u0, u1u ÞÑ tu, u1u : L2(0, T; H)ˆ V ˆ H Ñ L2(0, T; V)ˆ L2(0, T; H)

is continuous.

Proof. See [105, §3.8.4].
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Summary

Numerical methods for inflatables with multiscale geometries

In this dissertation, simulation techniques have been developed for inflatable

structures, with special reference to airbags. The fundamental conundrum in

the numerical solution these problems is the large scale-disparity between the

initially stowed configuration and the final inflated configuration. This dispar-

ity dictates the use of an adaptive multiscale technique of Type A: the problem

domain is decomposed into

1. a stowed subdomain exhibiting small geometrical features and a rela-

tively simple flow field; and

2. an inflated subdomain exhibiting only large features but a highly complex

flow field.

Many promising techniques have already been developed to attack the latter

problem. The goal of this thesis is therefore twofold. First, to develop a (class

of) suitable micromodel(s) for the problem on the stowed subdomain. Second,

to design an adaptive technique to perform the domain decomposition such

that the multiscale technique can be solved and the incurred error of using the

microscale model controlled.

Two microscale models have been investigated: potential flow and Stokes

flow. The fundamental observation is that these simplified models allow a

boundary integral representation, which offers a number of pivotal advantages:

1. the formidable challenge of capturing the complex geometry with a vol-

ume mesh is entirely obviated;

2. the corresponding boundary element method is invulnerable to the ex-

treme deformations that occur in airbag-deployment processes;

3. as the domain of the flow model is restricted to the fluid-structure inter-

face, where the fluid tractions are required; and

4. both models provide a means of efficiently solving the highly non-trivial

self-contact problem of the structure.
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On the side of the structure, a flexural rigidity term was added for regularity.

This is motivated from a physical (capturing wrinkling patterns), mathemati-

cal (regularity) as well as a numerical (stability) point of view. The Galerkin

discretization of the structure used does require smooth discrete spaces (on ac-

count of the flexural rigidity); in this work both the Hermite and b-spline bases

were used.

First, the potential flow model was investigated in the planar setting. For

the structure, a string model was used. As a side- result it was observed that the

structure, encapsulating an incompressible fluid, is required to satisfy an aux-

iliary constraint, which can be added by the Lagrange multiplier method. The

multiplier moreover allows an interpretation as an excess pressure ensuring

compatibility with the incompressible fluid. This result was later extended to

three dimensions. A cheap and effective soft-contact algorithm was developed

which reuses components of the fluid discretization. Numerical experiments

revealed that this model suffers from what has been termed the Venturi effect,
where two facing sections of the membrane are sucked together incurring self-

contact, thereby competing with the contact force.

Secondly, the Stokes model was investigated in the planar setting. As Stokes

flow exhibits the lubrication effect, which is opposite to the Venturi effect in that

it avoids self-contact, an auxiliary contact load is not necessary. To avoid con-

tact both interior to as well as exterior to the membrane, exterior flow is also

explicitly modeled. An additional feature of the boundary integral represen-

tation employed is that this comes at no increased computational expense, in

particular cases it can even significantly reduce the computational effort. On

the structure side, instead of the string model, a Kirchhoff-Love-based planar

model was derived, such that the two-dimensional computations might better

reflect the three-dimensional case. The investigations on the Stokes model were

satisfying, and the approach was extended to the three-dimensional setting.

In pursuit of the second part of the thesis goal, a model-adaptive approach

to a Navier-Stokes problem was developed, in which the error in a goal quan-

tity is used to drive the domain decomposition, and ultimately decide where

the Stokes approximation is a suitable micromodel. A coupled model was for-

mulated which did not exhibit artifacts at the transmission interface. Simple

and effective error indicators were developed. The resulting model-adaptive

technique provides a good basis for airbag-deployment simulations.
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